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Abstract

We consider some conditions on conharmonic curvature tensor K, which has many applications in physics and
mathematics, on a hypersurface in the semi-Euclidean space [Ef“. We prove that every conharmonicaly Ricci-symmetric
hypersurface M satisfying the condition K- R =0 is pseudosymmetric. We also consider the condition K- K =
Lx0Q(g, K) on hypersurfaces of the semi-Euclidean space [E’S’“.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Let (M, g) be an n-dimensional, n > 3, differentiable manifold of class C*°. The conharmonic curvature tensor K was
defined by Ishii in [14]. K is invariant under the action of the conformal transformations of (M, g) which preserve, in a
certain sense, real harmonic functions on (M, g), and which therefore are called conharmonic transformations. It satisfies
all the symmetry properties of the Riemannian curvature tensor R. There are many physical applications of the tensor K .
For example, in [2], Abdussattar showed that the sufficient condition for a space—time to be conharmonic to a flat space—
time is that the tensor K vanishes identically. A conharmonically flat space—time is either empty in which case it is flat or is
filled with a distribution represented by the energy momentum tensor 7 possessing the algebraic structure of an electro-
magnetic field and is conformal to a flat space—time [2]. Also he described the gravitational field due to a distribution of
pure radiation in presence of disordered radiation by means of a spherically symmetric conharmonically flat space-time.

In the present study, our aim is to study hypersurfaces, of dimension n > 4, in (n + 1)-dimensional semi-Euclidean
space [E;’+l whose shape operator .o/ satisfies the condition

oA = tr(A) A+ Bt 1, (1)

at every point x € M for some f# and y € R. We show that if a conharmonically Ricci-symmetric hypersurface M sat-
isfies the condition K - R = 0, where R denotes the curvature tensor of M, then M is pseudosymmetric. We also consider
the condition K- K= LxQ(g, K) and we obtain that if a hypersurface M, whose shape operator in (n + 1)-dimensional
semi-Euclidean space F"*' is of the form .«/* = tr(.«/)./> + f.oZ, satisfies the condition K- K = LxQ(g, K) then M is
pseudosymmetric. It can be easily seen that every Einstein pseudosymmetric manifold (M, g) satisfies the conditions
K-R=0and K- K= LgQ(g,K).
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It is known that semi-symmetric manifolds are trivially pseudosymmetric. Semisymmetric space-times were clas-
sified by Petrov in [17]. The classification of pseudosymmetric space-times were given in [13], which are physically
most relevant cases of vacuum, Einstein, perfect fluid, and electromagnetic (non)-null Maxwell fields: every vacuum
Petrov type D space-time with real ¥,, (Where ¥, = Cy3»4 and C is the Weyl conformal curvature tensor) with respect
to the principal null tetrad is pseudosymmetric (e.g. the Schwarzschild and Kantowski—Sachs metrics). Every Petrov
type D non-null Maxwell field is pseudosymmetric and also every Petrov type D Einstein space is pseudosymmetric. A
Petrov type N Einstein space-time is pseudosymmetric. Einstein and perfect fluid (e.g., Robertson—-Walker) confor-
mally flat space-times are pseudosymmetric. The metrics in the Kinnersley classes I (see [15]) (i.e. the NUT space—
times), IL.F, III.A, and IV.A are all pseudosymmetric (see [13]). Hence we conclude that all semi-symmetric Petrov
type space-times or all pseudosymmetric, Einstein Petrov space-times satisfy the conditions K- R =0 and
K- K= Lk0(g K).

It is also known that a conformally flat quasi-Einstein manifold is pseudosymmetric and every three-dimensional
pseudosymmetric manifold is a quasi-Einstein manifold and conversely [9]. The Robertson Walker space-times are
quasi-Einstein manifolds. Quasi-Einstein manifolds arose during the study of exact solutions of the Einstein field
equations.

There are many studies about Einstein field equations. For example, in [12], using some almost forgotten concepts
developed by A. Einstein in his quest for a general field theory (see [10]), El Naschie derived the particles content of the
standard model of high energy elementary particles. In [11], possible connections between Go6 del’s classical solution of
Einstein’s field equations and E-infinity were discussed.

The paper is organized as follows: In Section 2, we give a brief account of conharmonic curvature tensor, Weyl ten-
sor, pseudosymmetric manifolds and Kulkarni-Nomizu product. In Section 3, we give some informations about hyper-
surfaces of semi-Euclidean space F"*' and the main results of the study are presented.

2. Preliminaries

We denote by V, R, C, K, S and x the Levi-Civita connection, the Riemannian—Christoffel curvature tensor, the
Weyl conformal curvature tensor, the conharmonic curvature tensor, the Ricci tensor and the scalar curvature of
(M, g), respectively. The Ricci operator & is defined by g(¥X,Y) = S(X,Y), where X, Y € y(M), (M) being the Lie
algebra of vector fields on M. Furthermore, the tensor S? is defined by

S3(X,Y) =S(¥X,Y). 2)
Next, we define the endomorphisms Z(X,Y), ¢(X,Y) and (X, Y)Z of y(M) by
%(){7 Y)Z - [V,\q VY]Z - V[X?y]Z,
1
CX V2= RN, V)Z - — (X/\ SY + SX N YleX/\ Y)Z,
n— n—
and
1
HXZ=RX YL~ (XNSY +IXNY)Z (3)

respectively, where (X A Y)Z is the tensor, defined by
(X AY)Z = g(Y,2)X - g(X,2)Y,
and Z € y(M).
The Riemannian—Christoffel curvature tensor R, the Weyl conformal curvature tensor C and the conharmonic cur-
vature tensor K are defined by
R(X7 Y727 W) = g(W(X7 Y)Z7 W)7
CX,Y,Z,Ww)=g(6(X,Y)Z, W),
K(X7 Y727 W) = g(%(Xv Y)Za W)7

respectively, where W € y(M). The (0,4)-tensor G is defined by G(X, Y,Z, W) =g((X A Y)Z, W).
For a (0,k)-tensor field 7, k > 1, and (0,2)-tensor field 4 on (M,g) we define the tensors R+ T, K- T, C- T and

O(4,T) by
(RX,Y)-T)(X1,..., Xy) = —T(RX, V)X 1, X, ... Xi) — - = T(X1, ..., Xo1, R(X, Y)X}), (4)
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(KX, Y)-T)(X1,...,.X) = —T(H (X, VX1, X0, ..., X3) = = T(Xy, ..., Xe_1, H(X,Y)X}), (5)
(CX,Y)-T)(X1,.... X)) = —T(EX,Y)X1,Xs, ... X)) — = T(Xy1,...,Xs_1,6(X,Y)X,), (6)
O, TV(X1,.. ., Xi; X, Y) = =T(X A, Y)X1, X0y Xi) — - = T(X1, .., Xpr, (X AL Y)XD), (7)

respectively, where the tensor X' A ,Y is defined by
(XA Y)Z=A(Y,Z)X —A(X,Z)Y.
If A = g then we simply denote it by X' A Y.
If the tensors R - R and Q(g, R) are linearly dependent then M is called pseudosymmetric. This is equivalent to
R-R=Lp0O(g,R) (8)

holding on the set Ur = {x € M"|Q(g, R) # 0 at x}, where Ly is some function on Uk (see [5, Section 3.1]). f R- R=0
then M is called semi-symmetric (see [18]).

If the tensors C- C and Q(g, C) are linearly dependent then M is said to have pseudosymmetric Weyl tensor. This is
equivalent to

C-C=LcO(gC)

holding on the set Uc= {x € M|C # 0 at x}, where L is some function on Uc (see [8]).
The Kulkarni-Nomizu product 4 A B is given by

(A/TB)(Xl,XZ,X3,X4) =AX,X4)B(X2,X;3) + A(X2,X3)B(X1,X4) — A(X1,X3)B(X2,X4)
— A(X>, X4)B(X 1, X3). )
We note that if 4 = B then we have 4 =14 AA, where the (0,4)-tensor 4 is defined by
AX ), X2, X3, Xy) = AX 1, X)A(X2, X3) — A(X |, X3)A(X5, Xy). (10)
Further, for a symmetric (0,2)-tensor 4 and a (0, k)-tensor T, k > 2, we define their Kulkarni-Nomizu product AAT by
(ART)(X 1, X2, X3, Xa3 Vs, Vi) = AX 1, X)) T (X2, X3, Y3, Y0 + AX2, X3)T(X 1, X4 Vs, ..., Yy)

—AX 1, X3)T(X2, X4, Y3y, Y) —AX2, X)) T (X1, X35 Y3,..., ¥) (11)
(see [6]). For symmetric (0,2)-tensor fields 4 and B we have the following identity ([6]):
ANQ(B,A) = Q(B,4). (12)
Note that
g=0G. (13)

3. Hypersurfaces

Let M,n =dim M > 3, be a connected hypersurface immersed isometrically in a semi-Riemannian manifold (N, g).
We denote by g the metric tensor of M induced from the metric tensor g. Further, we denote by V and V the Levi-
Civita connections corresponding to the metric tensors g and g, respectively. Let ¢ be a local unit normal vector field
on M in N and let ¢ = g(¢&, &) = 1. We can present the Gauss formula and the Weingarten formula of M in N in the
following form:

Vil = VyY +eH(X,Y)E,  Vyé=—oA(X)
respectively, where X, Y are vector fields tangent to M, H is the second fundamental tensor and .7 is the shape operator
of M in N and g(«/(X),Y) =H(X,Y). Furthermore, for k>1 we also have that H*(X,Y)= g(/(X),Y),
tr(H*) = tr(«/*), k > 1, H' = H and /' = .«/. We denote by R and R the Riemann—Christoffel curvature tensors of

M and N, respectively.
The Gauss equation of M in N has the following form:

R(X1, X5, X5, Xy) = R(X1, X2, X3, X3) + eH (X1, X0, X3, X). (14)
From now on we will assume that M is a hypersurface in a semi-Euclidean space F"*'. So Eq. (14) turns into

R(X17X2,X3,X4):EE(X|,X27X3,X4), (15)



2460 C. Ozgiir | Chaos, Solitons and Fractals 39 (2009) 2457-2464

where X7, X>, X3, X, are vector fields tangent to M and H = %H AH. From (15), by contraction we get easily
S(X1,X4) = e(tr(H)H (X1, X4) — H* (X1, X4)). (16)
Moreover, contracting (16) we obtain
Kk = g(tr(H)* — tr(H?)). (17)
Now we give the following lemmas which will be used in the main results.

Lemma 3.1 [7]. Let A and D be two symmetric (0,2)-tensors at point x of a semi-Riemannian manifold (M,g). If the
condition

20(g,4) +70(4,D) + pO(g,D) = 0; o, B,y € R, 70
is satisfied at x, then the tensors A —tr(4)g and D — L tr(D)g are linearly dependent.

Lemma 3.2 [7]. Any hypersurface M immersed isometrically in an (n + 1)-dimensional semi-Euclidean space F'™™', n > 4,
satisfies the condition

R-R=0(S,R). (18)

Theorem 3.3. Let M be a hypersurface in a semi-Euclidean space [Ef“, n = 4. If the shape operator <f of M satisfies (1)
and the condition K+ R = 0 holds on M then M is pseudosymmetric.

Proof. Using the definition of the second fundamental tensor, Eq. (1) can be written as

H* = tr(H)H* + BH + yg. (19)
Let X, X;, Xj, X, X1, X, € y(M). So using (5) we have
(K(X3, X;) - R)(X;, X5, X1, X ) = —R(A (X0, X)X, X1, X1, X)) — ROXj, H (X i, X)Xk, X1, X )
—RX;, X, (X, X)X, X)) — ROX;, X5, X o, A (X i, X)X ). (20)

Then using (3) and (15) we get

(K(XhaXi) : R)(vaX/thXm) =a+ow+o3+ 0y,
where

o = Hy(HyH,, — HyH,, + HiwHy — HyH)

+ Hkm(_Hinil + thszl — H"IH?h + Hh/lej)
+ Hp(HyHY — HyH? + HyH2 — HyH?)

+ Hy(—HyH,,, + HuH;, — HyHy + HiH3), (21)
1
o = P [SiiRukim — SniRikim + SiRjnim — SR jitm
+ SuR jkwm — SniRjim + SimRjxin — SR jwai], (22)
1

o3 tr(H)[Hkl(gz/Him - gthizm + g[msz‘h - ghmHz?j)

n—2
+ Hkm(_gg,'Hiz + gh,-Hfz - gi/HIZ‘h + gth:?j)
+H (gikHil - gth,-zz + gilHik - gth?k)
+ Hfl(_gikHim + gthizm - gimHik + ghmH?k)L (23)
oty = = (&) — 81+ Ry — 210
+ Hin (=g, + g1H;) — gizH;h + gh/H?j)
+ H./m(gikHi/ - gth?l + gi/HZk - gth?k)
+ Hjl(*gikHljm + gth?m - gimHik + ghmek)' (24)
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Since M satisfies the condition (1), so combining (7), (11), (20)—(24) we have
K-R=HAQ(H* H) —n%Q(S,R) +n%2/lH/TQ(g,H). (25)
Thus by (12), Eq. (25) turns into
KR = QU 1) ~ = O[S, R) + —— 10(s. 7). (26)
From (16), since

H? = tr(H)H — &S,

using (15) and Lemma 3.2, Eq. (26) can be rewritten as

1 €
K-R=—(e+-—2)R-R+-——0(R). (27)

Since the condition K- R =0 holds on M, by (27), the tensors R - R and Q(g, R) are linearly dependent.

This completes the proof of the theorem. O
Definition 3.4 [16]. Let M be a hypersurface in a semi-Euclidean space F"™', n > 4. If K-S =0 then M is called con-
harmonically Ricci-symmetric.

Using the above definition we have the following theorem:

Lemma 3.5. Let M be a hypersurface in a semi-Euclidean space [Ef“, n = 4. If M is conharmonically Ricci-symmetric then
there is a real valued function 1 on M such that

H = tr(H)H* 4+ JH + % [—Atr(H) — tr(H)tr(H?) + tr(H))g. (28)

Proof. Let X, X;, X, X; € y(M). So using (5) we have

(K -H)X 3, XX, X3) = —H(A (X, X)X, X;) — H(X 3, A (X, X0 X)) (29)
and similarly

(K-H) (X3, XX, X0) = —H> (A (X1, X)X, X3) — H(Xp, X' (X1, X)X, (30)
Then by making use of (3), (7) and (15) we get

K- H =~ [0 = 3)0(H, 1) — t(H)Q(g, H) + O(g. H') (31)
and

K H? = sQ(H, 1) + L el te(H)Q(H, H?) — te(H)Qlg, 1) + (g, H')]. (32)
Since M is conharmonically Ricci-symmetric by the use of (16) we have

K-S=¢(tr(H)K-H—-K-H*) =0. (33)
Thus substituting (31) and (32) into (33) we obtain

~OH, 1) + t()QUH, H?) + L5 [~4r(H)*0ls, 1) + 2r(H)O(s, ) — Oz, H*)] = 0. (34)
Hence from (34), by a contraction we have

- i 2H4 = 1_ 3 [—(n + 2)tr(H)H? + 2tr(H)*|H? + % [—tr(H?) + tr(H)tr(H?)|H + [—tr(H) tr(H?)

+ 2tr(H)tr(H?) — tr(HY))g. (35)

So substituting (35) into (34) we get

- %tr(H)Q(g, tr(H)H? — H*) + Q(H, tr(H)H* — H?) +% [—tr(H?) + tr(H)tr(H*)] O(g, H) = 0.
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Then by Lemma 3.1, the tensors

tr(H)tr(H?) — tr(H3)g

tr(H)H* — H> —

and
1

are linearly dependent, which proves the lemma. [J
Hence by combining Theorem 3.3 and Lemma 3.5 we have the following theorem:
Theorem 3.6. Let M be a hypersurface in a semi-Euclidean space [E;”l, n = 4. If M is conharmonically Ricci-symmetric

and the condition K+ R = 0 holds on M then M is pseudosymmetric.

Example 3.7. Let S* = {p € R? such that |p| = 1} be the standard unit sphere. First consider
M* =S xS} ={(p,q) € R® = R* x R® such that |p| = |¢| = 1}.

Next we take the cone
C° = {(tp, tq) € R® such that |p| = |¢g| =1, € R}.

In [1], the authors show that the principal curvatures of C> are (0, ﬁ , ﬁ ,— ﬁ ,— ﬁ) and the cone C° is Ricci-semi-
symmetric, but not semi-symmetric.
It can be easily seen that the cone C° satisfies the conditions K-S =0, K- R =0 and it is pseudosymmetric.

Now we consider hypersurfaces, of dimension >4, in (1 + 1)-dimensional semi-Euclidean space F'™' whose shape oper-
ator .o/ satisfies the condition

A = tr(A )t + pot. (36)
at every point x € M.

Proposition 3.8. Let M be a hypersurface in a semi-Euclidean space [EZ“, n = 3, satisfying the condition (36). Then the
Ricci tensor S of M has the following property:

S§? = —¢fS. (37)
Proof. Using the definition of the second fundamental tensor, Eq. (36) can be written as

H* = tr(H)H* + BH. (38)
So by the use of (2) we get

S? = H* — 2tr(H)H® + tr(H) H>. (39)
Hence applying (38) and (16) into (39), we obtain (37). O

Using (3) and (7) we easily obtain the following proposition.

Proposition 3.9. Let M be a hypersurface in a semi-Euclidean space [E;'“, n = 4. Then we have the following identity:
1

Lemma 3.10. Let M be a hypersurface in a semi-Euclidean space B, n > 4, satisfying the condition (36). Then the fol-
lowing relation is fulfilled on M

n—73 Pe

R-R+

&p

K-K= .
(n-2)

oS, G). (41)
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Proof. Let X}, X;, X, Xi, X1, X, € y(M). So using (5) we have
(K(XhaXi) 'K)(X/'7Xk7XlaXm) = 7K(°%/(XhaXi)Xj7XkaXlaXm) 7K(Xj71/(Xh7Xi)Xk7Xl7Xm)
— KX, X5, (X, X)X 1, X)) — KX, X, X1, H (X0, Xi) X om) (42)

Then by making use of (3), (11) and Proposition 3.8, similar to the proof of Theorem 3.3 we get

b HAQ(g, H) — b 58A0(S,g).

1
K-K=R-R———Q(S,R) + —— P

But from (18) and (12) we have

R R-—r R+l o) - — s,
K:K=R-R—-——R-R+——0(g,H) (niz)zQ(S,g)-

So using (13) and (15) we obtain (41). O

Now we investigate hypersurfaces in a semi-Euclidean space E'*', n > 4, satisfying the condition K - K = LxQ(g, K),
where Lg is some function on Ux = {x € M| K#0 at x}.
Hence by the use of Lemma 3.10 we have the following characterization:

Theorem 3.11. Let M be a hypersurface in a semi-Euclidean space [E;’*l, n = 4, satisfying the condition (36). If the
condition K- K= LgQ(g, K) holds on M then M is pseudosymmetric.

Proof. By the use of (40), Eq. (41) can be written as

Pe n—73 2fe

K-K+-—""0(g,K) = R-R R).
+-—>0K)="—ZR-R+-—0(¢R)

But since the condition K - K = LxQ(g, K) holds on M the last equation implies ER “R+ % (g,R) = 0, which gives
us M is pseudosymmetric. [

4. Conclusions

As a generalization of semi-symmetric spaces, pseudosymmetric spaces have been studied by many mathematicians.
It has also some physical applications. In this study, we give new conditions of pseudosymmetry type spaces which have
some examples as some of Petrov space-times and quasi-Einstein manifolds.
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