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ABSTRACT. In this article, by using the technique of gluing semigroups, we
give infinitely many families of 1-dimensional local rings with non-decreasing
Hilbert functions. More significantly, these are local rings whose associated
graded rings are not necessarily Cohen-Macaulay. In this sense, we give an
effective technique for constructing large families of 1-dimensional Gorenstein
local rings associated to monomial curves, which support Rossi’s conjecture
saying that every Gorenstein local ring has a non-decreasing Hilbert function.

1. INTRODUCTION

In this article, we study the Hilbert functions of local rings associated to affine
monomial curves obtained by using the technique of gluing numerical semigroups.
The concept of gluing was introduced by J.C. Rosales in [11] and used by several
authors to produce new examples of set-theoretic and ideal-theoretic complete in-
tersection affine or projective varieties (for example [I0 12] 13]). We give large
families of local rings with non-decreasing Hilbert functions and generalize the re-
sults in [I] and [2] given for nice extensions, which are in fact special types of
gluings. In doing this, we also give the definition of a nice gluing, which is a gen-
eralization of a nice extension. Moreover, by using the technique of nice gluing,
we obtain infinitely many families of 1-dimensional local rings with non-Cohen-
Macaulay associated graded rings and still having non-decreasing Hilbert functions.
We demonstrate that nice gluing is an effective technique for constructing large fam-
ilies of 1-dimensional Gorenstein local rings associated to monomial curves, which
support the conjecture due to Rossi saying that every Gorenstein local ring has
non-decreasing Hilbert function [2].

Our main interest in this article is the following question about gluing:

Question. If the Hilbert functions of the local rings associated to
two monomial curves are non-decreasing, is the Hilbert function of
the local ring associated to the monomial curve obtained by gluing
these two monomial curves also non-decreasing?

Every monomial curve in affine 2-space is obtained by gluing, and it is well-
known that every local ring associated to a monomial curve in affine 2-space has
a non-decreasing Hilbert function. In affine 3-space, not every monomial curve is
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obtained by gluing, but every local ring associated to a monomial curve in affine
3-space also has a non-decreasing Hilbert function. This follows from the important
result of Elias saying that every one-dimensional Cohen-Macaulay local ring with
embedding dimension three has a non-decreasing Hilbert function [6]. Thus, the
above question is trivial for the monomial curves in affine 2-space and 3-space which
are obtained by gluing, while the question is open even for the monomial curves in
4-space which are obtained by gluing. What makes this question important is that if
the answer is affirmative even in the case of gluing complete intersection monomial
curves, it will follow that the Hilbert function of every local ring associated to a
complete intersection monomial curve is non-decreasing. This would be due to a
result of Delorme [4], which is restated by Rosales in terms of gluing and says that
every complete intersection numerical semigroup minimally generated by at least
two elements is a gluing of two complete intersection numerical semigroups [T},
Theorem 2.3]. Considering that it is still not known whether the Hilbert function
of local rings with embedding dimension four associated to complete intersection
monomial curves in affine 4-space is non-decreasing, this would be an important
step in proving Rossi’s conjecture.

We recall that an affine monomial curve C(nq,...,nk) is a curve with generic
zero (™, ..., t™) in the affine n-space A™ over an algebraically closed field K, where
ny < --- < ny are positive integers with ged(ny, ng, ..., ng) = land {ny, na,...,ng}
is a minimal set of generators for the numerical semigroup (ni,na,...,ng) =
{n|n= Zle a;n;, a;'s are non-negative integers}. The local ring associated
to the monomial curve C = C(ny,...,ng) is K[[t™,...,t"]], and the Hilbert
function of this local ring is the Hilbert function of its associated graded ring
grm (K[t", ..., t"]]), which is isomorphic to the ring K[z1,...,z]/I(C)., where
I(C) is the defining ideal of C and I(C), is the ideal generated by the polynomials
fx, with f in I(C) and f,. being the homogeneous summand of f of least degree.
In other words, I(C). is the defining ideal of the tangent cone of C at 0.

2. TECHNIQUE OF GLUING SEMIGROUPS AND MONOMIAL CURVES
In this section, we first give the definition of gluing for numerical semigroups.

Definition 2.1 ([IIl Lemma 2.2]). Let S; and Sz be two numerical semigroups
minimally generated by m; < --- < m; and n; < --- < ny respectively. Let p =
bimi+---+bm; € S; and ¢ = a1ny + - - -+ arng € Sy be two positive integers sat-
isfying ged(p,q) = 1 with p € {mq,...,my}, ¢ & {n1,...,n} and {gmq,...,gm;} N
{pn1,...,pnr} = 0. The numerical semigroup S = (gmy,...,qm;,pn1,...,png) is
called a gluing of the semigroups S; and Ss.

Thus, the monomial curve C = C(gmy,...,qgm,pni,...,pny) can be interpreted
as the gluing of the monomial curves C; = C(myq,...,m;) and Cy = C(nq,...,ng),
if p and ¢ satisfy the conditions in Definition 2l Moreover, from [I1], Theorem 1.4],
if the defining ideals I(Cy) C Klz1,...,x;] of Cy and I(Cs) C Klyi,...,yx] of Cs
are generated by the sets G1 = {f1,..., fs} and Go = {g1,...,9:} respectively,
then the defining ideal of I(C) C Klx1,...,21,¥1,--.,Yk] is generated by the set
G={f1, s for g1, ge, ...x?l -yt oyt

Now, consider the local rings Ry = K[[t™,...,t"™]], Ry = K[[t™,...,t"]]
and R = K[[t?™, ... 9™ ™ ¢P"]] associated respectively to the monomial
curves C1, Cs and C obtained by gluing C; and C5. Our main interest is whether

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



GLUING AND HILBERT FUNCTIONS OF MONOMIAL CURVES 2227

the Hilbert function of R is non-decreasing given that the Hilbert functions of the
local rings R; and Ry are non-decreasing.

We first answer the following question: If C; and C5 have Cohen-Macaulay
tangent cones, is the tangent cone of the monomial curve C' obtained by gluing
these two monomial curves necessarily Cohen-Macaulay? The following example
shows that the answer is no.

Example 2.2. Let C; and Cy be the monomial curves C; = C(5,12) and Cy =
C(7,8). Obviously, they have Cohen-Macaulay tangent cones. By a gluing of C
and Cy, we obtain the monomial curve C' = C(21 x 5,21 x 12,17 x 7,17 x 8). The
ideal I(C) is generated by the following set G = {z{? — 23,y —y2, x122 — 5 }. The
ideal I(C), of the tangent cone of C' at the origin is generated by the set G, =
{x1m0, 25, y1°, ys, wdy3, 23y8, 23y, xoyi?} which is a Grobner basis with respect to
the negative degree reverse lexicographical ordering with x5 > yo > y1 > z;. From
[1, Theorem 2.1], since x; divides z1zo € G, the monomial curve C obtained by
a gluing of C7 and C5 does not have a Cohen-Macaulay tangent cone. It should
also be noted that the Hilbert function of the local ring corresponding to C' is
non-decreasing, although the tangent cone of C is not Cohen-Macaulay.

This example leads us to ask the following question:

Question. If two monomial curves have Cohen-Macaulay tangent
cones, under what conditions does the monomial curve obtained
by gluing these two monomial curves also have a Cohen-Macaulay
tangent cone?

To answer this question partially, we first give the definition of a nice gluing,
which generalizes the definition of a nice extension given in [2].

Definition 2.3. Let S; = (mq,...,m;) and Sy = (ny,...,ng) be two numerical
semigroups minimally generated by m; < --- < m; and nj < --- < ny respectively.
The numerical semigroup S = {(gmy,...,qmy;,pny,...,png) obtained by gluing S;

and S5 is called a nice gluing if p = bymy +---+bymy; € S1 and ¢ = a1ny € Sy with
ay §b1++bl

Remark 2.4. Notice that a nice extension as defined in [2] is exactly a nice gluing
with SQ = <1>

Remark 2.5. Tt is important to determine the smallest integer among the generators
of the numerical semigroup S = (gmy,...,qgmy,pni,...,png) obtained by gluing,
since this is essential in checking the Cohen-Macaulayness of the tangent cone of the
associated monomial curve. The condition a; < by + - -+ + b with m; < -+ < my,
ny < - < ng, ged(p,q) =1 and {gmq,...,gm;} N {pny,...,pni} = 0 implies that

gmy = ainymy < (b + -+ by)nimy < pny = (bymy + -+ + bymy)ny
and that gm; is the smallest integer among the generators of S.
We can now state the following theorem:

Theorem 2.6. Let S; = (mq,...,my) and Sy = (ni,...,nx) be two numerical
semigroups minimally generated by my < --- < my and nq < --- < ng, and let
S = (gmq,...,qmi,pny,...,png) be a nice gluing of S1 and Sz. If the associ-
ated monomial curves C1 = C(myq,...,my) and Cy = C(ny,...,ny) have Cohen-
Macaulay tangent cones at the origin, then C = C(gma,...,qmy,pni,...,png) also
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has a Cohen-Macaulay tangent cone at the origin, and thus the Hilbert function of
the local ring K[[t9™1, ... t9™ P tP"*]] is non-decreasing.

To prove this theorem, we first give a refinement of the criterion for checking
the Cohen-Macaulayness of the tangent cone of a monomial curve given in [Il,
Theorem 2.1], which was used in Example The advantage of this modification
in the criterion is that instead of first finding the generators of the tangent cone
and then computing another Grébner basis, it only needs the computation of the
standard basis of the generators of the defining ideal of the monomial curve with
respect to a special local order. Recall that a local order is a monomial ordering
with 1 greater than any other monomial. For examples and properties of local
orderings, see [8]. We denote the leading monomial of a polynomial f by LM(f).

Lemma 2.7. Let (nq,...,n) be a numerical semigroup minimally generated by
ny < - < ng, let C = C(ny,...,ng) be the associated monomial curve and let
G = {f1,..., fs} be a minimal standard basis of the ideal I(C) C Klzxy,...,xk]
with respect to the negative degree reverse lexicographical ordering that makes xq
the lowest variable. C' has Cohen-Macaulay tangent cone at the origin if and only
if x1 does not divide LM(f;) for 1 <i < s.

By using a local ordering, this lemma combines a result of Bayer-Stillman [5]

Theorem 15.13] with the well-known fact that a monomial curve C' = C'(nq, ..., ng),
where n; is smallest among the integers nq,...,ng, has Cohen-Macaulay tangent
cone if and only if z; is not a zero-divisor in the ring Klz1,...,z4]/I1(C). [1,
Theorem 7).

Proof. Recalling that f, is the homogeneous summand of the polynomial f of least
degree, if x; divides LM(f;) for some ¢, then either f;, = zym or f;, = x;m +
>~ ¢ymy;, where the m;’s are monomials having the same degree as x1m and the ¢;’s
are in K. In the latter case, 1 must divide each m;, because we work with the
negative degree reverse lexicographical ordering that makes x; the lowest variable.
This implies that in both cases f;, = x1¢ where g is a homogeneous polynomial.
Moreover, g & I(C).. If g € I(C)., then there exists f € I(C) such that f, =
g, so LM(f) = LM(g). Since (LM(f1),...,LM(fs)) = (LM(I(C))), there exists
an f; € G such that LM(f;) divides LM(f) = LM(g), and this contradicts the
minimality of G. Thus, x19 € I(C)., while g ¢ I(C)., which makes z; a zero-
divisor in K{z1,...,2,]/I(C).. Hence, the tangent cone of the monomial curve C
is not Cohen-Macaulay. Conversely, if K[z1,...,z;]/I(C) is not Cohen-Macaulay,
then x; is a zero-divisor in Klx1,...,z]/I(C).. Thus, z1g € I(C)., where g is a
monomial or a homogeneous polynomial with g ¢ I(C)., so that LM(f;) f LM(g)
for 1 < i < s. Since the ideal generated by the leading monomials of the elements
in I(C) obviously contains x;LM(g), there exists f; € G such that LM(f;) = x1m,
where m is a monomial that divides LM(g). This completes the proof. O

We can now prove Theorem

Proof of Theorem 2.8l By using the notation in [§], we denote the s-polynomial of
the polynomials f and g by spoly(f, g) and Mora’s polynomial weak normal form
of f with respect to G by NF(f|G). Let Gy = {f1,..., fs} be a minimal standard
basis of the ideal I(C}) C K[x1,...,x;] with respect to the negative degree reverse
lexicographical ordering with zo > -+ > x; > x1, and let Go = {g1,...,9:} be
a minimal standard basis of the ideal I(C3) C Klyi,...,yx| with respect to the
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negative degree reverse lexicographical ordering with yo > --- > yx > y;. Since
C: and C5 have Cohen-Macaulay tangent cones at the origin, we conclude from
Lemma 27 that 27 does not divide the leading monomial of any element in G; and
y1 does not divide the leading monomial of any element in G5 for the given orderings.
The defining ideal of the monomial curve C' obtained by gluing is generated by the
set G = {f1,..-, fs,91,--- ,gt,xlfl ...x;” — y1*}. Moreover, this set is a minimal
standard basis with respect to the negative degree reverse lexicographical ordering
with yo > -+ >y > y1 > 22 > -+ > 7 > 21, because NF(spoly(fi,g;)|G) =0,
N F(spoly(f;, x4 ...mi’l —y8)|G) = 0 and NF(spoly(g;,a5" . ..x?‘ —y)IG) =0
for 1 <i<sand 1< j <t Thisis due to the fact that NF(spoly(f,g)|G) =0
if lem(LM(f),LM(g)) = LM(f) - LM(g). From Remark 2B gm; is the smallest
integer among the generators of G. Thus, C' has a Cohen-Macaulay tangent cone
at the origin if and only if 7, which corresponds to gmg, is not a zero-divisor in
Klzy, ..., 2,91, -, yk)/I(C)«. Since x; does not divide the leading monomial of
any element in G and Gy, and LM(2% ... 2% — y*) = y{*, 21 does not divide
the leading monomial of any element in G, which is a minimal standard basis with
respect to the negative degree reverse lexicographical ordering with yo > --- >y >
Y1 > @9 > -+ > x; > x1. Thus, from Lemma 7] C has a Cohen-Macaulay tangent
cone at the origin. (I

Remark 2.8. From Remark B4 every nice extension is a nice gluing. Thus, if
the monomial curve C' = C(my, ..., m;) has a Cohen-Macaulay tangent cone at the
origin, then every monomial curve C' = C'(¢gmy, . . ., gmy, bymi—+- - -+bym;) obtained
by a nice gluing also has a Cohen-Macaulay tangent cone at the origin. Thus,
Theorem generalizes the results in [I, Proposition 4.1] and [2, Theorem 3.6].

Example 2.9. Let C; and Cy be the monomial curves C; = C(mq,mg) with my <
mg and Cy = C(n1,n2) with n1 < na. Obviously, they have Cohen-Macaulay tan-
gent cones. From Theorem 2.6l every monomial curve C' = C(gmy, gma, pny, pns)
obtained by a nice gluing with ¢ = a1ny, p = bymy + bams, ged(p,q) = 1 and
a1 < by + by has a Cohen-Macaulay tangent cone at the origin, so the local
ring R = K[[t9™, 72 ¢P™ {P"2]] associated to the monomial curve C has a non-
decreasing Hilbert function. Thus, by starting with fixed m1, ms, ny and ns, we can
construct infinitely many families of 1-dimensional local rings with non-decreasing
Hilbert functions. For example, consider the monomial curves C; = C(2,3) and
Cy = C(4,5). By choosing ¢ = 2n; = 8 and p = (2r)my + mg = 4r + 3, for
any r > 1, we obtain the monomial curve C(16,24, 16r + 12,20r + 15), which is a
nice gluing of C7 and C5. Since C is also a complete intersection monomial curve
having a Cohen-Macaulay tangent cone, the associated local rings are Gorenstein
with non-decreasing Hilbert functions. Obviously, they support Rossi’s conjecture.

This example shows that gluing is an effective method for obtaining new families
of monomial curves with Cohen-Macaulay tangent cones. Especially in affine 4-
space, nice gluing is a very efficient method by which to obtain large families of
complete intersection monomial curves with Cohen-Macaulay tangent cones, since
every monomial curve in affine 2-space has a Cohen-Macaulay tangent cone.

3. MONOMIAL CURVES WITH NON-COHEN-MACAULAY TANGENT CONES

In this section we show that nice gluing is not only an efficient tool by which
to obtain new families of monomial curves with Cohen-Macaulay tangent cones
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but, more significantly, it is also very useful for obtaining families of monomial
curves with non-Cohen-Macaulay tangent cones that have non-decreasing Hilbert
functions. In other words, it is an effective method for obtaining families of local
rings with non-decreasing Hilbert functions. In this sense, it can be used to obtain
families of local rings in proving the conjecture due to Rossi which says that a
one-dimensional Gorenstein local ring has a non-decreasing Hilbert function.

Theorem 3.1. Let S; = (my,...,my) and Sy = (ni,...,ng) be two numeri-
cal semigroups minimally generated by my < --- < my and n; < --- < ny,
and let S = {(gmy,...,qgm;,pny,...,png) be a nice gluing of S1 and Sy. (Re-
call that p = bymq + -+~ +bymy € S1 and ¢ = ayny € Sy with a1 < by +--- +
bi.) Let the local ring K[[t™*,...,t™]] associated to the monomial curve C; =
C(ma,...,my) have a non-decreasing Hilbert function and let Cy = C(nq,...,ng)
have a Cohen-Macaulay tangent cone at the origin; then the Hilbert function of
the local ring K[[t9™,... t3™ P™ . tP"]] associated to the monomial curve
C =C(gma,...,qmi,pny,...,png) obtained by gluing is also non-decreasing.

Proof. Let Gy = {f1,...,fs} be a minimal standard basis of the ideal I(Cy) C
K|[zq,...,x;] with respect to the negative degree reverse lexicographical ordering
with ¢ > -+ > 2; > 21, and let G = {g1,...,¢:} be a minimal standard ba-
sis of the ideal I(C3) C Kly1,...,yx] with respect to the negative degree reverse
lexicographical ordering with yo > --- > y, > ¥;. Since Cy has Cohen-Macaulay
tangent cone, y; does not divide LM(g;) for 1 < ¢ < ¢t by Lemma 27 From the
proof of Theorem 26 G = {f1,..., fs, 01, ,gt,xll” . .m?l — y7'} is a minimal
standard basis with respect to the negative degree reverse lexicographical ordering
with yo > -+ > yg > y1 > 22 > -+ > 17 > 1, and again from Lemma [2.7] we have
(LM(I(C).)) = (LM(f1),...,LM(fs),LM(g1),...,LM(g¢),y*). Hence, recalling
the well-known result going back to Macaulay [9], the Hilbert function of the local
ring K[[t2m, ... t2™ ¢P™ . ¢P"k]] is equal to the Hilbert function of the graded
ring

R=Klzy,...,x,y1,- - Yi)/{LM(f1), ..., LM(fs),LM(g1), ..., LM(g¢), y1").

By using [3] Proposition 2.4] and recalling that y; { LM(g;) for 1 <14 < ¢, one finds
that R is isomorphic to Ry ® x Ro ®k Rs, where Ry = Klxy,...,z;]/(LM(f),...,
LM(fs)), Rz = Klyz, ..., u]/(LM(g1),...,LM(g:)) and Rz = K[y1]/(y1*). More-
over, the Hilbert series of R is the product of the Hilbert series of Ri, Ry and Rj.
The Hilbert series of Ry can be given as hq(t)/(1 — t), where the polynomial hq (t)
has non-negative coefficients, since from the assumption the local ring associated to
the monomial curve C; has non-decreasing Hilbert function. Ry is Artinian, hence
its Hilbert series ho(t) has non-negative coefficients. Observing that the Hilbert
series of Rz is h3(t) = 1+t + --- +t“ 71 we obtain that the Hilbert series of R
is hy(t)ha(t)hs(t)/(1 — t), where the polynomial hq(t)hs(t)hs(t) has non-negative
coefficients. This proves that the Hilbert function of R is non-decreasing. O

We can now use this theorem to obtain large families of Gorenstein monomial
curves with non-Cohen-Macaulay tangent cones having non-decreasing Hilbert func-
tions to support Rossi’s conjecture.

Example 3.2. Let C; and Cs be the monomial curves C; = C(6,7,15) and Cy =
C(1). C; has a non-Cohen-Macaulay tangent cone and a non-decreasing Hilbert
function. Obviously, Cy and Cy satisfy the conditions of Theorem [B.], which implies
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that every local ring associated to the monomial curve C = C(6q, 7q, 15¢,6q + 7)
obtained by a nice gluing (which is also a nice extension) with ¢ # 0 (mod 7) has
a non-decreasing Hilbert function. C; is a complete intersection monomial curve,
with I(Cy) = (2} — 23, x123 — 23) having a minimal standard basis with respect
to the negative degree reverse lexicographical ordering with xo > z3 > x; given

by {25 — 2% v123 — 23, 2373 — 2§, 25 — 27}. Hence, C is a complete intersection

monomial curve, with I(C) = (2} — 23, x123 — 23, y] — 2{x3) having a minimal
standard basis with respect to the negative degree reverse lexicographical ordering
with y1 > 29 > x3 > x1 given by {29 — 23, x123 — 23, 2323 — 25,25 — 27,y —
xdxs}, which shows that C' has a non-Cohen-Macaulay tangent cone. Thus, we
have obtained Gorenstein local rings K[[t57,¢7 !5 ¢69+7]] with ¢ #Z 0 (mod 7)
having a non-Cohen-Macaulay associated graded rings and non-decreasing Hilbert
functions. In this way, starting with a complete intersection monomial curve Cj
in affine 3-space having a non-Cohen-Macaulay tangent cone, we can construct
infinitely many families of 1-dimensional Gorenstein local rings with non-Cohen-
Macaulay associated graded rings and non-decreasing Hilbert functions. In this
way, we can construct infinitely many families of Gorenstein local rings supporting

Rossi’s conjecture.

Corollary 3.3. Every local ring with embedding dimension 4 associated to a mono-
mial curve obtained by a nice gluing of
a) Cy = C(my,mz) with my < ma and Cy = C(n1,n2) with ny < na,
b) Cy = C(my, ma, m3) with my < mg < mg and Cy = C(1), or
¢) C1 =C(1) and Cy = C(nq,ne,ng) with n1 < ng < n3, whose tangent cone
is Cohen-Macaulay
has a non-decreasing Hilbert function.

Proof. In part a), the result follows from both Theorem and Theorem [3.11 In
part b), the result follows from Theorem Bl since every local ring associated to the
monomial curve Cy = C(my, mg, m3) has non-decreasing Hilbert function due to a

result of Elias [6]. In the same way, in part c), the result is a direct consequence of
Theorem [B1 d
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