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APPROXIMATION OF FUNCTIONS
OF WEIGHTED LEBESGUE AND SMIRNOV SPACES

RAMAZAN AKGUN

Abstract. In this work we investigate the inverse approximation problems in
the Lebesgue and Smirnov spaces with weights satisfying the so-called Mucken-
houpt’s Ap condition in terms of the α-th mean modulus of smoothness, α > 0.
We obtain a converse theorem of trigonometric approximation in the weighted
Lebesgue spaces and obtain some converse theorems of algebraic polynomial ap-
proximation in the weighted Smirnov spaces.

MSC 2010. Primary 30E10, 46E30; Secondary 41A10, 41A25, 41A27, 42A10.

Key words. Weighted Smirnov spaces, Dini-smooth curve, inverse theorems,
fractional modulus of smoothness.

1. INTRODUCTION

Let Lp (T) be the Lebesgue space of 2π-periodic real valued functions defined
on T := [−π, π] such that

‖f‖p :=

{ (∫
T |f (x)|p dx

)1/p
, 1 ≤ p <∞,

ess sup
x∈T

|f (x)|, p =∞,

is finite.
A function ω : T→ [0,∞] will be called a weight if ω is measurable and

almost everywhere (a.e.) positive.
For a weight ω we denote by Lp (T, ω) the class of measurable functions

f : T→R such that ωf ∈ Lp (T). We set ‖f‖p,ω := ‖ωf‖p.
If p−1 + q−1 = 1, 1 < p <∞, ω ∈ Lp (T), and 1/ω ∈ Lq (T) then

L∞ (T) ⊂ Lp (T, ω) ⊂ L1 (T) .

A 2π-periodic weight function ω belongs to the Muckenhoupt class Ap, if 1

|J |

∫
J

ωp (x) dx

1/p 1

|J |

∫
J

ω−q (x) dx

1/q

≤ C

with a finite constant C independent of J , where J is any subinterval of T and
|J | denotes the length of J .

Let

(1) S [f ] :=

∞∑
k=−∞

cke
ikx
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be the Fourier series of a function f ∈ L1 (T) with
∫
T f (x) dx = 0; so c0 = 0

in (1).
For α > 0, the α-th integral of f is defined by

Iα (x, f) :=
∑
k∈Z∗

ck (ik)−α eikx,

where

(ik)−α := |k|−α e(−1/2)πiα sign k and Z∗ := {±1,±2,±3, . . .} .

It is known [9, V. 2, p. 134] that

fα (x) := Iα (x, f)

exists a.e. on T and fα ∈ L1 (T).
For α ∈ (0, 1) we set

f (α) (x) :=
d

dx
I1−α (x, f)

if the right-hand side exists. Then we define

f (α+r) (x) :=
(
f (α) (x)

)(r)
=

dr+1

dxr+1
I1−α (x, f) ,

where r ∈ Z+ := {1, 2, 3, . . .}.
Throughout this work by C (α), c1, c2, . . ., ci (α, . . .), cj (β, . . .), . . . we

denote the constants (which can be different in different places) such that
they are absolute or depend only on the parameters given in the corresponding
brackets.

Let x, t ∈ R, α ∈ R+ := (0,∞), 1 < p <∞. We set

(2) ∆α
t f (x) :=

∞∑
k=0

(−1)α [Cαk ] f (x+ (α− k) t) , f ∈ Lp (T, ω) ,

where [Cαk ] := α(α−1)...(α−k+1)
k! for k > 1, [Cαk ] := α for k = 1 and [Cαk ] := 1 for

k = 0.
Since

|[Cαk ]| ≤ c1 (α)

kα+1
, for k ∈ Z+,

we have

C (α) :=
∞∑
k=0

|[Cαk ]| <∞,

and ∆α
t f (x) is defined a.e. If α ∈ Z+, then the fractional difference ∆α

t f (x)
coincides with usual forward difference, namely,

∆α
t f (x) =

α∑
k=0

(−1)α [Cαk ] f (x+ (α− k) t)

=
∞∑
k=0

(−1)α−k [Cαk ] f (x+ kt) , α ∈ Z+.
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We define

σαδ f (x) :=
1

δ

δ∫
0

|∆α
t f (x)| dt, f ∈ Lp (T, ω) , 1 < p <∞.

Using the boundedness of the Hardy-Littlewood Maximal function in Lp (T, ω),
1 < p <∞, ω ∈ Ap, we get

(3) ‖σαδ f (x)‖p,ω ≤ C (α) c1 (p) ‖f‖p,ω <∞.

Now, if α ∈ R+, we define the α-th mean modulus of smoothness of a
function f ∈ Lp (T, ω), where 1 < p <∞ and ω ∈ Ap, as

Ωα (f, h)p,ω := sup
|δ|≤h

‖σαδ f (x)‖p,ω .

Remark 1. The α-th mean modulus of smoothness Ωα (f, h)p,ω, α ∈ R+,
has the following properties:

(i) Ωα (f, h)p,ω is a non-negative and non-decreasing function of h ≥ 0.

(ii) Ωα (f1 + f2, ·)p,ω ≤ Ωα (f1, ·)p,ω + Ωα (f2, ·)p,ω.

(iii) lim
h→0

Ωα (f, h)p,ω = 0.

In what follows let

En (f)p,ω := inf
T∈Tn

‖f − T‖p,ω , f ∈ Lp (T, ω) , 1 < p <∞, n = 0, 1, 2, . . . ,

where Tn is the class of trigonometrical polynomials of degree not greater than
n.

We denote by Wα
p (T, ω), α > 0, 1 < p <∞, the linear space of 2π-periodic

real valued functions f ∈ Lp (T, ω) such that f (α) ∈ Lp (T, ω) a.e.

The next theorem is new for positive values of the integer α. For ω ≡ 1 the
result was proved in [7].

Theorem 2. Let f ∈ Wα
p (T, ω), α > 0, ω ∈ Ap, 1 < p < ∞. If, for some

Tn ∈ Tn
‖f − Tn‖p,ω ≤ c (p)En (f)p,ω , n = 0, 1, 2, . . . ,

then ∥∥∥f (α) − T (α)
n

∥∥∥
p,ω
≤ c (α, p)En

(
f (α)

)
p,ω

, n = 0, 1, 2, . . . .

Proof. We put Sνf (x) := Sν(x, f) :=
ν∑

k=−ν
cke

ikx for the ν-th partial sum of

the Fourier series (1) of f ∈Wα
p (T, ω) andWn(f) := Wn(x, f) := 1

n+1

2n∑
ν=n

Sν(x, f),

n = 0, 1, 2, . . ..

Hence Wn(x, f (α)) = W
(α)
n (x, f).
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Consequently∥∥∥f (α)(·)− T (α)
n (·, f)

∥∥∥
p,ω
≤
∥∥∥f (α)(·)−Wn(·, f (α))

∥∥∥
p,ω

+
∥∥∥T (α)

n (·,Wn(f))− T (α)
n (·, f)

∥∥∥
p,ω

+
∥∥∥W (α)

n (·, f)− T (α)
n (·,Wn(f))

∥∥∥
p,ω

.

We denote by T ∗n(x, f) the best approximating trigonometric polynomial of
degree at most n to f in Lp (T, ω). In this case, using the boundedness of Wn

in Lp (T, ω), we obtain∥∥∥f (α)(·)−Wn(·, f (α))
∥∥∥
p,ω

≤
∥∥∥f (α)(·)− T ∗n(·, f (α))

∥∥∥
p,ω

+
∥∥∥T ∗n(·, f (α))−Wn(·, f (α))

∥∥∥
p,ω

≤ c (p)En

(
f (α)

)
p,ω

+
∥∥∥Wn(·, T ∗n(f (α))− f (α))

∥∥∥
p,ω

≤ c1 (α, p)En

(
f (α)

)
p,ω

.

From [5] we get∥∥∥T (α)
n (·,Wn(f))− T (α)

n (·, f)
∥∥∥
p,ω
≤ c2 (α, p)nα ‖Tn(·,Wn(f))− Tn(·, f)‖p,ω

and∥∥∥W (α)
n (·, f)− T (α)

n (·,Wn(f))
∥∥∥
p,ω
≤ c3 (α, p) (2n)α ‖Wn(·, f)− Tn(·,Wn(f))‖p,ω
≤ c4 (α, p) (2n)αEn (Wn(f))p,ω .

Therefore

‖Tn(·,Wn(f))− Tn(·, f)‖p,ω ≤ ‖Tn(·,Wn(f))−Wn(·, f)‖p,ω
+ ‖Wn(·, f)− f (·)‖p,ω + ‖f (·)− Tn(·, f)‖p,ω
≤ c (p)En (Wn(f))p,ω + c5 (p)En (f)p,ω + c (p)En (f)p,ω .

Since En (Wn(f))p,ω ≤ c6 (p)En (f)p,ω we get∥∥∥f (α)(·)− T (α)
n (·, f)

∥∥∥
p,ω

≤ c1 (α, p)En

(
f (α)

)
p,ω

+ nα
{
c6 (α, p)En (Wn(f))p,ω + c7 (α, p)En (f)p,ω

}
+ c8 (α, p) (2n)αEn (Wn(f))p,ω

≤ c1 (α, p)En

(
f (α)

)
p,ω

+ c9 (α, p)nαEn (f)p,ω .

By [1, Th. 1.1] we have

(4) En (f)p,ω ≤
c (α, p)

(n+ 1)α
En

(
f (α)

)
p,ω

,
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so we finally obtain∥∥∥f (α)(·)− T (α)
n (·, f)

∥∥∥
p,ω
≤ c (α, p)En

(
f (α)

)
p,ω

.

�

The next result was proved in [8] for ω ≡ 1.

Theorem 3. Let 0 < α ≤ 1, r = 0, 1, 2, 3, . . ., ω ∈ Ap, 1 < p < ∞, and
Tn ∈ Tn, n ≥ 1. Then

(5) Ωr+α (Tn, h)p,ω ≤ c (p, r)hα+r
∥∥∥T (α+r)

n

∥∥∥
p,ω

, 0 < h ≤ π/n.

Proof. Let

F (x) := ∆α+r
t Tn

(
x− α+ r

2
t

)
=
∑
ν∈Z∗

n

(2i sin νt/2)α+r cνeiνx

and

f (x) := ∆r
tT

(α)
n

(
x− r

2
t
)

=
∑
ν∈Z∗

n

(2i sin νt/2)r (iν)(α) cνeiνx.

If we put

ϕ (z) := (2i sin zt/2)r (iz)(α) , g (z) :=

(
2

z
sin tz/2

)α
, |z| ≤ n, g (0) := tα,

we find that

f (x) =
∑
ν∈Z∗

n

ϕ (ν) cνeiνx, F (x) =
∑
ν∈Z∗

n

ϕ (ν) g (ν) cνeiνx.

The function g is positive, even and satifies g′ (z) ≤ 0, g′′ (z) ≤ 0 for z ∈ [0, n],
0 < t ≤ π/n. Hence

g (z) =
∞∑

k=−∞
dke

ikπz/n

uniformly on [−n, n], with d0 > 0, (−1)k+1 dk ≥ 0, d−k = dk (k = 1, 2, . . .)
(see, [8]). We get that

F (x) =

∞∑
k=−∞

dkf

(
x+

kπ

n

)
and therefore

∆α+r
t Tn (·) =

∞∑
k=−∞

dk∆
r
tT

(α)
n

(
·+ kπ

n
+
α

2
t

)
.
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Consequently, we obtain∥∥∥∥∥∥1

δ

δ∫
0

∣∣∆α+r
t Tn (·)

∣∣ dt
∥∥∥∥∥∥
p,ω

=

∥∥∥∥∥∥1

δ

δ∫
0

∣∣∣∣∣
∞∑

k=−∞
dk∆

r
tT

(α)
n

(
·+ kπ

n
+
α

2
t

)∣∣∣∣∣ dt
∥∥∥∥∥∥
p,ω

≤
∞∑

k=−∞
|dk|

∥∥∥∥∥∥1

δ

δ∫
0

∣∣∣∣∆r
tT

(α)
n

(
·+ kπ

n
+
α

2
t

)∣∣∣∣dt
∥∥∥∥∥∥
p,ω

.

Since

∆r
tT

(α)
n (·) =

t∫
0

· · ·
t∫

0

T (α+r)
n (·+ t1 + . . .+ tr) dt1 . . . dtr,

we find

Ωr+α (Tn, h)p,ω ≤
∞∑

k=−∞
|dk| sup

|δ|≤h

∥∥∥∥∥∥1

δ

δ∫
0

∣∣∣∣∣
∞∑

k=−∞
dk∆

r
tT

(α)
n

(
·+ kπ

n
+
α

2
t

)∣∣∣∣∣dt
∥∥∥∥∥∥
p,ω

=
∞∑

k=−∞
|dk| ,

sup
|δ|≤h

∥∥∥∥∥∥1

δ

δ∫
0

∣∣∣∣∣∣
t∫

0

· · ·
t∫

0

T (α+r)
n

(
·+ kπ

n
+
α

2
t+ t1 + . . .+ tr

)
dt1 . . . dtr

∣∣∣∣∣∣dt
∥∥∥∥∥∥
p,ω

≤ hr
∞∑

k=−∞
|dk| ,

sup
|δ|≤h

∥∥∥∥∥∥1

δ

δ∫
0

∣∣∣∣∣∣ 1

δr

δ∫
0

· · ·
δ∫

0

T (α+r)
n

(
·+ kπ

n
+
α

2
t+ t1 + . . .+ tr

)
dt1 . . . dtr

∣∣∣∣∣∣ dt
∥∥∥∥∥∥
p,ω

≤ hr
∞∑

k=−∞
|dk| sup

|δ|≤h
,

∥∥∥∥∥∥ 1

δr

δ∫
0

· · ·
δ∫

0

1

δ

δ∫
0

∣∣∣∣T (α+r)
n

(
·+ kπ

n
+
α

2
t+ t1 + . . .+ tr

)∣∣∣∣ dt
dt1 . . . dtr

∥∥∥∥∥∥
p,ω

≤ c10 (r, p)hr
∞∑

k=−∞
|dk| sup

|δ|≤h

∥∥∥∥∥∥1

δ

δ∫
0

∣∣∣∣T (α+r)
n

(
·+ kπ

n
+
α

2
t

)∣∣∣∣ dt
∥∥∥∥∥∥
p,ω
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≤ c2 (r, p)hr sup
|δ|≤h

∞∑
k=−∞

|dk|

∥∥∥∥∥∥∥∥
1
α
2 δ

·+ kπ
n

+α
2
δ∫

·+ kπ
n

∣∣∣T (α+r)
n (u)

∣∣∣du
∥∥∥∥∥∥∥∥
p,ω

.

By [8] we have

∞∑
k=−∞

|dk| < 2g (0) = 2tα, 0 < t ≤ π/n,

so
∞∑

k=−∞
|dk| < 2hα

for 0 < t ≤ δ ≤ h ≤ π/n. Hence

Ωα+r (Tn, h)p,ω ≤ c11 (r, p)hα+r
∥∥∥T (α+r)

n

∥∥∥
p,ω

.

On the other hand, we get, by a similar argument, that the same inequality
holds also if 0 < −h ≤ π/n. Thus the proof of the theorem is completed. �

The next result is a generalization of Theorem 2 of [4] to the fractional case.

Theorem 4. Let α > 0, ω ∈ Ap, 1 < p <∞. Then the following inequality
holds for f ∈ Lp (T, ω)

Ωα (f, π/ (n+ 1))p,ω ≤
c (α, p)

(n+ 1)α

n∑
ν=0

(ν + 1)α−1Eν (f)p,ω , n = 0, 1, 2, . . . .

Proof. Let Tn ∈ Tn be the best approximating polynomial of f ∈ Lp (T, ω)
and let m ∈ Z+. Then by assertion (ii) of Remark 1 and by (3) we have

Ωα (f, π/ (n+ 1))p,ω ≤ Ωα (f − T2m , π/ (n+ 1))p,ω + Ωα (T2m , π/ (n+ 1))p,ω

≤ c12 (α, p)E2m (f)p,ω + Ωα (T2m , π/ (n+ 1))p,ω .

Using Theorem 2, we get

Ωα (T2m , π/ (n+ 1))p,ω ≤ c13 (α, p)

(
π

n+ 1

)α ∥∥∥T (α)
2m

∥∥∥
p,ω

, n+ 1 ≥ 2m.

Since

T
(α)
2m (x) = T

(α)
1 (x) +

m−1∑
ν=0

{
T

(α)
2ν+1 (x)− T (α)

2ν (x)
}

,

we obtain

Ωα (T2m , π/ (n+ 1))p,ω

≤ c13 (α, p)

(
π

n+ 1

)α{∥∥∥T (α)
1

∥∥∥
p,ω

+
m−1∑
ν=0

∥∥∥T (α)
2ν+1 − T

(α)
2ν

∥∥∥
p,ω

}
.
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From Bernstein’s inequality (see [5]) for fractional derivatives in Lp (T, ω),
where ω ∈ Ap and 1 < p <∞, we have∥∥∥T (α)

2ν+1 − T
(α)
2ν

∥∥∥
p,ω
≤ c14 (α, p) 2να ‖T2ν+1 − T2ν‖p,ω ≤ c15 (α, p) 2να+1E2ν (f)p,ω

and ∥∥∥T (α)
1

∥∥∥
p,ω

=
∥∥∥T (α)

1 − T (α)
0

∥∥∥
p,ω
≤ c16 (α, p)E0 (f)p,ω .

Hence

Ωα (T2m , π/ (n+ 1))p,ω

≤ c17 (α, p)

(
π

n+ 1

)α{
E0 (f)p,ω +

m−1∑
ν=0

2(ν+1)αE2ν (f)p,ω

}
.

It is easily seen that

2(ν+1)αE2ν (f)p,ω ≤ c18 (α)

2ν∑
µ=2ν−1+1

µα−1Eµ (f)p,ω , ν = 1, 2, 3, . . . .

Therefore

Ωα (T2m , π/ (n+ 1))p,ω

≤ c17 (α, p)

(
π

n+ 1

)α
E0 (f)p,ω + 2αE1 (f)p,ω + c18 (α)

m∑
ν=1

2ν∑
µ=2ν−1+1

µα−1Eµ (f)p,ω


≤ c19 (α, p)

(
π

n+ 1

)αE0 (f)p,ω +

2m∑
µ=1

µα−1Eµ (f)p,ω


≤ c20 (α, p)

(
π

n+ 1

)α 2m−1∑
ν=0

(ν + 1)α−1Eν (f)p,ω .

If we choose 2m ≤ n+ 1 ≤ 2m+1, then

Ωα (T2m , π/ (n+ 1))p,ω ≤
c21 (α, p)

(n+ 1)α

n∑
ν=0

(ν + 1)α−1Eν (f)p,ω

and

E2m (f)p,ω ≤ E2m−1 (f)p,ω ≤
c22 (α, p)

(n+ 1)α

n∑
ν=0

(ν + 1)α−1Eν (f)p,ω .

This finishes the proof. �

The next result was proved for α = 1 in [4].
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Theorem 5. If f ∈ Wα+r
p (T, ω), 0 < α ≤ 1, r = 0, 1, 2, 3, . . ., ω ∈ Ap,

1 < p <∞, then

Ωr+α (f, h)p,ω ≤ c (α, r, p)hα+r
∥∥∥f (α+r)

∥∥∥
p,ω

, 0 < h ≤ π.

Proof. Let Tn ∈ Tn be the trigonometric polynomial of best approximation
of f in Lp (T, ω) metric. By Remark 1 (ii), Theorem 2, and (3) we get

Ωα+r (f, h)p,ω ≤ Ωα+r (Tn, h)p,ω + Ωα+r (f − Tn, h)p,ω

≤ c (p, r)hα+r
∥∥∥T (α+r)

n

∥∥∥
p,ω

+ c22 (p, α, r)En (f)p,ω , 0 < h ≤ π/n.

Then, using inequality (10) of [4], (4), and Theorem 2 of [4], we have

En (f)p,ω ≤
c (p, α, r)

(n+ 1)α
En

(
f (α)

)
p,ω
≤ c18 (p, α, r)

(n+ 1)α
Ωr

(
f (α),

2π

n+ 1

)
p,ω

≤ c23 (p, α, r)

(n+ 1)α

(
2π

n+ 1

)r ∥∥∥f (α+r)
∥∥∥
p,ω

.

By Theorem 2 we find∥∥∥T (α+r)
n

∥∥∥
p,ω
≤
∥∥∥T (α+r)

n − f (α+r)
∥∥∥
p,ω

+
∥∥∥f (α+r)

∥∥∥
p,ω

≤ c (p, α, r)En

(
f (α+r)

)
p,ω

+
∥∥∥f (α+r)

∥∥∥
p,ω
≤ c24 (p, α, r)

∥∥∥f (α+r)
∥∥∥
p,ω

.

Choosing h with π/ (n+ 1) < h ≤ π/n, n = 1, 2, 3, . . ., we obtain

Ωα+r (f, h)p,ω ≤ c (p, α, r)hα+r
∥∥∥f (α+r)

∥∥∥
p,ω

and we are done. �

Theorem 6. Let f ∈ Lp (T, ω), 1 < p <∞, ω ∈ Ap. If β ∈ (0,∞) and

∞∑
ν=1

νβ−1Eν (f)p,ω <∞,

then

En

(
f (β)

)
p,ω
≤ c(p, β)

(
(n+ 1)β En (f)p,ω +

∞∑
ν=n+1

νβ−1Eν (f)p,ω

)
.

Proof. Since∥∥∥f (β) − Snf (β)
∥∥∥
p,ω

≤
∥∥∥S2m+2f (β) − Snf (β)

∥∥∥
p,ω

+
∞∑

k=m+2

∥∥∥S2k+1f (β) − S2kf
(β)
∥∥∥
p,ω

,
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we have for 2m < n < 2m+1∥∥∥S2m+2f (β) − Snf (β)
∥∥∥
p,ω

≤ c25(p, β)2(m+2)βEn (f)p,ω ≤ c26(p, β) (n+ 1)β En (f)p,ω .

On the other hand, we find

∞∑
k=m+2

∥∥∥S2k+1f (β) − S2kf
(β)
∥∥∥
p,ω
≤ c27(p, β)

∞∑
k=m+2

2(k+1)βE2k (f)p,ω

= c29(p, β)
∞∑

ν=2m+1+1

νβ−1Eν (f)p,ω ≤ c29(p, β)
∞∑

ν=n+1

νβ−1Eν (f)p,ω

which finishes the proof. �

Corollary 7. Let f ∈Wα
p (T, ω), (1 < p <∞), ω ∈ Ap, β ∈ (0,∞) and

∞∑
ν=1

να−1Eν (f)p,ω <∞

for some α > 0. If n = 0, 1, 2, . . ., then

Ωβ

(
f (α),

π

n+ 1

)
p,ω

≤ c43(α, p, β)

(n+ 1)β

n∑
ν=0

(ν + 1)α+β−1Eν (f)p,ω +

∞∑
ν=n+1

να−1Eν (f)p,ω .

2. APPLICATIONS TO WEIGHTED SMIRNOV SPACES

Let Γ be a rectifiable Jordan curve and let G := int Γ, G− := ext Γ, D :=
{w ∈ C : |w| < 1}, T := ∂D, D− := extT. Without loss of generality we may
assume 0 ∈ G. We denote by Lp (Γ), 1 ≤ p < ∞, the set of all measurable
complex valued functions f on Γ such that |f |p is Lebesgue integrable with
respect to arclength. By Ep (G) and Ep (G−), 0 < p < ∞, we denote the
Smirnov classes of analytic functions in G and G−, respectively. Let w = ϕ (z)
and w = ϕ1 (z) be the conformal mappings of G− and G onto D− normalized
by the conditions

ϕ (∞) =∞, lim
z→∞

ϕ (z) /z > 0 and ϕ1 (0) =∞, lim
z→0

zϕ1 (z) > 0,

respectively. Let f ∈ L1 (Γ). Then

f+ (z) =
1

2πi

∫
Γ

f (ς)

ς − z
dς, z ∈ G,

is analytic on G.



11 Approximation of functions 35

Let ω be a weight function on Γ and let Lp (Γ, ω) be the weighted Lebesgue
space on Γ, i.e., the space of measurable functions on Γ for which

‖f‖Lp(Γ,ω) :=

∫
Γ

|f (z)|p ωp (z) |dz|

1/p

<∞.

The weighted Smirnov spaces Ep (G,ω) and Ep (G−, ω) are defined as

Ep (G,ω) := {f ∈ E1 (G) : f ∈ Lp (Γ, ω)} ,

Ep
(
G−, ω

)
:=
{
f ∈ E1

(
G−
)

: f ∈ Lp (Γ, ω)
}
.

We also define the following subspace of Ep (G−, ω)

Ẽp
(
G−, ω

)
:=
{
f ∈ Ep

(
G−, ω

)
: f (∞) = 0

}
.

Let 1 < p <∞, z ∈ Γ, ε > 0, and Γ (z, ε) := {t ∈ Γ : |t− z| < ε}, 1
p + 1

q = 1.

A weight function ω belongs to the Muckenhoupt class Ap (Γ) if the condition

sup
z∈Γ

sup
ε>0

1

ε

∫
Γ(z,ε)

ωp (τ) |dτ |


1
p
1

ε

∫
Γ(z,ε)

ω−q (τ) |dτ |


1
q

<∞,

holds.
With every weight function ω on Γ, we associate the other weights on T by

setting ω0 := ω ◦ ψ, ω1 := ω ◦ ψ1. For an arbitrary f ∈ Lp (Γ, ω) we set

f0 (w) := f (ψ (w)) , f1 (w) := f (ψ1 (w)) , w ∈ T.

If Γ is a Dini-smooth curve, then the condition f ∈ Lp (Γ, ω) implies that
f0 ∈ Lp (T, ω0) and f1 ∈ Lp (T, ω1). Using the nontangential boundary values
of f+

0 and f+
1 on T we define for a function f ∈ Lp (Γ, ω) and α ∈ R+

Ωk (f, δ)Γ,p,ω := Ωk

(
f+

0 , δ
)
p,ω0

, δ > 0,

Ω̃k (f, δ)Γ,p,ω := Ωk

(
f+

1 , δ
)
p,ω1

, δ > 0.
(6)

We set

En (f,G)p,ω := inf
P∈Pn

‖f − P‖Lp(Γ,ω) , Ẽn
(
g,G−

)
p,ω

:= inf
R∈Rn

‖g −R‖Lp(Γ,ω) ,

where f ∈ Ep (G,ω), g ∈ Ep (G−, ω), Pn is the set of algebraic polynomials of
degree not greater than n, and Rn is the set of rational functions of the form
n∑
k=0

ak
zk

.

Some converse approximation theorems in the weighted Lebesgue spaces
Lp (T, ω), 1 < p < ∞, ω ∈ Ap were proved in [1] and [4]. In the weighted
Smirnov spaces Ep (G,ω), ω ∈ Ap (Γ) , 1 < p <∞, the converse approximation
theorems were proved in [3] for Butzer-Wehrens modulus of smoothness.
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In the following we investigate the approximation problems in the weighted
Smirnov spaces in terms of the α-th mean modulus of smoothness.

The following converse theorems can be proved by the method given in [2]
and [3].

Theorem 8. Let G be a finite, simply connected domain with a Dini-smooth
boundary Γ. If α > 0 and f ∈ Ep (G,ω), ω ∈ Ap (Γ) , 1 < p <∞, then

Ωα (f, 1/n)Γ,p,ω ≤
c (Γ, p, α)

nα

n∑
k=0

(k + 1)α−1Ek (f,G)p,ω , n = 1, 2, . . . .

If α = 2r, r = 1, 2, . . ., this result was proved in [3] for a different but
equivalent modulus of smoothness.

The converse theorem for an unbounded domain G− is also true.

Theorem 9. Let Γ be a Dini-smooth curve. If α > 0, f ∈ Ẽp (G−, ω), and
ω ∈ Ap (Γ) , 1 < p <∞, then

Ω̃α (f, 1/n)Γ,p,ω ≤
c (Γ, p, α)

nα

n∑
k=0

(k + 1)α−1 Ẽk
(
f,G−

)
p,ω

, n = 1, 2, 3, . . . .
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