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We prove direct simultaneous and converse approximation theorems by trigonometric

polynomials for functions f and (α, ψ)-derivatives of f in weighted Lebesgue spaces with

variable exponent. Bibliography: 11 titles.

1 Introduction

Let T := [0, 2π], and let P (T ) be the class of Lebesgue measurable functions p (x) : T → (1,∞)

such that

1 < p∗ (T ) := ess inf
x∈T

p (x) � p∗ := ess sup
x∈T

p (x) <∞.

A function ω : T → [0,∞] is called a weight on T if it is a 2π-periodic, a.e. positive, and

Lebesgue measurable function. We define the weighted variable exponent Lebesgue space L
p(·)
ω

as the collection of 2π-periodic Lebesgue measurable functions f : T → R with the finite norm

‖f‖p(·),ω := inf

⎧
⎨

⎩
α > 0 :

∫

T

|(f (x) /α)ω (x)|p(x) dx � 1

⎫
⎬

⎭
,

where p ∈ P (T ). The space L
p(·)
2π is a Banach space.

For given p ∈ P (T ) the class of weights ω satisfying the condition [1]

‖ωχQ‖p(·),1
∥
∥ω−1χQ

∥
∥
p′(·),1 � C |Q|

∗ To whom the correspondence should be addressed.
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for all balls Q in T is denoted by Ap(·) (T ). Here, p′ (x) := p (x) / (p (x)− 1) is the conjugate

exponent of p (x). The variable exponent p (x) is said to be log-Hölder continuous on T if there

exists a constant c � 0 such that

|p (x1)− p (x2)| � c

log (e+ 1/ |x1 − x2|) ∀ x1, x2 ∈ T . (1.1)

We denote by P log (T ) the class of exponents p ∈ P (T ) such that 1/p :T → [0, 1] is log-Hölder

continuous on T .

If p ∈ P log (T ) and f ∈ L
p(·)
ω , then, as was proved in [1], the Hardy–Littlewood maximal

function M is bounded in L
p(·)
ω if and only if ω ∈ Ap(·) (T ).

Let f ∈ L
p(·)
ω , and let

Ahf (x) :=
1

h

x+h/2∫

x−h/2
f (t) dt, x ∈ T ,

be the Steklov mean operator. If p ∈ P log (T ) and ω ∈ Ap(·) (T ), then Ah is bounded in L
p(·)
ω .

For x, h ∈ T and 0 � r we define

σrhf (x) := (I − Ah)
r f (x) =

∞∑

k=0

(−1)k Γ (r + 1)

Γ (k + 1)Γ(r − k + 1)
(Ah)

k ,

where f ∈ L
p(·)
ω , Γ is the Gamma function, and I is the identity operator.

If p ∈ P log (T ), ω ∈ Ap(·) (T ), and f ∈ L
p(·)
ω , then

‖σrhf‖p(·),ω � c ‖f‖p(·),ω . (1.2)

For 0 � r we can define the fractional moduli of smoothness for p ∈ P log (T ), ω ∈ Ap(·) (T ),

and f ∈ L
p(·)
ω by the formula

Ωr (f, δ)p(·),ω := sup
0<hi,t�δ

∥
∥
∥
∥
∥

[r]∏

i=1

(I − Ahi)σ
{r}
t f

∥
∥
∥
∥
∥
p(·),ω

, r � 1, δ � 0,

where

Ω0 (f, δ)p(·),ω := ‖f‖p(·),ω ,

Ωr (f, δ)p(·),ω := sup
0<t�δ

‖σrt f‖p(·),ω , 0 < r < 1,

[r] denotes the integer part of the nonnegative real number r and {r} := r − [r] .

In this case, for p ∈ P log (T ), ω ∈ Ap(·) (T ), and f ∈ L
p(·)
ω we have

Ωr (f, δ)p(·),ω � c ‖f‖p(·),ω ,

where the constant c > 0 depends only on r and p.

Remark 1.1. The modulus of smoothness Ωr (f, δ)p(·),ω, r ∈ R
+ has the following properties

for p ∈ P log (T ), ω ∈ Ap(·) (T ), and f ∈ L
p(·)
ω :
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(i) Ωr (f, δ)p(·),ω is a nonnegative and nondecreasing function of δ � 0,

(ii) Ωr (f1 + f2, ·)p(·),ω � Ωr (f1, ·)p(·),ω +Ωr (f2, ·)p(·),ω,
(iii) lim

δ→0+
Ωr (f, δ)p(·),ω = 0.

If p ∈ P log (T ) and ω ∈ Ap(·) (T ), then ωp(x) ∈ L1 (T ). This implies that the set of trigono-

metric polynomials is dense [2] in L
p(·)
ω . This allows us to consider approximation problems in

L
p(·)
ω . Approximation by trigonometric polynomials in L

p(·)
ω was considered in [3]–[8] In [9, 10],

on the basis of the transformed Fourier series, the so-called lambda derivatives were introduced

and inequalities are obtained in a refined form like the Besov and Timan inequalities.

On the other hand, if p ∈ P log (T ) and ω ∈ Ap(·), then L
p(·)
ω ⊂ L1 (T ). For given f ∈ L

p(·)
ω

we introduce the Fourier series and the conjugate Fourier series of f by the formulas

f (x) � a0 (f)

2
+

∞∑

k=1

(ak (f) cos kx+ bk (f) sin kx) (1.3)

and

f̃ (x) �
∞∑

k=1

(ak (f) sin kx− bk (f) cos kx) .

We say that a function f ∈ L
p(·)
ω , p ∈ P (T ), ω ∈ Ap(·) (T ) , has a (α, ψ)-derivative fψα if for

a given sequence ψ (k) , k = 1, 2, . . . and a number α ∈ R the series

∞∑

k=1

1

ψ (k)

(
ak (f) cos k

(
x+

απ

2k

)
+ bk (f) sin k

(
x+

απ

2k

))
(1.4)

is the Fourier series of the function fψα . Taking ψ (k) = k−α, k = 1, 2, . . ., α ∈ R
+, we have the

fractional derivative f (α) of f in the sense of Weyl. Taking ψ (k) = k−α ln−β k, k = 1, 2, . . .,

α, β ∈ R
+, we have the power logarithmic-fractional derivative f (α,β) of f .

Let M be the set of functions ψ (v) that are convex downwards for any v � 1 and satisfy the

condition limv→∞ ψ (v) = 0.

We associate every function ψ ∈ M with a pair of functions η (t) = ψ−1 (ψ (t) /2) and

μ (t) = t/ (η (t)− t) .

We set

M0 := {ψ ∈ M : 0 < μ (t) � K} .
We define

En (f)p(·),ω := inf
T∈Tn

‖f − T‖p(·),ω , n = 0, 1, 2, . . . , f ∈ Lp(·)ω ,

where Tn is the class of trigonometric polynomials of degree not greater than n.

Theorem 1.1. Let p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), α ∈ R and

f, fψα ∈ L
p(·)
ω . If ψ (k), (k ∈ N) is an arbitrary nonincreasing sequence of nonnegative numbers

such that ψ (k) → 0 as k → ∞, then for every n = 0, 1, 2, 3, . . . there exists a constant c > 0

independent of n such that

En (f)p(·),ω � cψ (n+ 1)En

(
fψα

)

p(·),ω
.
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Corollary 1.1. Under the assumptions of Theorem 1.1,

En (f)p(·),ω � cψ (n+ 1)
∥
∥
∥fψα

∥
∥
∥
p(·),ω

with a constant c > 0 independent of n.

Using Theorem 1.1 and Theorem 1.4 in [4], we have the following Jackson type direct theorem.

Theorem 1.2. Suppose that p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )),

α ∈ R and f, fψα ∈ L
p(·)
ω . If ψ (k), (k ∈ N) is an arbitrary nonincreasing sequence of nonnegative

numbers such that ψ (k) → 0 as k → ∞, then for every n = 1, 2, 3, . . . there exists a constant

c > 0 independent of n such that

En (f)p(·),ω � cψ (n+ 1)Ωr

(

fψα ,
1

n

)

p(·),ω
.

Theorem 1.3. If p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), α ∈ R,

ψ ∈ M0, and ∞∑

ν=1

(νψ (ν))−1Eν (f)p(·),ω <∞,

then fψα ∈ L
p(·)
ω and

En

(
fψα

)

p(·),ω
� c

(

(ψ (n))−1En (f)p(·),ω +
∞∑

ν=n+1

(νψ (ν))−1Eν (f)p(·),ω

)

,

where the constant c > 0 depends only on α and p.

Corollary 1.2. Under the assumptions of Theorem 1.3, if r ∈ (0,∞) and

∞∑

ν=1

(νψ (v))−1Eν (f)p(·),ω <∞,

there exist constants c, C > 0 depending only on ψ, r, and p such that

Ωr

(

fψα ,
1

n

)

p(·),ω
� c

nr

n∑

ν=0

νr−1 (ψ (ν))−1Eν (f)p(·),ω + C
∞∑

ν=n+1

(νψ (ν))−1Eν (f)p(·),ω .

Theorem 1.4. Suppose that p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )),

α ∈ [0,∞), and f, fψα ∈ L
p(·)
ω . If ψ (k), (k ∈ N) is an arbitrary nonincreasing sequence of

nonnegative numbers such that ψ (k) → 0 as k → ∞, then there exists T ∈ Tn, n = 1, 2, 3, . . .

and a constant c > 0 depending only on α and p such that

∥
∥fψα − Tψα

∥
∥
p(·),ω � cEn

(
fψα

)

p(·),ω
.

In the particular case ψ (k) = k−α ln−β k, k = 1, 2, . . ., α, β ∈ R
+, we have the following new

results for power logarithmic-fractional derivatives.
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Theorem 1.5. If p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), α, β ∈ R,

and f, f (α,β) ∈ L
p(·)
ω , then for every n = 1, 2, 3, . . . there exists a constant c > 0 independent of

n such that

En (f)p(·),ω � c

nα lnβ (n+ 1)
En
(
f (α,β)

)

p(·),ω.

Corollary 1.3. Under the assumptions of Theorem 1.5,

En(f)p(·),ω � c

nα lnβ (n+ 1)

∥
∥f (α,β)

∥
∥
p(·),ω

with a constant c > 0 independent of n.

Theorem 1.6. If p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), α, β ∈ R,

and f, f (α,β) ∈ L
p(·)
ω , then for every n = 1, 2, 3, . . . there exists a constant c > 0 independent of

n such that

En (f)p(·),ω � c

nα lnβ (n+ 1)
Ωr

(

f (α,β),
1

n

)

p(·),ω
.

Theorem 1.7. If p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), α ∈ R, and

∞∑

ν=1

να−1 lnβ νEν (f)p(·),ω <∞,

then f (α,β) ∈ L
p(·)
ω and

En
(
f (α,β)

)

p(·),ω � c

(

nα lnβ nEn (f)p(·),ω +
∞∑

ν=n+1

να−1 lnβ νEν (f)p(·),ω

)

,

where the constant c > 0 depends only on α, β, and p.

Corollary 1.4. Under the assumptions of Theorem 1.7, if r ∈ (0,∞) and

∞∑

ν=1

να−1 lnβ νEν (f)p(·),ω <∞,

there exist constants c, C > 0 depending only on α,β, r, and p such that

Ωr

(

f (α,β),
1

n

)

p(·),ω
� c

nr

n∑

ν=1

νr+α−1 lnβ νEν (f)p(·),ω + C

∞∑

ν=n+1

να−1 lnβ νEν (f)p(·),ω .

Theorem 1.8. If p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), α ∈ [0,∞),

and f, f (α,β) ∈ L
p(·)
ω , then there exists T ∈ Tn, n = 1, 2, 3, . . . and a constant c > 0 depending

only on α and p such that

∥
∥f (α,β) − T (α,β)

∥
∥
p(·),ω � cEn

(
f (α,β)

)

p(·),ω.

Theorem 1.7 and Corollary 1.4 were proved in Lp (ω ≡ 1, constant p ∈ (1,∞)) in [11].
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2 Auxiliary Results

We define the nth partial sum of (1.3)

Sn (f) := Sn (x, f) :=
a0 (f)

2
+

n∑

k=1

(ak (f) cos kx+ bk (f) sin kx) , n = 0, 1, 2, . . . .

Lemma 2.1. [7] If p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), and

f ∈ L
p(·)
ω , then there are constants c, C > 0 such that

∥
∥
∥f̃
∥
∥
∥
p(·),ω

� c ‖f‖p(·),ω (2.1)

and

‖Sn (·, f)‖p(·),ω � C ‖f‖p(·),ω , n = 1, 2, . . . . (2.2)

Remark 2.1. [4] Under the assumptions of Lemma 2.1, there exists a constant c > 0 such

that

‖f − Sn (·, f)‖p(·),ω � cEn (f)p(·),ω 	 En

(
f̃
)

p(·),ω
.

Definition 2.1. Suppose that p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )) ,

ψ (k), (k ∈ N) is an arbitrary sequence, and α ∈ R. We write (α, ψ) ∈ B if
∥
∥
∥(Tn)

ψ
α

∥
∥
∥
p(·),ω

� c (ψ (n))−1 ‖Tn‖p(·),ω
for any Tn ∈ Tn, where the constant c is independent of n.

Proposition 2.1. Suppose that p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )),

and ψ satisfies

sup
q

2q+1
∑

k=2q

∣
∣ (ψn (k + 1))−1 − (ψn (k))

−1
∣
∣ � Cλn, (2.3)

where

(ψn (k))
−1 =

⎧
⎨

⎩

(ψ (k))−1 , 1 � k � n,

0, k > n,

and

λn = max
k

∣
∣ (ψn (k))

−1
∣
∣ = max

k�n
|ψ (k)|−1 . (2.4)

Then ∥
∥ (Tn)

ψ
α

∥
∥
p(·),ω � cλn

∥
∥Tn

∥
∥
p(·),ω,

where the constant c depends only on ψ and p.

Proof. We can write

(Tn)
ψ
α =

n∑

k=1

1

ψ (k)

(
ak (f) cos k

(
x+

απ

2k

)
+ bk (f) sin k

(
x+

απ

2k

))

=
n∑

k=1

1

ψ (k)
Ak

(
Tn, x+

απ

2k

)
=

n∑

k=1

1

ψ (k)

{
cos

απ

2
Ak (Tn, x)− sin

απ

2
Ak

(
T̃n, x

)}
.
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We define the multipliers

μk =

⎧
⎨

⎩

(ψ (k))−1 cos απ2 , 1 � k � n,

0, k > n, k = 0,

μ̃k =

⎧
⎨

⎩

(ψ (k))−1 sin απ
2 , 1 � k � n,

0, k > n, k = 0,

and operators

(ATn) (x) =
n∑

k=1

1

ψ (k)
cos

απ

2
Ak (Tn, x) ,

(
ÃT̃n

)
(x) =

n∑

k=1

1

ψ (k)
sin

απ

2
Ak

(
T̃n, x

)
.

Therefore,

(Tn)
ψ
α (·) = (ATn) (·)−

(
ÃT̃n

)
(·) .

Using (2.3) and (2.4) we get

sup
k

|μk| � λn, sup
k

|μk| � λn,

sup
q

2q+1
∑

k=2q

|μ (k + 1)− μ (k)| � Cλn,

sup
q

2q+1
∑

k=2q

|μ (k + 1)− μ (k)| � Cλn.

Applying the Marcinkiewicz multiplier theorem for weighted variable exponent Lebesgue spaces

[7], we find
∥
∥(Tn)

ψ
α

∥
∥
p(·),ω =

∥
∥(ATn)− (ÃT̃n)

∥
∥
p(·),ω �

∥
∥ATn

∥
∥
p(·),ω +

∥
∥
∥ÃT̃n

∥
∥
∥
p(·),ω

� Cλn

( ∥
∥
∥

n∑

k=1

Ak(Tn, x)
∥
∥
∥
p(·),ω

+
∥
∥
∥

n∑

k=1

Ak
(
T̃n, x

)∥∥
∥
p(·),ω

)
.

By the boundedness (2.1) of the conjugate operator, we obtain the desired inequality

∥
∥(Tn)

ψ
α

∥
∥
p(·),ω � Cλn

∥
∥
∥

n∑

k=1

Ak(Tn, x)
∥
∥
∥
p(·),ω

= Cλn
∥
∥Tn

∥
∥
p(·),ω.

Proposition 2.1 yields the following corollary which, in fact, is a generalized Bernstein in-

equality.

Corollary 2.1. If p ∈ P log (T ), ω−p0 ∈ A(p(·)/p0)′ (T ) for some p0 ∈ (1, p∗ (T )), α ∈ R,

ψ (k), (k ∈ N) is an arbitrary nonincreasing sequence of nonnegative numbers, and Tn ∈ Tn,

then (α, ψ) ∈ B.

The proof follows from λn = (ψ (n))−1 .
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3 Proofs

Proof of Theorem 1.1. We set

Ak (x, f) := ak cos kx+ bk sin kx.

Since the set of trigonometric polynomials is dense in L
p(·)
ω , for given f ∈ L

p(·)
ω we have

En (f)p(·),ω → 0 as n→ ∞.

From the first inequality in Remark 2.1 we have

f (x) =
∞∑

k=0

Ak (x, f)

in the norm ‖·‖p(·),ω. For k = 1, 2, 3, . . . we know that

Ak (x, f) = ak cos k
(
x+

απ

2
− απ

2

)
+ bk sin k

(
x+

απ

2
− απ

2

)

= Ak

(
x+

απ

2k
, f
)
cos

απ

2
+Ak

(
x+

απ

2k
, f̃
)
sin

απ

2

and

Ak

(
x, fψα

)
=

1

ψ (k)
Ak

(
x+

απ

2k
, f
)
.

Therefore,

∞∑

k=0

Ak (x, f) = A0 (x, f) + cos
απ

2

∞∑

k=1

Ak

(
x+

απ

2k
, f
)
+ sin

απ

2

∞∑

k=1

Ak

(
x+

απ

2k
, f̃
)

= A0 (x, f) + cos
απ

2

∞∑

k=1

ψ (k)Ak(x, f
ψ
α ) + sin

απ

2

∞∑

k=1

ψ(k)Ak(x, (f̃)
ψ
α).

Hence

f(·)− Sn(·, f) = cos
απ

2

∞∑

k=n+1

ψ(k)Ak(·, fψα ) + sin
απ

2

∞∑

k=n+1

ψ(k)Ak(·, (f̃)ψα).

Since

∞∑

k=n+1

ψ(k)Ak(·, fψα ) =
∞∑

k=n+1

ψ(k)[(Sk(·, fψα )− fψα (·))− (Sk−1(·, fψα )− fψα (·))]

=
∞∑

k=n+1

(ψ(k)− ψ(k + 1))(Sk(·, fψα )− fψα (·))− ψ(n+ 1)(Sn(·, fψα )− fψα (·))

and

∞∑

k=n+1

ψ(k)Ak(·, (f̃)ψα) =
∞∑

k=n+1

(ψ(k)− ψ(k + 1))(Sk(·, (f̃)ψα)− (f̃)ψα(·))

− ψ(n+ 1)(Sn(·, (f̃)ψα)− (f̃)ψα(·))
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we obtain

‖f(·)− Sn(·, f‖p(·),ω �
∞∑

k=n+1

(ψ(k)− ψ(k + 1))‖Sk(·, fψα )− fψα (·)‖p(·),ω

+ ψ(n+ 1)‖Sn(·, fψα )− fψα (·)‖p(·),ω +

∞∑

k=n+1

(ψ(k)− ψ(k + 1))

× ‖Sk(·, (f̃)ψα)− (f̃)ψα(·)‖p(·),ω + ψ(n+ 1)‖Sn(·, (f̃)ψα)− (f̃)ψα(·)‖p(·),ω

� c

[ ∞∑

k=n+1

(ψ(k)− ψ(k + 1))Ek(f
ψ
α )p(·),ω + ψ(n+ 1)En(f

ψ
α )p(·),ω

]

+ c

[ ∞∑

k=n+1

(ψ(k)− ψ(k + 1))Ek((f̃)
ψ
α)p(·),ω + ψ(n+ 1)En((f̃)

ψ
α)p(·),ω

]

.

Consequently, from the equivalence in Remark 2.1 we have

‖f(·)− Sn(·, f)‖p(·),ω

� c

[ ∞∑

k=n+1

(ψ(k)− ψ(k + 1)) + ψ(n+ 1)

]

{Ek(fψα )p(·),ω + En(f̃
ψ
α )p(·),ω}

� cEn(f
ψ
α )p(·),ω

[ ∞∑

k=n+1

(ψ(k)− ψ(k + 1)) + ψ(n+ 1)

]

� cψ(n+ 1)En(f
ψ
α )p(·),ω.

Proof of Theorem 1.3. Let Tn be the best approximating polynomial for f ∈ L
p(·)
ω . We

set n0 = n, n1 := [η (n)] + 1, . . . , nk := [η (nk−1)] + 1, . . .. In this case, the series

Tn0 (·) +
∞∑

k=1

(
Tnk

(·)− Tnk−1
(·))

converges to f in the L
p(·)
ω -norm. We consider the series

(Tn0 (·))ψα +
∞∑

k=1

(
Tnk

(·)− Tnk−1
(·))ψ

α
. (3.1)

Applying the generalized Bernstein inequality (Corollary 2.1) to the difference uk (·) := Tnk
(·)−

Tnk−1
(·) , we get

‖(uk)ψα‖p(·),ω � c
‖uk‖p(·),ω
ψ(nk)

� c
(‖Tnk

− f‖p(·),ω + ‖Tnk−1
− f‖p(·),ω)

ψ(nk)

� cEnk−1+1(f)p(·),ω(ψ(nk))−1.

Hence

∞∑

k=1

∥
∥
∥(uk)

ψ
α

∥
∥
∥
p(·),ω

� c

(

En+1 (f)p(·),ω (ψ (n))−1 +

∞∑

k=1

Enk+1 (f)p(·),ω (ψ (nk))
−1

)

.
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Let z = η (τ) := ψ−1 (2ψ (t)) for τ � η (1). Since ψ ∈ M0 we get

τ

τ − η (τ)
=

η (z)

η (z)− z
= 1 +

z

η (z)− z
= 1 + μ (ψ, z) � c,

and for τ ∈ [t, η (t)], τ � η (1)

τ − η (τ)

η (t)− t
� τη (t)

η (t) (η (t)− t)
=

τ

η (t)

(

1 +
t

η (t)− t

)

� τ

η (t)
(1 + μ (ψ, t)) � c

τ

η (t)
� c.

Then ψ (τ) � ψ (η (t)) > ψ (τ) /2 for any τ ∈ [t, η (t)] , τ � η (1) . Without loss of generality one

can assume that η (t)− t > 1. In this case, we get

Enk+1 (f)p(·),ω
ψ (nk)

� C

nk−1∑

v=nk−1

Ev+1 (f)p(·),ω
ψ (v)

1

η (nk−1)− nk−1

� c

nk−1∑

v=nk−1

Ev+1 (f)p(·),ω
vψ (v)

v

(v − η (v))

v − η (v)

η (nk−1)− nk−1
�

nk−1∑

v=nk−1

Ev+1 (f)p(·),ω
vψ (v)

.

Therefore,

∞∑

k=1

‖(uk)ψα‖p(·),ω � c

(

En+1(f)p(·),ω(ψ(n))−1 +
∞∑

v=n+1

Ev(f)p(·),ω(vψ(v))−1

)

.

The right-hand side of the last inequality converges and, consequently, the series (3.1) converges

in the norm to some function S (·) from L
p(·)
ω . Let a

(n)
k := ak (Tn) and b

(n)
k := bk (Tn), k =

0, 1, 2, . . ., be coefficients of polynomials Tn. The corresponding coefficients α
(n)
k , β

(n)
k of the

polynomials (Tn)
ψ
α have the form

α
(n)
k =

1

ψ (k)

{
cos

απ

2
a
(n)
k + sin

απ

2
b
(n)
k

}
,

β
(n)
k =

1

ψ (k)

{
cos

απ

2
b
(n)
k − sin

απ

2
a
(n)
k

}
.

Since (Tn (·))ψα → S (·) as n → ∞, we have α
(n)
k → ak (S) and β

(n)
k → bk (S) as n → ∞ for

k = 0, 1, 2, . . .. Since α
(n)
k → ak (f) and β

(n)
k → bk (f) as n→ ∞ for k = 0, 1, 2, . . ., we have

ak (S) =
1

ψ (k)

{
cos

απ

2
a
(n)
k + sin

απ

2
b
(n)
k

}
,

bk (S) =
1

ψ (k)

{
cos

απ

2
b
(n)
k − sin

απ

2
a
(n)
k

}
.

We conclude that the Fourier series of S has the form (1.4). This means that the function f has

a (ψ, α)-derivative fψα of class L
p(·)
ω and

fψα = (Tn)
ψ
α +

∞∑

k=1

(uk)
ψ
α (3.2)
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in the L
p(·)
ω -norm. Therefore, from (3.2) it follows that

En(f
ψ
α )p(·),ω � c

(

(ψ(n))−1En(f)p(·),ω +
∞∑

ν=n+1

(νψ(v))−1Eν(f)p(·),ω

)

.

Proof of Corollary 1.2. Since [4]

Ωr

(

f,
1

n

)

p(·),ω
� c

nr

n∑

ν=1

νr−1Eν (f)p(·),ω ,

using Theorem 1.3, we have

Ωr

(

fψα ,
1

n

)

p(·),ω
� c

nr

n∑

ν=1

νr−1Eν(f
ψ
α )p(·),ω � c

nr

{
n∑

ν=1

νr−1 (ψ (v))−1Ev (f)p(·),ω

+

n∑

ν=1

νr−1
∞∑

m=v+1

(mψ (m))−1Em (f)p(·),ω

}

.

Using the equality
n∑

ν=1

bv

n∑

m=v

am =
n∑

m=1

am

m∑

v=1

bv,

we get

Ωr

(

fψα ,
1

n

)

p(·),ω
� c

nr

n∑

ν=0

νr−1 (ψ (v))−1Eν (f)p(·),ω + C

∞∑

ν=n+1

(νψ (v))−1Eν (f)p(·),ω .

Proof of Theorem 1.4. We set

Wn(f) :=Wn(·, f) := 1

n+ 1

2n∑

ν=n

Sν(·, f)

for n = 0, 1, 2, . . .. Since Wn(·, fψα ) = (Wn(·, f))ψα, we have

‖fψα (·)− (Sn(·, f))ψα‖p(·),ω � ‖fψα (·)−Wn(·, fψα )‖p(·),ω + ‖(Sn(·,Wn(f)))
ψ
α − (Sn(·, f))ψα‖p(·),ω

+ ‖(Wn(·, f))ψα − (Sn(·,Wn(f)))
ψ
α‖p(·),ω := I1 + I2 + I3.

In this case, form the boundedness of Sn in L
p(·)
ω we obtain the boundedness of Wn in L

p(·)
ω and

I1 � ‖fψα (·)− Sn(·, fψα )‖p(·),ω + ‖Sn(·, fψα )−Wn(·, fψα )‖p(·),ω
� cEn(f

ψ
α )p(·),ω + ‖Wn(·, Sn(fψα )− fψα )‖p(·),ω � cEn(f

ψ
α )p(·),ω.

From Lemma 2.1 we get

I2 � c(ψ(n))−1‖Sn(·,Wn(f))− Sn(·, f)‖p(·),ω,
I3 � c(ψ(n))−1‖Wn(·, f)− Sn(·,Wn(f))‖p(·),ω � c(ψ(n))−1En(Wn(f))p(·),ω.

Now, we have

‖Sn(·,Wn(f))− Sn(·, f)‖p(·),ω � ‖Sn(·,Wn(f))−Wn(·, f)‖p(·),ω + ‖Wn(·, f)− f(·)‖p(·),ω
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+‖f(·)− Sn(·, f)‖p(·),ω � cEn(Wn(f))p(·),ω + cEn(f)p(·),ω + cEn(f)p(·),ω.

Since En(Wn(f))p(·),ω � cEn(f)p(·),ω, we get

‖fψα (·)− (Sn(·, f))ψα‖p(·),ω � cEn(f
ψ
α )p(·),ω + c(ψ(n))−1En(Wn(f))p(·),ω

+ cEn(f)p(·),ω � cEn(f
ψ
α )p(·),ω + c(ψ(n))−1En(f)p(·),ω.

Since En(f)p(·),ω � cψ(n+ 1)En(f
ψ
α )p(·),ω in view of Theorem 1.1, we obtain

‖fψα (·)− (Sn(·, f))ψα‖p(·),ω � cEn(f
ψ
α )p(·),ω.

References
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