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Abstract

Cyclotron resonance absorption in n- and p-type PbTe was observed by Nii and was analysed under classical skin
e!ect conditions. When the values of DC magnetic "eld corresponding to peaks are plotted against the "eld directions,
a close "t is obtained between the calculated and observed results based on the assumption of a S1 1 1T ellipsoids of
revolution model for the both conduction and valance band extrema. From the best "t m

t
"0.024m

0
and 0.03m

0
for the

transverse e!ective masses and K"m
-
/m

5
"9.8 and 12.2 for the anisotropic mass rations are obtained for the conduction

and valance band, respectively. The observed absorption curve shows weak structures at low magnetic "eld. They are
supposed to be due to second harmonics of Azbel'}Kaner cyclotron resonance. However, it turns out to be unnecessary
to introduce other bands to explain the experimental results. The applicability of the classical magneto-optical theory is
examined by calculating the power absorption coe$cient and penetration depth as a function of DC magnetic "eld.
( 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In a paper [1,2] on the experiment of cyclotron
resonance absorptions in n- and p-type PbTe, Nii
has suggested the following points: (1) the absorp-
tion in the region of high magnetic "elds is inter-

preted by classical magneto-optical theory, that is,
peaks in this region occur at values of magnetic
"eld corresponding to the dielectric anomaly where
the index of refraction vanishes in the dispersion
curve: (2) the energy surface of PbTe consists of a
set of S1 1 1T ellipsoids of revolution for both the
conduction and valance band extrema as shown by
many other experiments [3}5] and (3) the Az-
bel'}Kaner cyclotron resonance occurs at low mag-
netic "eld.

Prior to Nii's experiment Stiles, Burstein, and
Langenberg have observed cyclotron resonance
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absorption in p-type PbTe [6,7] and con-
cluded that (1) absorption is due to the
Azbel's}Kaner cyclotron resonance in the whole
range of magnetic "eld and (2) in addition to the
S1 1 1T ellipsoids of revolution energy surfaces the
valance band has two nearly isotropic energy bands
at k"0 whose maxima have the same magnitude
as those of the ellipsoids within the error of about
$0.002 eV.

It should be especially noted that two peaks
which have been attributed to the resonances
of heavy and light holes in nearly isotropic bands
by Stiles et al. have been also observed by Nii at
nearly same values of magnetic "eld for its given
applied direction. Furthermore they are found in
both n- and p-type PbTe. This fact is one of the
main reasons which have led Nii to propose the
explanation above mentioned suggestions. He has
interpreted these peaks as being caused by reson-
ances of carriers in the S1 1 1T ellipsoidal energy
bands.

The aim of this paper is to con"rm Nii's
suggestion. For this purpose an analysis is
performed for classical skin e!ect conditions based
on a set of S1 1 1T ellipsoids model for each
band. We calculate (i) the angular dependence
of the "eld values corresponding to the absorp-
tion peaks in various geometrical con"gurations
and (ii) the line shape of the power the absorp-
tion coe$cient as a function of magnetic "eld.
Further we examine the applicability of the
classical magneto-optical theory by calculating
the penetration depth of the electromagnetic "eld
and compare it with the radius of the cyclotron
orbit.

In the next section we describe the theoretical
procedure to deduce the dispersion relation on
the basis of the local treatment of conductivity.
In Section 3 the calculated results for directional
dependence of "eld values which correspond
to absorption peaks are shown for n- and p-type
PbTe. The power absorption curve is calculated
in Section 4 in which the collision frequency
plays an important role. Finally, in Section 5 it is
shown that the penetration depth is always larger
than the radius of cyclotron orbit in the range
of magnetic "elds where strong absorptions are
observed.

2. The local theory of conductivity and
the dispersion relation

The signal detected in the experiment is the en-
ergy #ow of electromagnetic wave re#ected from a
sample surface. To obtain it theoretically, it is most
important to calculate the complex index of refrac-
tion of the electromagnetic wave inside the medium
as a function of the static magnetic "eld. It is given
by the Maxwell's equations and the classical equa-
tion of motion.

For simplicity we assume that the PbTe sample
occupies a semi-in"nite space, having a #at surface
on which a plane wave is incident normally. There-
fore, the electron can move freely along the surface
and no depolarisation "eld occurs in the direction
parallel to the surface. In the experiment the surface
is always perpendicular to the [0 0 1] direction
which we choose as the x-axis in a Cartesian coor-
dinate system.

The use of Maxwells equations leads to the
expression for the absorption of electromagnetic
wave in the Azbel'}Kaner geometry. Thus, the con-
ductivity tensor [8,9] r is obtained as

r"
ne2

m
0Aju#

1

qB
(m#b]I )~1, (1)

where

b"
eH

0

m
0
cAju#

1

qB
and I is the unit tensor. An explicit expression of the
inverse tensor (m#b]I )~1 in Eq. (1) has been
given by Lax et al. [10] When electrons with sev-
eral kinds of mass exist in the medium, the conduct-
ivity tensor is given by

r"+
i

n
i
e2

m
0Aju#

1

q
i
B

(m
i
#b]I )~1, (2)

where the sum is taken over the four valleys which
are denoted a, b, c, d.

For our case of n-type PbTe we assume that the
conduction band minima consist of four or eight
ellipsoids of revolution oriented along the S1 1 1T
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Fig. 1. The conduction band of PbTe consists of a set S1 1 1T
ellipsoids of revolution a, b, c and d. Long axes are oriented
along the S1 1 1T directions.

Fig. 2. Plots of the squared index of refraction g2 and of the
absorption coe$cient. A as a function of magnetic "eld with
H

0
DD[1 0 0]. The calculation is made in the limit of 1/q"0, using

values m
5
"0.024m

0
and m

-
"0.236m

0
for PbTe. The solid and

dashed curves correspond to ordinary and extraordinary modes.

directions in the Brillouin zone and that each valley
has the same carrier concentration and the same
isotropic relaxation time. We designate the min-
imum in the [1 1 1], [11 1 1] [11 11 1] and [1 11 1]
directions as valley a, b, c and d, respectively, and
choose the [0 0 1], [1 0 0] and [0 1 0] directions as
x,- y,- and z-axis (Fig. 1). The mass tensors m

i
's in

this coordinate system are obtained by the proper
unitary transformation from the ellipsoidal mass
tensor;

m"A
m

-
0 0

0 m
5

0

0 0 m
5
B,

where m
-
and m

5
are the longitudinal and transverse

e!ective masses. For example,

m"A
m

@@
m

x
m

x
m

x
m

@@
m

x
m

x
m

x
m

@@
B

where

m
@@
"

m
-
#2m

5
3

,

m
x
"

m
-
!m

5
3

.

Substituting m
!
+m

$
into Eq. (2) (where m

$
and

m
!

are the e!ective masses of a and d valleys,
respectively) and using the relationship between the
complex e!ective dielectric tensor and the conduct-
ivity tensor [8], g

B
is described as a function of ap-

plied magnetic "eld H
0
. An example of r and g

B
is

given in Appendix A when H
0

is in a (0 0 1) plane.
In a simple case [7], the power absorption coef-
"cient A is given by

A"

4 Re g
Dg#1D2

+
4

Re g
(3)

for DgD*1 from the real part of Poynting vector
inside the medium. For uq<1, we neglect the term
1/q in Eq. (2) and e becomes an hermitian tensor.
Consequently, g2 is always real and as easily seen
from Eq. (3), an absorption is found for g2*0.
Namely, it starts at g2"R, has a peak as g2P0
and is suddenly cut o! to zero at g2"0. This is
schematically shown in Fig. 2. Thus the "eld
strength where an absorption peak is observed
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Fig. 3. The values of magnetic "eld corresponding to the points
g2"0 and g"R are plotted in free electron mass unit with
bold solid and dashed curves against "eld directions in a (0 0 1)
plane. The points are experimental which have been observed
for n-PbTe by Nii.

corresponds to the "eld given theoretically by the
condition g2"0. This condition denotes the dielec-
tric anomaly.

3. Comparison of calculated results for n}p-type
PbTe with Nii's experimental data

We calculate numerically the "eld values given
by the point g2"0 as a function of the angle
between the "eld direction and the crystallographic
axis. When H

0
is in a (0 0 1) plane, for example, we

use Eq. (A.5) in Appendix A. The parameters in-
volved are m

-
and m

5
when uqPR and cP0 in

Eq. (A.4). They are determined for the conduction
electrons as follows:

m
-
"0.236,

m
5
"0.024,

(K"m
-
/m

5
"9.8), (4)

by "tting the calculated "eld strength at points
A and B in Fig. 3 to the experimental data. We
adjust them more precisely by considering points E,
G and I. The calculated values of the points g2"0
are plotted in a free electron mass unit with bold
solid lines. The experimental data for peaks dotted
in Fig. 3 "t the calculated curves very closely.

Dashed curves in the "gure show the angular vari-
ation of the point g2"R which have importance
to indicate the "eld of the onset of an absorption.
We have also plotted cyclotron tube mass at which
resonance (g2"R) does not occur generally.

The dashed curve going through the points D
and C indicates a cyclotron tube mass of electrons
in valleys a and c which are degenerate for the
symmetry of this con"guration, and the curve C}H
is due to electrons in degenerate valleys b and d.
The straight line C}F shows a value for hybrid
resonance which is caused by the interaction of all
four valleys The symmetry of the con"guration
makes it invariant for the change of h. No absorp-
tion peak occurs at point C as schematically shown
in Fig. 2. It should be noticed that three solid curves
never intersect though dashed curves coincide with
each other at the point C. The structures observed
at low magnetic "elds cannot be expected by the
present theory and supposed to be second har-
monics of Azbel'}Kaner cyclotron resonance.

Experimental data for p-type sample are also
analysed for applied in a (0 0 1) plane. The valance
band energy surface is assumed to consist of four
or eight ellipsoids of revolution oriented along the
S1 1 1T directions. The procedure of calculation
and of determination of mass parameters are the
same as in mentioned above. The determined e!ec-
tive mass values are

m
-
"0.381,

m
5
"0.031,

(K"m
-
/m

5
"12.2). (5)

Numerical result is plotted in Fig. 4 with experi-
mental points.

4. Power absorption curve

In this section we calculate the power absorption
coe$cient by using the e!ective mass parameters
Eq. (4) for n-type PbTe determined in the limit of
uqPR and examine how it "ts to the observed
absorption curve in which a collision term uq plays
an important role. To obtain it we must solve the
problem under the boundary condition for E, H, D
and B at the surface of the sample [11}13]. A
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Fig. 4. Plots for PbTe of the points g2"0 and g2"R vs. "eld
direction in a (0 0 1) plane.

A"1!R,

R"

D¹(g`!g~)D2#DS(g`!g~)#JS2#¹2.(g`g~!1)2D2

D(g`#1)(g~#1)JS2#¹2D2
(6)

Fig. 5. Calculated and experimental plots of the derivative of
power absorption coe$cient vs. magnetic "eld with H

0
DD[1 0 0]

and H
0
DD[1 0 0]. The bold lines are observed curves for E

*
DD[0 1 0]

and the light lines are calculated with uq"9. The solid curves
correspond to the ordinary mode ( E

*
DDH

0
DD[0 1 0]) and the

dashed to the extraordinary mode (E
*
oH

0
DD[1 0 0]). Mass values

used in the calculation are m
5
"0.024m

0
and m

-
"0.236m

0
.detailed procedure is omitted here. However, it

should be mentioned that the absorption coe$cient
A is strongly dependent on the direction of incident
electric "eld vector E

*
, especially the selection rule

of absorption is determined by the polarisation of
E
*
. For H

0
in a (0 0 1) plane and linearly polarised

"eld E
*
DD[0 1 0], A is given by

using the notations in Eq. (A.6). dA/dH
0

is cal-
culated numerically with uq"9 as the best-"t
value and is plotted in Figs. 5 and 6 as a function of
magnetic "eld. Light and bold curves show cal-
culated and experimental results, respectively. In
Fig. 5, the solid curves correspond to the ordinary
mode which is allowed E

*
oH

0
DD[0 1 0] and dashed

to the extraordinary mode for E
*
oH

0
DD[1 0 0]. In

Fig. 6 where H
0
DD[1 1 0], both modes are admitted

since H
0

is neither parallel nor perpendicular to E
*
.

A common factor which determines the absolute
value of the dA/dH

0
curves is obtained by "tting

the calculated value to the observed data at the

point P in Fig. 5. As seen in Figs. 5 and 6 a fairly
good agreement is obtained between the calculated
and observed curves, although there remains a little
di!erence in the detailed future. It seems as if the
collision time depends on the strength of static
magnetic "eld.

If anomalous skin e!ect conditions hold, the ab-
sorption curves are expected to be almost the same
for EDDH

0
and EoH

0
.
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Fig. 6. Calculated and experimental plots of derivative of the
power absorption coe$cient vs. magnetic "eld with H

0
DD[1 1 0].

Mass values used in the calculation are m
5
"0.024m

0
and

m
-
"0.236m

0
. E

*
DD[0 1 0] and uq"9 are used.

Fig. 7. Plots of the calculated penetration depth and cyclotron
radius vs. magnetic "eld with H

0
DD[1 0 0]. Mass values used in

the calculation are m
5
"0.024m

0
and m

-
"0.236m

0
and uq"9

is used.

5. Penetration depth

The penetration depth which is de"ned by
m"!1/Im k is plotted in Fig. 7 as a function of
magnetic "eld with H

0
DD[1 0 0]. It shows the degree

of transmission of the radiation into a sample and is
independent of the polarisation of an incident
wave. In the "gure the bold solid and dashed curves
correspond to the ordinary and extraordinary
modes, respectively. Thus we can examine whether
our treatment under the condition of classical skin
e!ect is correct or not by comparing m with a cyclo-
tron orbit radius r

#
"v

F
/u

#
. The radius r

#
is shown

by a light solid curve in Fig. 7, where cyclotron
frequency u

#
"DeDH

0
/mHc and Fermi velocity

v
F
"4]107 cm/s are used. We use an appropriate

mass value for mH according to which kinds of
electrons are coupling. In the case of Fig. 5 we have
used cyclotron tube mass for mH because cyclotron
resonance occurs in this con"guration of magnetic
"eld. From Fig. 7 we "nd that m is much larger than
r
#

at the point where absorption peaks occur.
On the other hand, the situation becomes oppo-

site at the low magnetic "eld range where weak

absorptions are observed in the experiment. Conse-
quently, it is possible that the Azbel'}Kaner cyclo-
tron resonance occurs in this range. Therefore, the
result shown in Fig. 7 suggests that our treatment
with the classical magneto-optical theory is self-
consistent at least in the "eld where the dielectric
anomalies take place.

6. Conclusions

Our analysis under the condition of classical skin
e!ect shows an excellent agreement with the experi-
mental results observed by Nii and in fact the cal-
culated penetration depth is much larger than r

#
at

the high magnetic "eld where strong absorption
occurs. It is clear that the absorption peaks occur at
values of magnetic "elds corresponding to the di-
electric anomalies and that the conduction and
valance bands have a set of ellipsoid of revolution
energy surfaces oriented along S1 1 1T directions.
No other band is necessary to explain Nii's experi-
mental data, although the weak structures ob-
served at low magnetic "eld are attributed to the
second harmonics by the Abel'}Kaner cyclotron
resonance. Perhaps the isotropic band maxima at
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k"0 mentioned by Stiles et al. do not exist within
the range of about $0.02 eV (Fermi energy) from
those of the ellipsoidal surfaces.

Appendix A

We calculate the conductivity tensor r
*
of each

valley by substituting b and m
*
into Eq. (2). r is

obtained by summing each r
*

When r is deter-
mined as

r"
p
0

D
a"!A

u
10
u B

2 1

(1!jt)(a2!b2)
a, (A.1)

e is determined as

e"e
-
I#

4pp
0

juD
a

"A
u

10
u B

2

CcI!
1

(1!jt)(a2!b2)
aD, (A.2)

D"a2!b2,

a"m2
5
m

-
#m

@@
b2

b"2m
x
b2sin h cos h,

a
xx
"(m2

@@
!m2

x
)a,

a
yy
"(m2

@@
!m2

x
#b2 cos2 h)a

a
zz
"(m2

@@
!m2

x
#b2 sin2 h)a,

a
xy
"(m

@@
a sin h!m

x
b cos h)b

a
xz
"!(m

@@
a cos h!m

x
b sin h)b,

a
yz
"(m2

@@
!m2

x
#b2)m

@@
b2 sin h cos h,

a
yx
"!a

xy
, a

zx
"!a

xz
, a

zy
"a

yz
, (A.3)

Where

b"A
u

0
juB

1

(1!jt)
, u

0
"

eH
0

m
0
c
, t"

1

uq
,

u2
10
"

4pne2

m
0

and c"e
-A

u
u

10
B

2
. (A.4)

h is the angle between the direction of the static
magnetic "eld H

0
and [1 0 0] direction. Therefore,

the complex index of refraction of the system is ob-
tained as

g2
B
"A

u
10
u B

2

Cc#
1

2aH
xx

(a2!b2)(1!jt)

]M!P$JS2#¹2ND, (A.5)

where

aH
xx
"a

xx
!c(1!jt)(a2!b2), S"aH

xx
(a

yy
!a

zz
)

#(a2
xy
!a2

xz
),

P"aH
xx

(a
yy
#a

zz
)#(a2

xy
#a2

xz
),

¹"2(aH
xx

a
yz
#a

xy
a
zz
).

We have used e
-
"400 for the lattice dielectric

constant of PbTe. e
-
(u) is a tensor, but it can be

treated as a scalar in the crystal with cubic sym-
metry. The lattice dielectric function is given as
e
-
(u)"e

=
(u2

L0
!u2#iCu)/(u2

T0
!u2#iCu) and

n"2]1017 cm~3 and u"4.4]1011s~1 are given
by Nii's experiment.
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