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We prove direct and inverse theorems for (a,)-differentiable functions in weighted
variable exponent Lebesque spaces. We also define a Besov type space and obtain some
properties of this space. Bibliography: 29 titles.

1 Statement of the Problem

Variable exponent Lebesgue spaces LP(*) were mentioned in the literature for the first time by
Orlicz [1]. These spaces were systematically studied by Nakano [2, 3]. In the appendix of [2,
p. 284], Nakano explicitly indicated variable exponent Lebesgue spaces as an example of modular
spaces. Also, under the condition

esssup p(zr) < oo,
zeT

the space LP(*) is a particular case of Musielak—Orlicz spaces [4]. Topological properties of Lr)
were studied by Sharapudinov [5] (cf. also [6]-[8] and the monograph [9]). The spaces LP(®) have
many applications in elasticity theory, fluid mechanics, differential operators [10, 11], nonlinear
Dirichlet boundary value problems [6], nonstandard growth, and variational calculus [12]. For
p(x) :=p, 1 < p < oo, the space L") coincides with the classical Lebesgue space LP. Unlike
LP, the space LP(*) is not p(-)-continuous and is not invariant under translations [6]. This fact
causes some difficulties for defining the smoothness moduli. Using the Steklov means, Gadjieva
[13] introduced the smoothness moduli in the case of weighted Lebesgue spaces. These moduli
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turned out to be also suitable for the weighted spaces LP(x). For example, some inequalities
on trigonometric approximation in the weighted spaces LP(x) were proved in [14]-[19]. We note
that the inverse inequalities were obtained by S. Stechkin for the space C' and by A. Timan
and M. Timan for the spaces LP (1 < p < 0o). We emphasize the results of Stepanets [20]-[23],
in particular, a Bernstein type inequality in unweighted classical Lebesgue spaces was proved
in [23] for the derivatives in general sense. Stepanets developed the approximation theory for
functions in the spaces C' and LP that are differentiable in the general sense.

In [19], the authors proved the following assertion.
Theorem 1.1 (cf. [19]). If p € P'°8(T), w0 € Ap()/poy for some po € (1,ps), @ € R,
€My, r € (0,00), f€ Lf,(') and
E,(

> f)p(-)vw 50
Z—w(y) < o0, (1.1)

v=1

then there exists a constant ¢ > 0, depending only on ¥, r, and p, such that

v l ) i n I/TEV(f)p(.)’w oo Ey(f)p(.)yw
QT(fO{? n)p(-),w < {TLT Vz::l 7y1}[)(y) + V:Zn;H —V¢(V) . (].2)

In this paper, we improve Theorem 1.1. We show that r can be replaced with 2r on the
right-hand side of (1.2). For this purpose, we refine the converse inequality.

Theorem 1.2 (cf. [15]). If p € P°8(T), w0 € Ay /poy for some po € (1,ps), f € Lg('),
and r € RT, then

1 c - <V+1)TEV(f)p(-)w
_ < : =
Qr<f7n+1)p(.)w\ T — S n=0,1,23,...,

V=

where the constant ¢ > 0 depends only on r and p.

We also give a characterization of weighted variable exponent Besov spaces [24].

Let a function w : T—[0, 00| be a weight on T'. Let & denote the class of Lebesgue measurable
functions p(z) : T — (1, 00) such that

1 < py:=essinfp(z) < p* :=esssupp(zr) < oo.
zeT z€T

Then we introduce the class LP(®) of 2r-periodic measurable functions f : T'— R such that

/ @) P@dz < oo
T

for p € 2. It is known that LP(*) is a Banach space [6] equipped with the norm

(=)
Wy =t fa> s [P0 e 1,
T
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We denote by Lﬁ(') the class of Lebesgue measurable functions f : T' — R such that wf €
LP(z). The Weighted variable exponent Lebesgue space Lf,(') is a Banach space equipped with

the norm || fly()w = [[wfllp()-
For a given p € @ we denote by A, the class of weights w satisfying the condition [25]

loxellpe)lw ™ xally () < €10

for all balls @ in T. Here, p'(z) := p(x)/(p(x) — 1) is the conjugate exponent of p(x). The
variable exponent p(x) is said to be log-Hélder continuous on T if there exists a constant ¢ > 0

such that
c

log (e + 1/ |x1 — x3])
We denote by 22'°¢(T') the class of exponents p € & such that 1/p :T — [0, 1] is log-Hélder
continuous on T'.

If pe 2298 (T) and f € Lf,('), then it was proved in [25] that the LY norm of the Hardy—
Littlewood maximal function .# is bounded if and only if w € A,,).

We set f € Lf)(') and

Ip(x1) — p(x2)| < for all xy,20 € T.

x+h/2
Af (@ / f(t)dt, zeT.

xz—h/2

If pe 29 (T) and w € Ay, then @7, is bounded in Lg('). Consequently if z,h € T and 0 < r
we define, via the binomial expansion,

o) = (L~ ) f(x) = ZDF e e,

where f € Lf,('), I' is the Gamma function, and I is the identity operator.
For 0 < 7 we define the fractional moduli of smoothness for p € 28 (T), w € Apy and
fe A by the formula

[r]
Q (f.0)pyw = sup ||[[I—am)ol™f| . 60
0<h;,t<d i—1 A
v p(-).w
where
0
QO(f7 6)p(-),w = ”pr(-),un H(I - Mhz)(j{f = O-qu) 0<r< 1’
i=1

and [r] denotes the integer part of a real number r and {r} :=r — [r].

If pe 2°8(T) and w € Ay, then wP®) ¢ LY(T). This implies that the set of trigonometric
polynomials is dense [26] in the space L2Y). On the other hand, if p € 22'°8(T) and w € Ap(ys
then LX) ¢ LY(T).

For a given f € Lf,(') we consider the Fourier series

o

f(z)

f)coskx + bi(f)sinkx)
k=1
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and the conjugate Fourier series

f(z) Z(ak(f) sin kx — bg(f) cos kx).

k=1

We say that a function f € L (), pE P, we Ay, has a (a,1))-derivative £Y if for a given
sequence ¥ (k), k =1,2,..., and a number a € R the series

iﬁ(ak(f)cosk(x+ 3_k> _|_bk(f)smk<$+ 2%))

k=1

is the Fourier series of the function ff,f). For ¢ (k) = k=%, k = 1,2,..., @ € RT, we have the
fractional derivative f(® of f in the sense of Weyl [27]. For ¢(k) = k=*In" Pk, k = 1,2,...,
o, B € Rt we have the power logarithmicfractional derivative f(®%) of f (cf. [28]).

Let 9 be the set of functions ¢ (v) that are convex downwards for any v > 1 and sat-
isfy the condition lim, ,~ % (v) = 0. We associate every function ¢ € 9 with a pair of

functions 5(t) = 1 ($(1)/2), plt) = £/ (n(t) — £) and 7(t) = 6~ (). We set My =
{p €M :0 < pu(t) < K}. These classes were intensively studied in [20]-[22].

Definition 1.3. A function ¢ (¢) is said to be quasiincreasing (respectively, quasidecreasing)
on (0,00) if there exists a constant ¢ such that 1 (t;) < cb(t2) (respectively, ¥ (t1) = cip(ta)) for
any t1,t2 € (0,00), t1 < to.

Definition 1.4. Let ¢ be a nondecreasing function on (0, c0) such that ¢(0) = 0 and
(i) there exists 8 > 0 such that ¢(t)t~ is quasiincreasing,
i) there exists 81 > 0 such that k& > 8 and ¢(t)t"1~* is quasidecreasing.

The class of such functions is denoted by U (k).

The properties of this class were studied, for example, in [29].

)

Definition 1.5. Suppose that ¢ € U (k) and 1 < v < oo. The collection B (),Y of functions
fe et satisfying the condition

Q) (f 1), @7 (1/t)t 7 dt < +00

p()w P

o

is referred to as the weighted variable exponent Besov spaces.

The norm in B" (. ) can be defined by the formula

1 1/y
LIS = 1l + { [ 00057 010 *dt} . (13)
0

We refer to [24] for more information about Besov spaces.

In this paper, we prove the following inequalities of trigonometric approximation.
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Theorem 1.6. Suppose that p € 228 (T'), w™P° € A(p(.)/po)/ for some pg € (1,p4), « € R
re€RT and f € Lf,('). Then for every natural number n the following estimate holds:

1 c ’CZTEk K B (f)p()w
Qr(fag)p(.)’wgﬁ{ +Z p }7

where the constant ¢ > 0 is independent of n.

Theorem 1.7. If p € P8 (T), w0 € A(p( )/po)’ + for some py € (1,p«), a € R, b € My,

r e (0,00), f € Lp( ), and (1.1) is satisfied, then there exist constants ¢,C > 0, depending only
on ¥, r, and p, such that
1 c V2 "Ey(
(i), < B o § B
T fa n p(-),w n2rl/§:1 W/} V;_l

Theorem 1.8. Suppose that 1 <y < +oo, p € U (k), k € RT, and f € LZZ('). Then there

exist constants ¢, C > 0 such that
1 1
C/QZ () p(y 7 (L/8) 71t < ZE O/Q’,; Fit)pwe! (/)¢ at.
0 0

Theorem 1.9. Suppose that 1 < v < 400 and ¢ € U(k). The space B;f(’f‘;,y is a Banach

space with respect to the norm (1.3).

Theorem 1.10. Suppose that 1 < v < 400, p € U(k), and f € Bk(L‘)’7 Then

3 _ kv@ —

In particular, Theorem 1.8 implies the following assertion.

Corollary 1.11. Suppose that 1 < v < +oo, f € L (), o(z) :=x% and k := 1+ [a]. Then

there exist constants ¢,C > 0 such that

1 1
—ay—1 et —ay—1
c/ Qg (Fr )yt ™t < Z L 297 < C/QHa]f, at T,
0

0

Theorem 1.12. Suppose that p € P'8(T), w™ € Ap(y/poy Jor some po € (1,ps), a €R
f fa € L , and B = max{2,p*}. If ¥(k), (k € N) is an arbitrary nonincreasing sequence of
nonnegative numbers such that (k) — 0 as k — oo, then for everyn =0,1,2,3,... there erists

a constant ¢ > 0 independent of n such that

1/8
1 c " VT EL (),
v L S p()w
QT (fou n)p(~),w - n2r ( - V¢B(y) : (14)
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Theorem 1.12 is a refinement of the following assertion.
Theorem 1.13 (cf. [19]). Let p € 298 (T), w™P € Ap(y/poy for some po € (1,p.), @ € R,

r € R" and f, f&ﬁ € Lﬁ('). If(k), (k € N) is an arbitrary nonincreasing sequence of nonnegative
numbers such that (k) — 0 as k — oo, then for every n = 1,2,3,... there erists a constant
¢ > 0 independent of n such that
1
E s Q0 ( v —) .
n(f)p( ),w Ci/)(n) r\Jer p()w
Indeed,
1/8
c < & VWEf(f)p(-)w) o Enlf)p()e
2 =z :
w2\ 2T ) ()
On the other hand, the term on the left-hand side of (1.4) is often important: it defines the
order of estimation from below. For the sake of simplicity, we set r = 1 and 1(n) :=n~“. Then
for

By (P~ v
the left-hand side of (1.4) is ~ n~2 (Inn)"” and (1.4) implies
— = — . .
(/. n)p(.),w > S (lnn) (L.5)

n

On the other hand,

00 /8
aB— _ 1 c
( § v’ 1E§(f)p(~),w> ~n~? and Ql(ﬁg)p(.)’w > 02

v=n+1
Thus, the estimate (1.5) is better.

Remark 1.14. It was M. Timan who first noted the influence of the metric on the direct
and inverse inequalities in the classical Lebesgue spaces LP (1 < p < 00).

In the particular case ¥(k) = kI Pk, k=1,2..., af € Rt from Theorem 1.7 we
obtain the following new result for power logarithmic-fractional derivatives.

Theorem 1.15. If p € 28 (T), w™P € A( ()/po)’ (T for some pg € (1,p4), o, 8,7 € RT,

and
< % nf VE,(f)p()w

< 00,
1%
v=1

then there exist constants ¢, C' > 0, depending only on o, 3, v, and p, such that

n 2r+o 1.0 e
QT(f(a”B),l c v In” vE,(f) ‘e Z In” f)p(,),w.

n)p(-)w S op2r 14
’ v=1 v=n+1

In the particular case o,r € ZT and 8 = 0, Theorem 1.15 was announced in [18].
Theorem 1.16. Suppose that p € 2% (T), w™P0 € A(p(.)/po)/ for somepo € (1,ps), a, B, 1 €

Rt f, fleh) ¢ LZ('), and 3 := max{2,p*}. Then for everyn = 1,2,3,... there exists a constant
¢ > 0 independent of n such that

1/8
1 c n 1/2BTE§(f) .
(B) — > e
o(1o02) > (5B
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2 Proof of the Main Results

We begin with the following assertion.
Theorem 2.1 (cf. [19]). Suppose that p € '8 (T), w0 € Ap()/pey for some po € (1,py),

a € R, and f, f&p € Lg('). If¥(k), (k € N) is an arbitrary nonincreasing sequence of nonnegative
numbers such that (k) — 0 as k — oo, then for every n = 0,1,2,3,... there ezists a constant
¢ > 0 independent of n such that

En(f)p(~),w < C¢(n)En(fclf)p(-),w'

The following Lemma was proved in the previous paper by the authors [19, Corollary 2.1],
where we essentially used the idea due to Stepanets and Kushpel’ [23].

Lemma 2.2. Ifp € 298(T), w0 ¢ Ap()/poy for some po € (1,p4), a € R, (k) (k €N)
is an arbitrary nonincreasing sequence of nonnegative numbers, and T,, € Iy, then

I(Ta) & lpe) w0 < @) N Tllp

Theorem 2.3 (cf. [19]). If p € P'°8(T), w0 ¢ Ap()/poy for some py € (1,ps), @ € R,
Y €My, €L ), and (1.1) is satisfied, then féf c Lf}(') and

where the constant ¢ > 0 depends only on o and p.

Proof of Theorem 1.6. We choose m satisfying 2™ < n < 27*!. By the subadditivity of
Q.., we have

Q- (f, 5)p(.)7w < (f— T2m+1,5)p(_)7w + Q, (T2m+1,5)p(')7w (2.1)
and

Q. (f = Tym+1,6) ("), <cllf - T2m+1” < cEgmia (f)p(.),w- (2.2)
By [15, Corollary 2.5], we have

Qr (T2m+1 ) 5);0(), < e8|, H 2m+1 HP(

r 2r 27’ 2r
< eb? {||Tf ) — IIp()w+ZIITzz+1 Ty )||p<~>,w}

< 6™ {EO(f)p(~),w +) 2 gy, (f)p(~),w}

i=1

< C52T{E0(f)p(-),w + 22TE’l (f)p(~),w + Z 2(i+1)2TE2i (f)p(-),w } .

i=1
Using the inequality

271

22 By (f)pyw <27 Y KB Dy
k=2i-141

WV

1, (2.3)



we get

2m
QT(T2m+1a5)p(~),w < C(SQT{EO(f)p(-),w + QZTEl(f)p( + 24r Z kQT lE (f) p(- ),w}

k=2
2777.
< 062T{E0(f)p(-),w + ) T E () p } (2.4)
k=1
Since -
24 k" By, (f)ar
Eom+1 (f)p(,)’w < o T’,
k=2m—141
we obtain the required relation from (2.1)—(2.4). O

Proof of Theorem 1.7. Using Theorems 1.6 and 2.3, we find

1 - VQTEI/(f&p) (1),w
QT (f:f’ E)p(-),w S n2r Z fp?

v=1

which implies the required inequality
v E,(f)

1 c
Qr(féf,g)p(')’w < n2rl,Z:1T +C Z 77" 0

v=n+1

Proof of Theorem 1.8. Let
1
/QZ (f )y @) (/1) 1t < +o0.
0

Using Jackson inequality [15, Theorem 1.4]

p(')vw
we find
1 | r 1
(2) < Qf T2 <e | Q) (2
Z D@ ( CZ ( 22>p(')’w<p( ) 60/ k(f, 2u) o
n 1
- im/m(f 1) (2 du < — [ QL(f, Oy (/D) dE < 0.
In?2 2U ) p(-)w 1n2 k )
0 0
Hence

o 1
> B (e (@) < [ Q0,008 )¢ a1
i=0 5

For the other direction, we set Ty € 71, E1(f)p()w = IIf — Tillp()ws f(x) = Ti(z) = F(x), and

ZZ -0 21 w‘p ( 2) < +OO
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Then

1 o]
/QZ(F, B)pywe” (1780 dt = 1n2/Qg(F,i) ©7(2%)du
0 ’ 0 2u p(-),w

< & (2 97 F, — .
;SO ( ) k< 2Z>p(-),w
On the other hand,
f@) =Ti(@) + Y {Tyi(z) — Ty (2)}
i=1

and we get

05— Fllpey0 = [|05-m ( > ATil2) — Tzz‘—l(w)}>
i=1

p(')vw
<Y o5 Qsllpg)w:
p(')vw s=1

where Qs(z) := Tos(2) — Tys—1(x). Hence, by [15, Lemma 2.6], we have

= Z o"zc,m <T2i (w) — Thi (x))
i=1

15 Fllpyw < Y N0 mQallpyw <27 Z Q) (@) (),
s=1

m+1 00
=27 Z Q¥ (@) Iy +27™ D 2F1Qs(@) lp()
s=m-+2
m+1 [ee}
<27 me QP (@) [lpy + 27 202%™ 1Qu(@) ()
s=m+2
{2—”““228’“15729 Z By (f }
s=0 s=m+1

Then

1 ¥
/Qg(F,t) (e (1/t)t 1 dt < { Z ©7(2™)2” m7k1228’%s ]
0

oo 00 Y
+ Z ¢7(2m)2k7[ Z EQS(f)p(.)M] } =:c(I1 + I2).

m=0 s=m-+1

We estimate I;. By Definition 1.4 (ii), we have

o) m ol
Il — Z SO’Y (2m) 2fm7k [Z 2skE25 (f)p(),w]
m=0 s=0
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S ez

9—s(k—a) v
A sk s\ os(k—a)
ZEQ (Fp()w? 0 (2%) v (2°)2 ]

m=0 s=0
St . m k:2 s(k—a) . v
<CD @ (@M 27 Eae () w2’ ——p(2°) 2m (k)
m=0 s=0 ’ "0(2 )
) m Y
=C Y 27 Eoe (f)p() w20 (2°)
m=0 s=0

[e's) 00 v 00 o0 s\ 9sB v
=) e [ > B (f>p<-),w] =2 ¢ [ 2 BNy Sogig_ﬁ
m=0

s=m-+1 m=0 s=m+1 ¥
oo 2m5,y oo Y
v (om s
“Zf EOP [ > B ()
oo oo Y oo
Z Z B (f p(2°)| <C Z B3 (f)p(yw @ (29)
m=0 Ls=m+1 s=0

Summarizing the above estimates, we obtain the inequality

1
/Qg(le,t)p() Y(1/t)ttdt < CZE% Doy ) (2°)
0

Hence

o _

00
O (F,8) 00 @ (DA< C S EL ()0 @ (2°). O
s=0

Proof of Theorem 1.9. We follow the arguments of [24]. For a given F' € LY we denote
by tx(F') € J} the best approximating polynomial for F. Then for arbitrary functions ¢ and v
in Lf,(') we have

1Bk (@) = B (V)] < Nl = Yl - (2.5)
Indeed,

B ()pyw S 1Y =t (Dllpoyw =10 =0+ 0 =tk () lpy0 < 1Y = @llpe)w + Bk (0)p)w-

On the other hand
Ej, (‘P)p(.),w < |y - SOHP(.)M + Ej (w)p(l)yw .
Thus we have (2.5).
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Let || frn — fn||];&“f;77 — 0 as m — 0o, n — oo. Consequently, for every € > 0 and N we have

N ' 1/
||fm - anp(-),w + (ZE; (fm - fn)p('),w SD’Y (22) > <€
=0

if m,n > M/(e), where M(e) is an increasing integer-valued function such that M(e) — 0 as
e — 0. Since {f;} is a Cauchy sequence in the Banach space L‘Zf,('), there exists f € Lf,(') such
that || fm — fll,). — 0 as m — co. We fix NV and pass to the limit as m — oo. Then

1/
Hf_anp(.)’ (ZE (f = fn 7(27;)> <e, n>Me).

Again passing to the limit as N — oo, we get

1/~
1f = Fallpeyw + (ZE (f = fu)p( (21)> <e, n>Me).

Thus, we can conclude that f € B (M and

3 _ kv(p —

Proof of Theorem 1.10. Let f € Bﬁi?‘)’w. Since %, is bounded in Lf,(‘), we have @, f €
Lf,(') and
If = hfllpy =0 ash—0. (2.6)

For any ¢ € (0,1) we have

1
/Qymmwmw¢wvwfwt
0

<

o,

1
O (Dhf Oy /1)t dE+ /QZ (D frt)p(y e (/1) 1dE
5

/Q=%ﬁ S N+ (1= 8) 7 (1/8)57 sup O (uf, V).
0 u<h
d
/QZ () p(y0 @ (/)¢ dE 4+ (1= 6) 7 (1/8) 6~ SUPIW ey =0+
0
Since f € Bﬁ&fg ., we have I} < co. On the other hand, for fixed §
I <(1—=6)p7 (1/0) 0 SupllfII'Y =CO) £}y <
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Hence 7, f € B]];&.) " Again, for any 6 € (0,1) we obtain

1
[0t~ 10,000 00l
0

Q) (f )y @7 (/)47 A+ (1= 8) 7 (1/8) 6 sup O (uf — fi L)y = It + I,

u<h

) 1
<20 [0ty (WO et [ (hf = 800007 (1008 e
1)
/

Since f € B;;(’f . the quantity I{ can be arbitrarily small with the choice of 4. Then for fixed §
I <(1—=08)¢Y (1/8) 6 L sup || f — f||;(.) .0 ash—0.
u<h ’

Thus, by (2.6),
If = flls, =0 ash—o0. O

Proof of Theorem 1.12. By [16, Theorem 1.1}, we have

1 "2 B 0w
Y s L

pOw  mP\ o v

By [19, Theorem 1.1], we have

n?r\ = wh(v)
Theorem 1.12 is proved. (]
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