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Abstract This paper presents an eigenfunctions ex-
pansion based scheme for Fractional Optimal Con-
trol (FOC) of a 2-dimensional distributed system.
The fractional derivative is defined in the Riemann–
Liouville sense. The performance index of a FOC
problem is considered as a function of both state and
control variables, and the dynamic constraints are ex-
pressed by a Partial Fractional Differential Equation
(PFDE) containing two space parameters and one time
parameter. Eigenfunctions are used to eliminate the
terms containing space parameters and to define the
problem in terms of a set of generalized state and con-
trol variables. For numerical computation Grünwald–
Letnikov approximation is used. A direct numerical
technique is proposed to obtain the state and the con-
trol variables. For a linear case, the numerical tech-
nique results into a set of algebraic equations which
can be solved using a direct or an iterative scheme.
The problem is solved for different number of eigen-
functions and time discretization. Numerical results
show that only a few eigenfunctions are sufficient to
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obtain good results, and the solutions converge as the
size of the time step is reduced.
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1 Introduction

Fractional calculus deals with the generalization of
differentiation and integration of noninteger orders. In
recent years, it has played a significant role in physics,
chemistry, biology, electronics, and control theory. Ex-
tensive treatment and various applications of the frac-
tional calculus are discussed in [1–9]. It has been
demonstrated that Fractional Order Differential Equa-
tions (FODEs) model dynamic systems and processes
more accurately than integer order differential equa-
tions do, and fractional controllers perform better than
integer order controllers (see, [1, 6, 7, 10–17]).

Oustaloup [18] introduced fractional order controls
for dynamic systems and applied them to control a car
suspension and a flexible-transmission-hydraulic actu-
ator. It was demonstrated that the CRONE (Commande
Robuste d’Ordre Non-Entier) method out perform the
PID control. References [6, 19] demonstrate that a
fractional PIλDμ controller performs better than clas-
sical PID controller when used for control of fractional
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order systems. Fractional PDδ and other controllers
have been suggested in [10, 20]. More recently, new
fractional order controllers have been developed and
applied in robotics control (see, [14, 16, 21, 22]). Ap-
plications of fractional order controllers to viscoelas-
tically damped structures could be found in [23].

The papers cited should be sufficient to emphasize
the fact that fractional controllers are becoming pop-
ular. However, these papers do not develop the field
of fractional optimal control (FOC). Although a sig-
nificant amount of work has been done in the area of
Integer Order Optimal Controls (IOOCs), very little
work has been published in the area of optimal control
of Fractional Dynamical Systems (FDSs), particularly
in FOC of distributed systems. Like the formulation
of an IOOC problem, the roots of the formulations of
Fractional Order Optimal Control Problems (FOCPs)
lie in variational calculus. Excellent books, review ar-
ticles, and papers are available on Integer Order Varia-
tional Calculus (IOVC) (see, [24–27]). However, they
are limited to integer order systems.

Lately, some authors have presented theories and
analytical and numerical schemes for FOCPs. In [28],
the Euler–Lagrange equations for fractional calculus
of variations which has been the basis for several
FOCPs developed later. Reference [29] presents a gen-
eral formulation and a numerical scheme for FOCPs.
A general scheme for stochastic analysis of FOCPs is
presented in [30]. A formulation for FOCPs is defined
in terms of Caputo fractional derivatives in [31, 32]
and in terms of Riemann–Liouville (R–L) fractional
derivatives in [33]. Reference [34] presents an eigen-
function expansion approach for an FOC formulation
of a one dimensional distributed systems in terms of
Caputo fractional derivatives. The formulation leads
to an infinite dimensional FOCP. However, the re-
sulting differential equations can be grouped into in-
finite sets, each of which could be solved indepen-
dently. Several authors have recently considered so-
lutions of fractional diffusion-wave equations defined
in multi-dimensional space (e.g., see [35, 36] and the
references therein). However, these papers focus on
the response of the system, and they do not consider
FOC.

This paper presents a formulation and some nu-
merical results for FOC of a two- dimensional distrib-
uted system. The fractional derivative is defined in the
Riemann–Liouville sense. The performance index of
a FOCP is considered as a function of both state and

control variables, and the dynamic constraints are ex-
pressed by a fractional diffusion-wave equation con-
taining two space parameters and one time parame-
ter. The formulation uses an eigenfunction approach
to transform the continuum problem to a problem in
countable infinite dimension and a Hamiltonian ap-
proach to obtain the fractional differential equations
of the system (see, [33, 34]). For numerical computa-
tion, the Grünwald–Letnikov (G–L) approximation is
used. It is a simple but effective method for evalua-
tion of fractional-order derivatives. This approach is
based on the fact that in the limit, for a wide class
of functions appearing in real and engineering appli-
cations, the R–L and the G–L definitions are equiv-
alent. This allows one to use the R–L definition dur-
ing problem formulation, and then turn to the G–L
definition for obtaining the numerical solution (see,
[6]). The problem is solved for different number of
eigenfunctions and time discretization. The formula-
tion is very similar to the formulation presented in
[34] with three exceptions: (1) The formulation in [34]
considers the Caputo fractional derivatives whereas
this research considers the Riemann–Liouville frac-
tional derivatives, (2) Reference [34] converts the re-
sulting equations to Volterra type integral equations,
whereas this paper uses a direct numerical scheme to
solve the resulting equations, and (3) Reference [34]
considers a 1-dimensional distributed system, whereas
this paper considers a 2-dimensional distributed sys-
tem.

The paper is organized as follows. In Sect. 2, the
R–L fractional derivative, the G–L approximation, and
an FOCP are briefly reviewed. In Sect. 3, the FOC
of a Two Dimensional Distributed System (TDDS) is
formulated using the approach presented in [33]. Sec-
tion 4 presents numerical results for the TDDS to show
the effectiveness of the approach. Finally, Sect. 5 is
dedicated to conclusions.

2 Fractional optimal control problem

Many definitions have been given of a fractional deriv-
ative, which include Riemann–Liouville, Grünwald–
Letnikov, Weyl, Caputo, Marchaud, and Riesz frac-
tional derivative (see, [1, 2, 6, 37]). We will formulate
the problem in terms of the left and right Riemann–
Liouville fractional derivatives which are given as
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The left Riemann–Liouville fractional derivative:

aD
α
t f (t) = 1

�(n − α)

(
d

dt

)n

×
t∫

a

(t − τ)n−α−1f (τ) dτ. (1)

The right Riemann–Liouville fractional derivative:

tD
α
b f (t) = 1

�(n − α)

(
− d

dt

)n

×
b∫

t

(τ − t)n−α−1f (τ) dτ (2)

where f (.) is a time dependent function, �(.) is the
gamma function, and α is the order of the derivative
such that n − 1 < α < n, n is an integer number.
These derivatives will be denoted as the LRLFD and
the RRLFD, respectively. When α is an integer the left
(forward) and the right (backward) derivatives are re-
placed with D and −D, respectively, where D is an or-
dinary differential operator. Note that in the literature
the Riemann–Liouville fractional derivative generally
means the LRLFD.

Using these definitions, the FOCP can be defined as
follows: Find the optimal control uij (t) that minimizes
the performance index

J (uij ) =
1∫

0

F(xij , uij , t) dt (3)

subject to the system dynamic constraints

aD
α
t xij = G(xij , uij , t) (4)

and the initial condition

xij (0) = xij0, (5)

where t represents time, xij (t) and uij (t) are the state
and the control variables, respectively, and F and G

are two arbitrary functions. In defining the above prob-
lem, subscripts ij are not necessary. However, our later
derivations will require these subscripts. Therefore,
for consistency, they are included here, also. Equation
(3) may include additional terms containing state vari-
ables at the end points. When α = 1, the above prob-
lem reduces to a standard optimal control problem.
Here, we take 0 < α < 1. It is assumed that xij (t),
uij (t), and G(xij , uij , t) are all scalar functions. These

assumptions are made for simplicity. The same proce-
dure could be followed if the upper limit of integration
is different from 1, α is greater than 1, and/or xij (t),
uij (t), and G(xij , uij , t) are vector functions. How-
ever, in the case of α > 1, additional initial conditions
may be necessary. In optimal control formulations, tra-
ditionally the differential equations governing the dy-
namics of the system are written in state space form,
in which case, the order of the derivatives turns out to
be less than 1. For this reason, we consider 0 < α < 1.

To find the optimal control, we define a modified
performance index as

J (uij ) =
1∫

0

[
H(xij , uij , λij , t)

− λij 0D
α
t xij (t)

]
dt (6)

where H(xij , uij , λij , t) is the Hamiltonian of the sys-
tem defined as

H(xij , uij , λij , t) = F(xij , uij , t)

+ λijG(xij , uij , t). (7)

Here λij is the Lagrange multiplier. Using the ap-
proach presented in [33], the necessary conditions for
the optimal control are given as

tD
α
1 λij = ∂F

∂xij

+ λij

∂G

∂xij

, (8)

∂F

∂uij

+ λij

∂G

∂uij

= 0, (9)

0D
α
t xij = G(xij , uij , t) (10)

and

λij (1) = 0. (11)

Another approach to obtain these conditions is pre-
sented in [29].

Equations (8)–(11) represent the Euler–Lagrange
equations for the FOCP defined by (3)–(5). They are
very similar to the Euler–Lagrange equations for clas-
sical optimal control problems, except that the result-
ing differential equations contain the left and the right
fractional derivatives. This indicates that the solution
of optimal control problems requires knowledge of not
only forward derivatives but also backward derivatives
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to account for end conditions. This issue is not dis-
cussed in classical optimal control theory.

In the next section, a formulation for an FOC of a
2-D distributed system will be presented, and an eigen-
functions expansion method will be used to reduce this
formulation into a set of FOCPs in which each FOCP
can be solved independently.

3 Formulation of fractional optimal control of a
2-dimensional distributed system

We consider the following problem: Find the control
u(ξ, η, t) which minimizes the cost functional

J (u) = 1

2

∫ 1

0

∫ L

0

∫ L

0

[
Q′x2(ξ, η, t)

+ R′u2(ξ, η, t)
]
dξ dη dt (12)

subjected to the system dynamic constraints

0D
α
t x(ξ, η, t) = ∂2x(ξ, η, t)

∂ξ2
+ ∂2x(ξ, η, t)

∂η2

+ u(ξ, η, t), (13)

the initial condition

x(ξ, η,0) = x0(ξ, η), (14)

and the boundary conditions

∂x(0, η, t)

∂ξ
= ∂x(L,η, t)

∂ξ
= ∂x(ξ,0, t)

∂η

= ∂x(ξ,L, t)

∂η
= 0, (15)

where x(ξ, η, t) and u(ξ, η, t) are the state and the
control functions which depend on three parameters
(ξ , η , t), 0D

α
t x(ξ, η, t) represents the R–L fractional

derivative of x(ξ, η, t) of order α > 0 with respect
to time t , (ξ, η) ∈ [0, L] × [0, L] are the space pa-
rameters, and Q′ and R′ are two arbitrary functions
which may depend on time. Note that the partial deriv-
ative symbol is used here to emphasize the fact that
x(ξ, η, t) and u(ξ, η, t) depend in addition to t on ξ

and η also. The upper limit for time t is taken as 1 for
convenience. This limit could be any positive number.
The formulation developed here is not limited to this
system, but it can also be applied to other distributed
systems.

Using the eigenfunctions φij (ξ, η), i, j = 0,1,

2, . . . ,∞, functions x(ξ, η, t) and u(ξ, η, t) can be
written as

x(ξ, η, t) =
∞∑
i=0

∞∑
j=0

xij (t)φij (ξ, η) (16)

and

u(ξ, η, t) =
∞∑
i=0

∞∑
j=0

uij (t)φij (ξ, η) (17)

where xij (t) and uij (t) are the state and the control
eigencoordinates. Using the method of separation of
variables, it could be demonstrated that the eigenfunc-
tions for this problem are given as

φij (ξ, η) = cos

(
iπ

ξ

L

)
cos

(
jπ

η

L

)
,

i, j = 0,1,2, . . . ,∞. (18)

Using direct calculations, it can be demonstrated
that in most applications, the terms associated with
higher order eigenvalues do not contribute much.
Hence, for computational purposes, one needs to con-
sider only a finite number of terms. Furthermore, the
maximum limits considered for i and j need not be
the same. However, for simplicity, we shall take m as
the upper limits for both i and j .

Substituting (16) and (17) into (12), we get

J = L2

2

∫ 1

0

[
Q′

(
x2

00 +
m∑

i=1

1

2
x2
i0 +

m∑
j=1

1

2
x2

0j

+
m∑

i=1

m∑
j=1

1

4
x2
ij

)

+ R′
(

u2
00 +

m∑
i=1

1

2
u2

i0 +
m∑

j=1

1

2
u2

0j

+
m∑

i=1

m∑
j=1

1

4
u2

ij

)]
dt. (19)

Substituting (16) and (17) into (13), and equating the
coefficients of φij (ξ, η), we get

0D
α
t xij (t) = −

{(
iπ

L

)2

+
(

jπ

L

)2}
xij (t) + uij (t),

i, j = 0,1, . . . ,m. (20)
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Finally, substituting (16) into (14), multiplying both
sides by cos(iπ ξ

L
) cos(jπ

η
L
), and integrating both ξ ,

η from 0 to L, we get

xij (0)

= xij0

= 1

L2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ L

0

∫ L

0 x0(ξ, η) dξ dη i = 0, j = 0

2
∫ L

0

∫ L

0 x0(ξ, η)

× cos
( jπη

L

)
dξdη i = 0, j > 0

2
∫ L

0

∫ L

0 x0(ξ, η)

× cos
(

iπξ
L

)
dξdη j = 0, i > 0

4
∫ L

0

∫ L

0 x0(ξ, η)

× cos
(

iπξ
L

)
× cos

( jπη
L

)
dξ dη i > 0, j > 0.

(21)

Using the above approximations, the Hamiltonian for
this system can be defined as

H = L2

2

[
Q′

(
x2

00 +
m∑

i=1

1

2
x2
i0 +

m∑
j=1

1

2
x2

0j

+
m∑

i=1

m∑
j=1

1

4
x2
ij

)

+ R′
(

u2
00 +

m∑
i=1

1

2
u2

i0 +
m∑

j=1

1

2
u2

0j

+
m∑

i=1

m∑
j=1

1

4
u2

ij

)]

+
m∑

i=1

m∑
j=1

λij

[
−

{(
iπ

L

)2

+
(

jπ

L

)2}
xij (t) + uij (t)

]
. (22)

The necessary conditions for optimality of this system
are given as [33]

0D
α
t xij (t) = ∂H

∂λij

, (23)

∂H

∂uij

= 0, (24)

0D
α
t λij (t) = ∂H

∂xij

, (25)

λij (1) = 0, i, j = 0,1, . . . ,m. (26)

Equations (19) to (21) are very similar to (3) to (5).
They are also a finite dimension approximation of (12)
to (15).

Using (22) to (25), the necessary conditions for
fractional optimal control can be found. For i = j = 0,
they are given as

L2Q′x00(t) − tD
α
1 λ00(t) = 0,

L2R′u00(t) − λ00(t) = 0,

u00(t) − 0D
α
t x00(t) = 0,

(27)

otherwise, they are given as

L2

4
Q′xij (t) − λij (t)

{(
iπ

L

)2

+
(

jπ

L

)2}

− tD
α
1 λij (t) = 0, (28)

L2

4
R′uij (t) + λij (t) = 0, (29)

−
{(

iπ

L

)2

+
(

jπ

L

)2}
xij (t)

+ uij (t) − 0D
α
t xij (t) = 0. (30)

Substituting λij (t) from (29) into (28), and after rear-
ranging the terms, we can obtain the differential equa-
tions as

tD
α
1 uij (t) = −Q′

R′ xij (t)

− uij (t)

{(
iπ

L

)2

+
(

jπ

L

)2}
,

i, j = 0,1, . . . ,m. (31)

Using (21), (26), and (28), we obtain the terminal con-
dition as

xij (0) = xij0 (32)

and

uij (1) = 0. (33)

Note that (30) and (31) depend only on xij (t) and
uij (t), and they are decoupled from other variables.
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Therefore, these two equations along with the end con-
ditions (32) and (33) can be solved using Grünwald–
Letnikov approximation. For α = 1, (30) and (31) lead
to

ẋij (t) = −
{(

iπ

L

)2

+
(

jπ

L

)2}
xij (t) + uij (t), (34)

u̇ij (t) = Q′

R′ xij (t)

+ uij (t)

{(
iπ

L

)2

+
(

jπ

L

)2}
. (35)

A closed form solution for this set of equations is given
in the Appendix. This solution will be used to demon-
strate that in the limit, when α approaches to 1, the
numerical approach and the analytical solution over-
lap.

4 Numerical results

To solve the FOCP we use direct numerical scheme
which is proposed in [33]. According to this scheme,
the entire time domain is divided into N equal subdo-
mains, and the nodes are labeled as 0,1, . . . ,N. For
the present case, the size of each subdomain is h = 1

N
,

and the time at node j is tj = jh.
Consider the following fractional differential equa-

tions, correspond to (20) and (31)

0D
α
t x = ax + bu, (36)

tD
α
1 u = cx + du. (37)

These equations can be approximated at node M by
using Grünwald–Letnikov approximation of the left
and right RLFDs as

0D
α
t x = 1

hα

M∑
j=0

w
(α)
j x(hM − jh), (38)

tD
α
1 u = 1

hα

N−M∑
j=0

w
(α)
j u(hM + jh), (39)

where

wα
0 = 1, wα

j =
(

1 − α + 1

j

)
wα

(j−1). (40)

Thus, the above equations reduce to

1

hα

M∑
j=0

w
(α)
j x(hM − jh) = ax(Mh) + bu(Mh), (41)

1

hα

N−M∑
j=0

w
(α)
j u(hM + jh) = cx(Mh)

+ du(Mh) (42)

and

x(0) = x0, u(1) = 0. (43)

These are linear equations which can be solved us-
ing a standard solver. Note that for large number of
subdomains, the dimension of the resulting problem
would also be large. In this case, one can use a “short
memory” principle to reduce the computational cost.
However, for the size of the problem considered, this
is not a major issue. For this reason, we use the “ab-
solute memory” approach.

In the following, we present some simulation re-
sults for FOC of the 2-dimensional distributed system.
For simulation purposes, we take the following data:
Q

′ = R
′ = L = 1, and the following initial conditions

x0(ξ, η) = 1 + βξ + γ η. (44)

Using (21), we get

xij (0)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 + L, i = 0, j = 0
2L

(jπ)2 (cos(jπ) − 1), i = 0,

j = 1,3,5, . . . ,m

2L

(iπ)2 (cos(iπ) − 1), j = 0,

i = 1,3,5, . . . ,m

0, otherwise.

(45)

We further take β = 1, γ = 1, and only the first
few values of i and j . Once xij (t) and uij (t) are
known, x(ξ, η, t) and u(ξ, η, t) can be found using
(16) and (17). Simulations are performed for different
values of α and N . Some of the results of the simula-
tions are discussed below.

Figures 1 and 2 show the analytical results (for
α = 1) and the numerical results (for α = 0.6, 0.8,
0.95, 0.99 and 1) for the state x00(t) and control u00(t)
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Fig. 1 Generalized eigencoordinates x00 as a function of time
for different values of α (� : α = 0.6, ♦ : α = 0.8, � : α = 0.95,
+ : α = 0.99. For α = 1, ∗ : Numerical, � : Analytical)

Fig. 2 Generalized eigencoordinates u00 as a function of time
for different values of α (� : α = 0.6, ♦ : α = 0.8, � : α = 0.95,
+ : α = 0.99. For α = 1, ∗ : Numerical, � : Analytical)

eigen-coordinates as functions of time t . In this case,
we take N = 16. Note that the analytical and numeri-
cal results for both x00(t) and u00(t) practically over-
lap. This indicates that as α approaches an integer
value, the solution for the integer order is recovered.

Figures 3 and 4 show the state x00(t) and control
u00(t) eigencoordinates as a function of time t for
α = 0.75 and different values of N . From these fig-
ures, it can be seen that the solutions converge as N

is increased. However, the convergence appears to be
slow. Our rough estimates suggest that the order of
the scheme may be less than 1, and another numer-
ical scheme which provides higher order of conver-
gence may be necessary. We plan to consider this in
future.

Figures 5 and 6 show that numerical results for
the state x(ξ, η, t) and control u(ξ, η, t) as a function
of time t , respectively, for α = 0.75, ξ = 0.25 and
η = 0.25 and N = 20. In this case, the indices i and
j in (16) and (17) vary from 0 to 3. Following (45),

Fig. 3 Generalized eigencoordinates u00 as a function of time
for α = 0.75 and different N (α = 0.75, � : N = 4, ♦ : N = 8,
� : N = 16, © : N = 32)

Fig. 4 Generalized eigencoordinates u00 as a function of time
for α = 0.75 and different N (α = 0.75, � : N = 4, ♦ : N = 8,
� : N = 16, © : N = 32)

Fig. 5 x(ξ, η, t) as a function of time for ξ = 0.25, η = 0.25,
and α = 0.75

for this range of i and j for (16) and the considered
initial condition, we have only 5 nonzero terms and,
therefore, we only need to solve 5 sets of equations.

Figures 7 and 8 show that numerical results for the
state x(ξ, η, t) and the control u(ξ, η, t) as a function
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Fig. 6 u(ξ, η, t) as a function of time for ξ = 0.25, η = 0.25,
and α = 0.75

Fig. 7 x(ξ, η, t) as a function of ξ for α = 0.75 and (η = 0.25,
� : t = 0, ♦ : t = 0.2, � : t = 0.4, © : t = 0.6)

Fig. 8 u(ξ, η, t) as a function of ξ for α = 0.75 and (η = 0.25,
� : t = 0, ♦ : t = 0.2, � : t = 0.4, © : t = 0.6)

of ξ for α = 0.75, η = 0.25, N = 20 and different
time values t = 0, 0.2, 0.4, 0.6. In this case also, the
indices i and j in (16) and (17) vary from 0 to 3. It
is observed that only initially the state x(ξ, η, t) and
the control u(ξ, η, t) depend on ξ , and as time t in-
creases, they no longer depend on ξ . This is because as

time progresses, the diffusion process causes the state
x(ξ, η, t) to become uniform, and as a result the con-
trol u(ξ, η, t) also becomes uniform.

5 Conclusions

An analytical scheme for Fractional Optimal Control
(FOC) of a 2-dimensional system using eigenfunctions
has been presented. The fractional derivative was de-
fined in the Riemann–Liouville sense.

The performance index of a FOC problem was con-
sidered as a function of both the state and the control
variables, and the dynamic constraints were expressed
by a Partial Fractional Differential Equations (PFDEs)
containing two space parameters and one time parame-
ter. Eigenfunctions were used to eliminate the terms
containing space parameters, and to define the prob-
lem in terms of a set of generalized state and con-
trol variables. Grünwald–Letnikov approximation was
used to approximate the fractional derivatives. A direct
numerical technique was used to obtain the numeri-
cal solutions. Numerical results showed that (1) only a
few eigenfunctions were sufficient to obtain good re-
sults, (2) the solutions converged as the size of the time
step was reduced, and (3) in the limit as α approached
to 1, the numerical results converged to analytical re-
sults.
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Appendix

In this Appendix, we present the analytical solution for
x(ξ, η, t) and u(ξ, η, t) for α = 1. For simplicity, the
differential equations (32) and (33) and the terminal
conditions (34) and (35) are rewritten as,

Differential equations:
{

ẋij (t) = −cij xij (t) + uij (t)

u̇ij (t) = xij (t) + cij uij (t)

i, j = 0,1, . . . ,m,

(A.1)

The initial conditions:{
xij (0) = xij0

uij (1) = 0

i, j = 0,1, . . . ,m,

(A.2)
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where

cij =
(

iπ

L

)2

+
(

jπ

L

)2

, i, j = 0,1, . . . ,m, (A.3)

and xij0, i, j = 0,1, . . . ,m are given by (21). From
(A.1) we have

ẍij (t) − (
c2
ij + 1

)
xij (t) = 0. (A.4)

This is an ordinary second order differential equation
for which a closed form solution can be found in a
straight forward manner. Using (A.1) and (A.2), the
solution of (A.4) is given as

xij (t)

= xij0

√
c2
ij

+ 1 cosh(
√

c2
ij

+ 1(1 − t))√
c2
ij

+ 1 cosh(
√

c2
ij

+ 1) + cij sinh(
√

c2
ij

+ 1)

+ xij0

cij sinh(
√

c2
ij

+ 1(1 − t))√
c2
ij

+ 1 cosh(
√

c2
ij

+ 1) + cij sinh(
√

c2
ij

+ 1)
.

(A.5)

Using (A.1) and (A.5), we have

uij (t)

= −kxij0

sinh(
√

c2
ij

+ 1(1 − t))√
c2
ij

+ 1 cosh(
√

c2
ij

+ 1) + c2
ij

sinh(
√

c2
ij

+ 1)
.

(A.6)

Finally, x(ξ, η, t) and u(ξ, η, t) are given by (16)
and (17), where xij (t) and uij (t) are given by (A.5)
and (A.6).
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