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Abstract

In this paper, we obtain one relator quotients of the extended modular group T’ by adding
an extra relation to the existing two relations. Then, we show that some of one-relator
quotients of I' are M*-groups.

1. Introduction

The modular group I' = PSL(2,7Z) is the discrete subgroup of PSL(2,R) generated by
two linear fractional transformations

1
tz)=—= and s(z)= - ——
and it has a presentation
T=<t,s|t?=s3=T1 >=2CyxCs.

The extended modular group T’ = PGL(2, Z) is defined by adding the reflection r(z) = 1/
% t0 the generators of the modular group I" and it has a presentation

3

T=<tsr|tt==rt=1I rt=trrs=s1r>,

or equivalently,
T=<tsr|t?=5s=r*=(tr) = (rs)* = I > =Dy ¢, Ds.
12000 Mathematics Subject Classification Number. 20H10, 30F50.
Keywords, extended modular group, one retator quctient, M*-groups.
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The modular group T is a subgroup of index 2 in T, (see, [1] and [7}).

Tn (5], [6} and {20}, the authors studied one relator gquotients of the modular group T
by adding extra relations to the existing two relations. In the relevant literature, there is
a huge number of papers on one-relator quotients of free products and free products with
amalgamation. For examples of these studies, see [9] and [11]. Also, the book [10] provides
an excellent reference for the work on one-relator products.

In this paper, we obtain one relator quotients of the extended modular group T by
adding an extra relation to the existing relations. We came across an interesting case when
we were obtaining one relator quotients. Some of one-relator quotients of the extended
modular group I’ are the M*—groups. M*-groups were studied by May [15] first. Then
these groups were investigated intensively [3, 4, 8, 12, 14—19]. The article in [2] contains
a nice survey of known results about M*—groups. Now, we briefly mention about the
M*-groups.

Let X be a compact bordered Klein Surface of algebraic genus g > 2. May proved in
[14] that the antomorphism group G of X is finite, and the order of G is at most 12(g—1).
Groups isomorphic to the automorphism group of such a compact bordered Klein surface
with this maximal number of automorphisms are called M*-groups. Thus a finite group G
is called an M™-group if it is generated by three distinct non-trivial elements ¢, B8,y which
satisfy the relations

P =p=7"=(af) = (a7 =1

and other relations which make the group finite [15]. In [12, p.277], Greenleaf and May
proved that there is a relationship between the extended modular group and M™*-groups
which says a finite group of order at least twelve is an M*-group if and only if it is the
homomorphic image of the extended modular group. In fact, by using known results
about normal subgroups of the extended modular group, they found an infinite family of
M*~groups. Thus, if the order of one relator quotient group of the extended modular
group T is greater than 6, then the homomorphic image of it is an M*-group [12, p.277).
From [15, p.7], we give a table of M*—groups of low order,

Ca % 53 Ag

54 Co % Asg
Sy X 93 Sy x Sy
C'gXS4 GgXCgXAs

Table I

where, 5, denotes the symmetric group on n letters, A, is the alternating group on n

letters, and Cj, stands for the > cyclic group of order n. Therefore, one relator quotients of

the extended modular group I' are M*-groups if they obey the group structures given in
the Table I. Such results are important in the study of bordered Klein surfaces.

In this paper, we deal with the general problem : What are the possible homomorphic
images of T, the kernels of which are normally generated by a single non-trivial element
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R? Since the modular group I is a subgroup of index 2 in T, every element R in T\ T can
be uniquely written as R = ur, where v € I and r is an element of order 2 outside I" such
that T is the semidirect product of I’ and < r >.

The first main statement of the work is that if R = sr then I has only one homomorphic
image, (up tq isomorphism) which is Cy, the cycle group of order 2.

The second main statement is that (as a corollary of the first statement) if R € T then
the corresponding images are the semidirect products of I'/ < B > and Cy, where < R >
is the normal closure of R in T'.

2. One Relator Quotients of T
The extended Modular group I’ has a presentation

T=<tsr:tP==r=@rP=(ar)2=I>.

We now add an extra relation

w=R(t,sr)=1

where R{s,t,7) isa cyclicé,lly reduced word of the form

Ry(t, s,7) = is%rts™r. s r (2.1)

or

Ry(t,s,7) = trs™irs®. trs (2.2)
with 1 < g; < 2. Here, the two expressions for R(t, 5,7) represent the same relation. Since
I = (tr)?2 = trtr = trt"1r~1, we have tr = rt. Therefore, r(R;)r~! = Ry, where R; and
Ry are the expressions given in (2.1) and (2.2), respectively. Therefore, it is enough to
consider R;.

Also, since I' =T, <7 > with ' <1 T and |r| = 2, every element of Tis either in I or has
form gr, for a uniquely defined element g € I'. In this work the case when w==gr, g€’
is considered. Since T' is a free product,

w =Rt s,7)=gr = (Es"ts% .t ).
We denote the number of t's, r’s and s’s in w by e¢(w), e-(w) and e;(w), respectively.
T
Here note that eg{w) = > ;. It is clear that e,(w) = 1 or e.(w) = 0. If e;(w) = 0, then
1"‘-,.

1< e;(w) <2 andif e;(w) =n, then n < g;(w) < 2n.
We define My ;m as the total number of words w with e;{w) = k, es{w) = ! and
er(w) = m = 0. Then it follows that the number of normal forms is

Ok igm = ( z k , ) . (2.3)

205
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-

The following formmla for the number of all normal forms having ei{w) = k, e;{w) =21
and e.{w) = m = 0 is given in [20] as follows:

Mo =% Z [‘P(d) ( 1 ic/:;/d )} . (2.4)

d| (k1K)
By mean the formula (2.4), we obtain Mp 0 = Mnni10 = Mpano = Mpon.i0 = 1.
Also, it is clear that if n is odd, then My pni10 = Mpon-1,0, Mant20 = Mnoa-20,"*,

Mn,h_2-£’o = Mn,i"‘zi'l,o and if n is even, then My ny1,0 = Mp 2010 Mnnv20 = Mr2n—20.--
My _q0=M, 0 Thus, we only investigate the following two cases. The first case is
k =n odd and {=2%=1 and the second case is k = n even and I=% — 1. Once having this
formula, we can check whether we have all words of the required property or not.

Example 2.1. Let k = 5, | = 7 and m = 0. Then by the formula (2.3), the number of
normal forms asqp is 10. By formula (2.4), there are only 2 non-equivalent cyclically
reduced ones. These are

tstststsits”
and

tsts tststs®,
We don’t consider the words such as ts*ts’tststs or tsts>ts?tsts as both are equivelent to

the first word.
Let us add the first relation

tstststs’ts® = I,
to t? — 53 = 7»2 p— (f'r)2 = (1‘3)2 = I. Then as
tst = ststsztsz,

we have

(tst)? = ts?t =1,
and equivalently S =I. Then 2 =8 =2 =12 = (tr)? = (rs)? = I gives 2 = s =r? =
(tr)? = (rs)? = I. Also if we put s = I in the first relation tststs?ts®ts? = I, we get t = L.
This means that the quotient group is Ca, the cyclic group of order two.

Notice that if k=5, [ = 8 and m = 0, then by the formula (2.3), the number of normal
forms o580 is 10. Also, by formula (2.4), there are only 2 non-equivalent cyclically reduced
ones. These are ts’ts’ts’tsts and ts®ts’tststs®. In fact these words are inverses of non-
equivalent cyclically reduced words in the case k = §, I = 7 and m = 0, since the words
(tstststs®ts®)~1 = stots®ts?ts®t and (tsts?tststs®) ™) = sts’ts’tsts®t are equivalent to the
words ts?ts’tststs and tsts®tststs?, respectively.

Now we give the following theorem.

Theorem 2.1, If1 <k <7 andl 1 <10 andm = 1, then the quotient group T/R(t, s,7)
is isomorphic to Cy, i.e. ['/R(¢, 8, 1) 2 Ca.

o
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Proof. Firstly, we find a presentation for the quotient T/R(t,s,r) by adding the relation
tsf1ts™2 . ts%rr = I with 1 < g; < 2 to the presentation of T. We have

T/R(t,s,m) = (¢, 5,712 = 5% =12 = (tr)% = (rs)? = ts% s, tsnp = ] ).
Then we obtain the relations
12 = 5% = (2s5125%2. 855 )2 = (5514585502 = (tsies®e st T2 = ]

as r == t8%1¢5°2,, 15", Using the these relations, we find s = I. If k is even, we have r = T,
since 2 = I, If k is odd, we obtain the relation ¢ = 7. Thus, the quotient group is isomorphic
to Ch, e,
T/R(t,s,7) = <t;t2 =1).
O

Example 2.2. Let R(t,s,7) = tststs’tsts*ts’r. Here k =6, 1 = 9 end m = 1. Then we
get a presentation for the quotient group

T/R(t,s,r) & (t,5,7;t% = * = r% = (tr)? = (rs5)? = tststs’tsts?tslr = I ).
Thus we find the relations
12 = §° = (tststsPtsts®la®)? = (stste®tsts?ts™)? = (tststs®tsts®)® =1

as v = tststs?tsts’ts®. Using (tststs’tsts’t)? = I, we obtain tststs®tsts®t.tststststs?t =

tststs*ts®tststs®t = I. Then we have sts’ts®ts®ts = I and sts’ts®ts = s%ts®. If we

put the last relation to (tststs’tsts®ts?)? = tststs®ists®ts®tststs®tsts’ts® = I, we find

tstststtsits iststota®ts® = I. Using tststs®tstststs®t = I and tststs®ts?ts%ists®tsts?ts? =
I, we obtain sts®ts? = I. Furthermore, we get 5% =1 and so s = I. If we write s = I in

R(t,s,7), we have r = I, since k is even and 2 = I. Finally, we find a presentation for
the quotient group T/R(t,s,r) = (4,82 =1 ) = Cy.

.

Now we can give the following result.

Corollary 2.2, If l £ k<7 and1 £ 1 £ 10 and m = 0, then the quotient group
T/R(t,s,r) is isomorphic to Gy x T'/R(t, s).

Proof. Since m =0, there is no r in the word R(t,s,r). Thus R(¢,s,r) = R(t,s). Also the
extended modular T is the semidirect produet of I" and C; (see, [1]), i.e. T & U3 1 T. Since
T/R(t,s,7) = T/R(t, s), we have T/R(t,s,7) & Cy x T/ R(t, 5). O

Here, we consider all possibilities for £ < 7, [ £ 14 and m = 0. Also, for m = 1, we
consider the cases ks =0 and I < 2 or k =1 and | = 0, seperately. Thus we identify the
quotient as being either finite {give its structure) or infinite.

One-relator quotients of the modular group have been studied by Conder in [5] for
2<k<12and 2 <1< 24 and by Ulutas and Cangul in [20]for 1 £ k£ Tand 1 <! < 10.
Thus, if & > 1, { > 1 and m = 0, then the quotient group I'/R(Z, s,7) can be easily found
using the their results.

Notation for the groups themselves is standard, except that we let X ~ ¥ denote an
extension of the group X by the group Y, that is, a group Z with a normal subgroup X

207
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such that Z/X = ¥ Such an extension is not necessarily 2 split extension, nor do we claim
it to be unique.

- Note that one relator quotients of the extended modular group T in the Table II are
M*-groups if they obey the given in the Table T group structures. Also in [8], it was shown
that A, is an M*-group, for all but finitely many values of n. It was also shown in (4] that
Cy % Ay 18 an M*-group. Thus the ones in these forms are M™*-groups.

Possible Abstract
kil |m gz;ﬁzzgy Presentation of Quotient Group ;Sftgliﬁ:nt

Words Group
oo 1] {t,s,tP=8"=rt=(ir) > =(rs)’=r=1) Cs
0|l11l0 (s, P =s"=r=(r)=(rs)’ =s=1) Dy
0 111 |er (ts,rif =5 =ri=(tr) > =(rs)°=sr=1) [0
0] 210 |4 {t,s,r;2=5=rt=(r) =(rs) =s"=1) Dy
0721 [&r (to,ritf==r’=(tr)f =(rs)’=sr=1) Cs
1100 [¢ (t,s,rit*=s"=r* =(tr)’ =(rs)f=t=1) Sy
101 jer {t,s,rtf=S=rt=[r) =(s)=tr=1) S

1

1[1]0 |ts {t,s,r;t° =5 =r*= (¢ )"'-—(rs)z—ts—f) [
1| 2]0 [ts? {tortl=s=r =0 =(rsf =ts*=1) Cs
212 {0 [tsts {,s,rtf == =(tr): =(rs)> =tsts =1 ) Cas % 53
21 3 [0 |tsts® (t,s,rf=8=r’ = (tr)  =(rs)’ =itsts* =1) Ch % Cs
3| 3 |0 |tststs (t,s,r; 2 =8 =r2 = (tr)® = (rs) =tststs =1 ) Cox Ay
3| 4 [0 tststs® (t,s,7;8° = 5° =8 = (tr)* = (rs)” = iststs® =1 ) [
4| 4 |0 |tstststs (t,s,m;8° = 8" =7 = (tr)* = (rs)° =tstststs =1 ) Co # 5y
4] 5 |0 [tstststs® (t,s,r; 8% = 5% = r% = (tr)® = (rs)* = tstsists” =1 ) Ds
41 6 10 [tstets’ts® (t,5,m; 8> =5° =r> = (tr)? = (rs)* = tststs’ts’ =1 ) S3 x S5
41 6 [0 [tsts?tsts® (t,s,m;1% = 5% = 72 = (tr)* = (rs)* =tsts'tsts” =1 ) Ca 1 {(Ca x Ay)
41 7 [0 |tstsPts’ts® (t,8,7;1° = s° = 7% = (tr)* = (rs)” =tsts"ts'ts* =1 ) D,
4] 8 |0 |ts?ts®ts’ts” {(t,s,7;12 = s° =1 = (tr)% = (rs)? = ts%ts%ts%ts =1 ) Cy % 84
5| 5 |0 |tststststs {t,8,73t2 = 85 = = (tr)? = (rs)® = tsisiststs =1 ) O x Ag
516 |0 [ tststststs® {t,5,7;8% = s° = v = (tr)* = (rs)* = tstststsis® =1 ) S3
50 7 [0 | tststststs® {t,s,m;82 = 5% = 72 == (tr)? = (rs)” =istststs“ts* =1 ) | O
51 7 [0 | tststs®tsts® (t,5,7;,8% = s° = 1% = (tr)? = (rs)” = tststs’tsts” =1 ) Cy
6| 6|0 |tststststsis (t,5,7;8 = 55 =12 = (tr)? = (rs)? = tstststststs =1 ) Infinite
6| 7|0 |tstststsists® | (t,s,m8 =8 =7%=(tr) =(rs) =istststststs* =1 |Ds
6| 8|0 |tststststs®ts® | {t,s,7;t° = s = r? = (tr)? = (rs)’ = tstststsis’ts’ =1 ) | Cy % 53
6| 810 [tstststststs® [{t,s,7,8% =5° =12 = (tr)? = (rs)’ = tstsisis“tsis* =1 ) | Dy
6| 8|0 |tststa®tststs® [ (t,5,7r;t8 =35 =1 = (tr)? = (rs)* = tstsis“tststs” = I ) | Ca » (Cy x Sy)
61 9]0 |tstststats’ts® [ (¢,5,7;8° =% =% = (ir)° = (rs)* = tstststs’ts’ts” =1 ) | Ca % (Cy ~ Ag)
6 9]0 |tststs®tsts™ts® | (¢, s,a";t2 = &% 2= 72 = (tr)2 = (rs)’ = tstsis’ists’ts” = /I ) | Infinite
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6] 90 tststs’ts’tsts® | (3,8,75t° = s° = r? = (tr)° = (rs)’ = tststs’ts’tsts’ =1 ) [Cy n (Cr ~ Cpg)
6| 910 tsts’tstsPtsts® | (3, s,r,t =355 =7’ = (tr)* = (rs)” = tsts’tsts*tsts* = I ) | Infinite
7| 7]0|tststststststs (t,5,1;12 =5 =77 = (tr)” = (rs)” = totstststststs =1 ) Infinite
7| 8|0 |tststststststs? [ {i,s,7;t° =5° =71% = (tr)* = (rs)* = tststsisiststs=1) {Cy
7| 90| tstststststs’ts® | (t, s,r;t =g = ,.2 = (ir)? = (rs)* = tstststsists’ts* =1 ) | Ss
7| 90| tststststsZists® | {t, 5,8 = s° =1 = (ir)® = (r5)° = tsistsisis“tstsa” =1 ) | C2 x 44
7| 9|0 tstststs®tatsts® | (t,s,78 =s° =r1° = (tr)" = (rs)’ = tatsista’tstats® =1 ) |53
7110 | 0 tststststs?is’is” | {t, s,r;t =5° =17 = (ir)* = (rs)* =tststsists’ts“ts* =1 ) | Cy
7|10 [ 0| tstststs’tsts®ts? | {¢,5,m;8° = s° =12 = (tr)* = (rs)* = tstsists’tsts’ts’ =1 ) | Oy
7|10 | 0 [ tststs®ta®tststs® | {,5, 78" = 8° = r* = (tr)” = (rs)” = ¢ststs tstsists’ =1 ) | Gy
7110 | 0| tstststsPtsPtsts® | (t,s,r 8 = &5 =12 = (ir)* = (rs)* = tstststs’ts"tots =1 ) | Ca
710 [ 0| tststs*tsts*tsts® | (3, .ls,r;tZ = 8% = v = (tr)? = (rs)* = tststs’ists’ists* =1 ) | Cs

Table I1
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