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ON APPROXIMATION
IN WEIGHTED ORLICZ SPACES
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ABSTRACT. An inverse theorem of the trigonometric approximation theory in
Weighted Orlicz spaces is proved and the constructive characterization of the
generalized Lipschitz classes defined in these spaces is obtained.
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1. Introduction and the main result

A convex and continuous function M: [0, 00) — [0, 00), for which M (0) = 0,
M (xz) > 0 for x > 0 and
=0, lim M (z) =00
z—0 €T T —00 X
is called a Young function. The complementary Young function N of M is
defined by
N (y) == max{zy — M (z) : = >0}

for y > 0.
Let M be a Young function. We denote by Ly, the linear space of periodic
measurable functions f: [—7, 7] — R, such that

/M<A|f<x>|> dz < oo

holds for some A > 0. Equipped with the norm

™

£l = supd [ 1f @) g (@) dz: [ N(lg()])dz <1},

—T —T
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where N is the complementary function, Lj; becomes a Banach space, called
the Orlicz space generated by M.

The Orlicz spaces are known as the generalization of the Lebesgue spaces;
in special case, the Orlicz space generated by the Young function M, (z) = "”;,
1 < p < o0, is isomorphic to the Lebesgue space L,. More general information
about Orlicz spaces can be found in [13], [20] and [21].

W. Matuszewska and W. Orlicz [17], have associated a pair of indices with
a given Orlicz space L. A generalization of these, or rather their reciprocals,
has been given in the more general context of rearrangement invariant spaces in
[3]. Let M~1:[0,00) — [0,00) be the inverse of the Young function M and let

M~ (z)
h(t) =1 t .
(t) 1ngrLS£p M1 (t2)’ >0
The numbers aj; and B, defined by
. log h () : logh (t)
= l — = 1 -
M= logt ’ Bu arvie) logt

are called the lower and upper Boyd indices of the Orlicz space Ly, respectively.
It is known that the Boyd indices satisfy

0<am<Bum<1

and
an +Bm =1, am + By =1

The Orlicz space L)y is reflexive if and only if its Boyd indices are nontrivial,
that is 0 < apr < By < 1.

If1<qg<1/Bm <1/ap <p < oo, then L, C Ly C Ly, where the inclusions
are continuous, and hence the relation Lo, C Ly; C L holds. We refer to [1],
[2], [3], and [4] for a complete discussion of Boyd indices properties.

A measurable function w: [—7, 7] — [0, 00] is called a weight function if the
set w™! ({0,00}) has Lebesgue measure zero.

Let w be a weight function. We denote by Lz, the space of the measurable
functions f : [-m, 7] — R such that fw € Lj;. The norm on Ly, is defined by

1l areo = 1wl -

The normed space Ly, is called a weighted Orlicz space.
Let 1 < p <oocand 1/p+1/¢g = 1. A weight function w belongs to the
Muckenhoupt class A, if the condition

1/p 1/q
1 1
sup ] /wp (x) dz 1] /w_q (x) dz < o0
J J

holds, where the supremum is taken over all subintervals J of [—m, 7] and |J|
denotes the length of J.
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ON APPROXIMATION IN WEIGHTED ORLICZ SPACES
The detailed information about Muckenhoupt weights can be found in [5,
pp. 22-68], [8] and [18].

Let Lp be an Orlicz space with nontrivial Boyd indices and w €
Aijay N ALg,, - For a given function f € Lys,, we define the shift operator o

h
(onf) (z) := 21h/f(:1;—|—t) dt, O<h<m, z€[-mmn],
“h

and the modulus of smoothness Qu; (f,-)y, (k=1,2,...)

k
Qo (f,0)pr0 = S [T =0on) f‘ ;o 0>0, (1)
1<i<k =1 Mw

where [ is the identity operator. This modulus of smoothness is well defined,
because the linear operator oy is bounded in the space Ly, (see [11]). We
define the shift operator ¢, and the modulus of smoothness Q (f, -) M. 10 such
a way, because the space Ly, is noninvariant, in general, under the usual shift
f(@) = f(z+h).

In the case of k = 0 we assume € (f,0),,,, = [[fllpr, and if & =1 we
write Q(f,6)5, == 1 (f,0)pr,,- The modulus of smoothness Q (f,-),,, is
nondecreasing, nonnegative, continuous function and

O (f+9,0) 0 < e (50 s + 2 (950) ar (2)

for f,g € L.
Furthermore (see [11]), if f € L, has an absolutely continuous derivative
of order 2k — 1 and (%) ¢ Ly, then

e (f,6) a0y < 8[| £, (3)

Let En (f)p, (n=0,1,2,...) be the distance of the function f € Ly, from
IT,, (the class of trigonometric polynomials of degree at most n), i.e.,

En () age = f{{[f = Tallp o Tn € L}

Since under the condition w € Ay /q4,, NA1/s,, the space Ly, becomes a Banach
space, it follows that, for example from [7, Theorem 1.1, p. 59], there exists a
trigonometric polynomial 7' € II,, such that

En(Dpre = 1 = Tilly:  n=0,1,2,....

Let’s denote by Wy, , (r =1,2,...) the set of functions f € Ly, such that
f=1 is absolutely continuous and f(") € L.

Using the L, version of (1), E. A. Gadjieva in [9] proved the direct and inverse
theorems of the approximation theory in the weighted L, spaces, when the
weight function satisfies the Muckenhoupt condition. The same problems in the
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weighted Lebesgue spaces with Muckenhoupt weights were also investigated by
N. X. Ky (see [14], [15]) in terms of other modulus of smoothness. In the weighted
L,, spaces, for more general class of weights, namely for doubling weights, similar
problems were investigated by Mastroianni and Totik in [16]. Also De Bonis,
Mastroianni and Russo gave some results for some special weight functions in [6].

The approximation problems in non-weighted Orlicz spaces were investigated
by Kokilashvili [12], Ramazanov [19], Garidi [10] and Runovskii [22].

In this work we prove the inverse theorem in the spaces Wy, ,, namely we give
a sufficient condition to assure f € Wy, , and we estimate the kth modulus of
smoothness of the derivative f(") in terms of the sequence of E,(f)mw for arbi-
trary k. Also we define the generalized Lipschitz classes and give a constructive
description of these classes.

We shall denote by ¢, c1, ca, ... for real constants which are not important for
the questions involve in the paper and can be different at each occurence.

The following theorems were proved in [11].

THEOREM A. Let Lys be an Orlicz space with nontrivial Boyd indices apy and
Bar, and let w € Ayja,, NAvyp,y,- If f € Wit then

En (Dot < o Bn (1)

THEOREM B. Let Ly be an Orlicz space with nontrivial Boyd indices apy and
B, and let w € Ay o, N Ay, Then for f € Ly, the estimate

1
En(f)M,MSCQk<f,n) ) n=12 ...,

M,w

ALW.

holds.

The main result of this paper is the following.

THEOREM 1. Let Ly; be an Orlicz space with nontrivial Boyd indices apy and
B, and let w € Ay o, N Aryg,, - If for f € Ly

> VB (f) e < 00
v=1

holds for some natural number r, then f € Wit - Furthermore, for any natural
number k, and n =1,2,..., we have

1
fh:<f“ﬁan>
M,w

< C{nik SN w+)MTE, (Nt Y, VB, (f)M,w}
v=0

v=n-+1
with a constant ¢ > 0, depending only on k and r.
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ON APPROXIMATION IN WEIGHTED ORLICZ SPACES

When r is an even natural number, the first part of Theorem 1 was proved in
[11]. The second part of this theorem, in the case r = 0 was proved also in [11].

COROLLARY 1. [If

)

1
En(f)Mw:O(nH—a)’ a>0, n=12...,

then f € Wy, and

O (69, k> a/2,
Q (f0,0) =1 08" log(1/8)), k=a/2,
M O (8%F) k< a2

For a > 0, let k = [‘;] + 1. We define the generalized Lipschitz classes
Lipjy,, o and Wy as

Lmhwa:{feLMw:QMﬁﬁngcm,5>0}
and
Wi, = {f € Wirw: [ € Lip}kv[’wa}.
By virtue of Corollary 1 we obtain the following result.

COROLLARY 2. [f

1
E”(f)Mw_O<nr+a>’ a>0, n=1,2,...,

)

then f € Wy,
Theorem A, Theorem B and the definition of W&O‘w yield the following result.

COROLLARY 3. If f € Wy, then

1
Bn (Dt =0 ()

Combining this with Corollary 2 we get the following constructive description
of the classes Wy .

THEOREM 2. Let Ly be an Orlicz space with nontrivial Boyd indices oy, Bar,
and let w € Ay/q,, N Ay, Then, for a >0 and r = 1,2,..., the following
assertions are equivalent.

(i) f €Wy,
(i) Bn(Nare =0 (hhe)n=12,....
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In the case r = 0, this result was obtained in [11].

In the nonweighted Orlicz spaces, under some restrictive conditions on the
function M, Theorem 1 was obtained in [12]. Similar theorem for the non-
weighted Lebesgue spaces was given by A. F. Timan which can be found in [23,
pp. 334-336].

2. Proof of Theorem 1

Let T, = T, (f,xz) (n =0,1,2,...) be the trigonometric polynomial of best

approximation to f in the space Ly . For { =0,1,...,r, we consider the series
! - ! !
T+ > {1, -1} (4)
v=0

Using the Bernstein inequality for weighted Orlicz spaces ([11]), we obtain

| =T < e Ty = Ty, < 20 B (£),

7UJ.
)

From this and the inequality

ov
o+, (f>M,w < 92 Z Ml—lEu (f)M,w’ v>1,
p=2v-141

we get

W

l = l l
T, 3 -
D) - (v+1)1
el ;:O 2D B (f) 4y

< ||T® 2 By (D + a2 YW T B (f) gy < 00!
sW p=2

IN

This implies that the sequence S,,; = S, (f,z) (I = 0,1,2,...) of the nth
partial sums of the series (4) converges in the norm of Ly . Denote its limit
function by f;. S,,; converges in the L; norm and hence it has a subsequence
Shp, .1, which converges almost everywhere to the function f; for [ =0,1,2,...,7r.
It is clear that fo = f almost everywhere on [—m, ]
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ON APPROXIMATION IN WEIGHTED ORLICZ SPACES

Let z¢ be a point of convergence of Sy, ; for all { =0,1,...,r. Since

Fiot (%) = fioi (20) — / £ (1) dt

- ﬁlmﬁ—&ﬂlwﬂ—ﬁlww+&ﬂ1ww—/kﬁ@—SMAMAa

<l ficr = Sl + | fimr (20) = Snpio1 (@o) | 1]l

we obtain

fier = fia (zo0) — ffz (t) dtH

M,w

+Hfmuwﬂmm»&H

M,w

Since the right side tends to zero as ¢ — oo, we get

‘ ¢)

Jio1— fic1 (o) — /fl (t) dtH =0
Fior (&) — i (w0) = /fl W dt, =12,

M,w
Zo

and hence

for almost all . This implies that f;_; is differentiable and

flo (@) = fi(z) (5)
almost everywhere.
Since

ﬂm:mm=hww+/ﬁ@m

almost everywhere, we have
f(z) = fi(x)

for almost all z. Considering (5), we obtain recursively

ﬂTW@—ﬂqm—ﬁquw+/ﬂ@&
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Hence f("=1) is absolutely continuous with derivative

) = f,. almost everywhere. This implies that f € Wit w-
Let m and n be arbitrary natural numbers. Consider the mth partial sum

S, of the series

By (2) we have

1 1 1
Q. <f(r)7n> < Qy (f(’”) _Sm’r’n> + Q (Sm’r’n> .
M,w M,w M,w

By [11, Corollary 3]

S L [
Mw

10+ Y {1, - 1)

v=0

)

and the Bernstein inequality,

W
oo

> {r, -y

v=m-+1 M,w

oo

<es Y 2V Tys = Toolly,
v=m+1
oo

<cs y 2By (g

v=m+1

o0

v
< ¢ Z 2% Z pE, ()t

v=m+1 p=2r-141

=Cr Z VT_lEV (f)M,w'

v=2m+41

Using (2), (3), the Bernstein inequality and the inequality

21/
2R By (e <22 N B (M, v 2

we obtain

1
Qk (Sm,r; >
n M,w

1 - , a1
<o, (Tf : n) +3 (Tz(v)ﬂ - T30, n)
M,w M,w
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1 2k+r 2k+r
-

1o ([ o(2htr) (2k+7)
tes o > HT ki) g2
‘M,w n2k |72 o 2 Mw

1 1 =,
< ¢ 2k 1Ty = Tollare + €10 9k Z 2V k+T) By, () arw

IN

v=0

m 2v
1t { B (g B D+ 02 50 0718, (1)}

v=1 lu/:21’*1+1

27n
1 2ktr—1
§612n2k Z()(V+1) " El/ (f)M’UJ'

Combining this inequality with

1 )
Qk: (f(r) - Sm,ra n) S Cc7 Z VT_lEl/ (f)M,w )
M,w

yield

5 v=2m41
1
Qk (f(r)a n)
M,w

2m o0
< 613{7;’@ Z (v+1)"""'E, (Farw + Z VTR, (f)M,w}‘

v=0 v=2m+41

Finally, if we choose m such that 2™ < n < 2™+l the last inequality finishes
the proof of Theorem 1.

[6]
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