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In the variable exponent Lebesgue spaces a convolution is defined and its es-
timations in the variable exponent Lebesgue spaces by the best approximation
numbers are obtained.
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1. INTRODUCTION AND MAIN RESULTS

Let p(-) : [0,27] — [1,00) be a Lebesgue measurable function. We define
the modular functional

27
poiy () = /0 f (@)@ dz

on the Lebesgue measurable functions f on [0,27]. By ngr') we denote the
class of 27 periodic Lebesgue measurable functions f, such that for a constant
A=A(f)>0

Py (f/A) < o0
Equipped with the norm

[ fllpey = mE{A >0 ppey (f/A) <1}

the class ng) creates a Banach space.

The variable exponent Lebesgue spaces are a generalization of the classical
Lebesgue spaces, replacing the constant exponent p with a variable exponent
function p(-). Interest in the variable exponent Lebesgue spaces has increased
since 1990s, because of their use in the different applications to problems in
mechanic, especially in fluid dynamic for the modeling of electrorheological
fluids and also in the study of image processing and some problems in physics
(see, for example the monographs [4,5,14] and the references cited therein).
Nowadays there are sufficiently wide investigations relating to the fundamen-
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tal problems of these spaces, in view of potential theory, maximal and singular
integral operator theory and others. The sufficiently wide presentation of the
corresponding results can be found in the monographs [4, 5, 14].

In the variable exponent Lebesgue spaces some fundamental problems of
approximation theory were investigated also. Some necessary and sufficient
conditions in term of the variable exponent for the basicity of the well known
classical systems of functions were obtained [15, 16], the different modulus of
smoothness were defined [7,8,17] and the direct and inverse theorems of ap-
proximation theory in these spaces defined on the intervals of the real line and
on the domains of the complex plane were proved [1-3,7-9,17]. The detailed
information on these results and also on the general aspects of approximation
theory in the variable exponent Lebesgue spaces can be found in the mono-
graph [18].

Note that in the variable exponent Lebesgue space theory some convolu-
tion operators were commonly used. This type of operators have some applica-
tions also in the approximation theory, in particular for the construction of the
approximation polynomials. Therefore, the estimation problem of convolution
operators by using the best approximation numbers is an actual problem of ap-
proximation theory. In this work, we investigate this problem in the variable
exponent Lebesgue spaces. For the formulation of the main results obtained
in this work we give some notations.

By B2r we denote the class of the exponents p(-), for which 1 < p_ <
p+ < oo, where

p_:=essinfp(x), and pg:= essupp(x).
z€[0,27] z€[0,27]

Definition 1. Let p(-) : [0,27] — [1,00) be a 27 periodic, measurable
function. We say that p(-) is a log-Holder continuous function on [0, 27] if

Co
(L) [p(@) —p)|<— oz ([ — 4]
with some constant ¢y > 0. R
If p(-) € Bar and satisfies the condition (1.1), then we say that p(:) € Bar.

, x,y €10,2r] with |z —y| <1/2

In the space Lg;‘) with p(-) € Egﬂ we define a mean value operator oy,
1 h
(onf) (x,u) := Qh/ fx+tu)dt, 0O<h<m zel0,n], —oo<u< oo,
—h

which is linear and bounded by [6], moreover ||(on f)|,.) < c1[[f]l,) for some
constant ¢y > 0.
For f € L‘gg) we define also the best approximation number

Ly, (f)p(‘) = i:}lf If - Tn”p(.)
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by trigonometric polynomials

n
T) = Z cpett”
k=0

of degree at most n and by 7} the best approximation trigonometric polynomial
of degree < n, such that

1 = Tole = Ba (£ -
Let f € ng). We define a convolution type operator
o

| @np o

with a bounded variation function o (u) on the real line R and denote

D(f,0,h,p () H/ (0nf) (- w) dor ()

(")

In this work, we estimate the quantity D (f,o,h,p(:)) using the best
approximation number Eyp (f),.)-

Our new results are following;:

THEOREM 1. If f € Lp(') with p(+) €fax, then
.D (f ag, h p < CZE2k 1 (52k A +c ()E2m+1 (f)p()

for every m € N, where

2kt

Sy P o= > y&(m)—&((z“)h)\+]&(2’%),
=2k

o(x) :/ Sm(ux)da(u), O<h<m.
oo UT

THEOREM 2. Let f € Lg;) with p(-) €foxp(-) and let F (z) be a function
with bounded variation, i.e.
2111
IF (@) <er, Y |F(0h)=F((0+1)h)| <cyy h<27™
g=2u
If o1 and o9 are two functions satisfying the condition

o1(x) =69 (x) F(z), |z|<1,

then
D(f, 017h7p(')) =cC D(fv Uth’p(')) + Eom+1 (f)p() .
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Using the usual shift f(z+1t) in the definition of the convolution operator
Theorems 1 and 2 in the Orlicz spaces were proved in [13]. In the weighted
Orlicz spaces in term of the mean value operator (o, f) (z,u), Theorems 1 and
2 were obtained in [10]. We also use this operator in the variable exponent

)

9 » because ng
shift f(z +t).
Throughout this paper, the constant ¢ denotes a generic constant, i.e.
a constant whose values can change even between different occurrences in a
chain of inequalities.

spaces L) ¢) in general is non invariant with respect to the usual

2. AUXILIARY RESULTS

As was proved in [15], if p (-) € Bay, then the system {eik‘”}kez of expo-

: p()
nents greats a base in the space L,

, which is equivalent to the inequality

where

S (f) (@)= > fr (@)™
k=—n
is the nth partial sum of the Fourier series

> R 1 27 »
Sohet s fi@ =5 [ ey
T Jo
k=1
of f. This inequality implies the following
LEMMA 1. If f € ng) with p(-) €for, then

”f - Sanp(.) <cE, (f)p(.) .
Proof.

1f = Sufllpy < IF = Tallyey + I1S0f = Tullyg,
En (f)py + 1180 (f = To) |y
E'n (f)p(.) +c H(f - T”)Hp(‘)

1B ()

with some constant c¢;=ci(p)s 0. O

IANIA AN IA

The proofs of the following two Theorems A and B can be found in [4,
p. 27, Theorem 2.26] and [18, p. 39, Theorem 1.6.5], respectively.
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THEOREM A. Let p : [0,27] — [1,00) be a 27 periodic, measurable func-
tion. If f € Lg;) and g € L27r(), where 1/p(-) +1/p (-) = 1, then fg € L}
and

27
/0 |f () g ()| dz < Ky [1f 1l Nl
with
Ky = 1/p- —1/py + 1.

THEOREM B. Letp(-):[0,27] — [1 oo) and let f :[0,2x] x [0,27] — R
be a measurable function and f (-,y) € L for every y € [0,27]. Then

7f<-,y>d / 1 o)l dy
0

with some positive constant ¢ = Cp(-) -
THEOREM C ([6]). Iff € ng) with p(-) €fax, then the mazimal operator

e W ACIL

I x

s bounded in ngr') and
1Ml < ellflle

with some constant ¢ = Cp(-) > 0.

THEOREM CF ([4, p. 212]). Let & be a family of pairs (f,g) of non-
negative, measurable function f and g defined on (0,27) such that for all
w € Apy(0,27) with some pg > 1

2w

/ @@ de<c [ @w@)ds, (L)€,

0

where a constant c¢ independent of (f,g). If p(-) Gfggﬂ, then for every r,
1 <r < oo, and sequence {(fi,gi)} C &
1/r
i

(=)

p(") (")
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LEmMMA 2 ([11]). Let f € ng) with p(-) €for. If A (x) = € f; and
Ay-1 (z) =0, 1=0,1,2,..., then

271 2\ 1?2
cr 1fllpe) < Z Z A(z) <ca|[fllpey -
j=0 |1=27-1

p()

LEMMA 3. Let {fn}7° be a sequence of functions fneLp() with p (-) €fax
and let Sy, i, be the kth partml sum of fn with k = k,. Then

00 1/2 00 1/2
(2.1) (Z |Sn e (w)\2> (Z | fn (w)\g)
n=1 () n=1

with some constant ¢ > 0 independent of fy.p

p(*)

Proof. The inequality (2.1) is a consequence of the extrapolation Theo-
rem CF (for the case of r = 2, g; :== f; and f; = [Si, (¢)], i = 1,2,...,)
and of the norm inequality, proved by Kurtz in [12] in the weighted Lebesgue
spaces LY.

Let Lgp,,, be the set of all bounded functions with compact support on

[0, 27]and let { fn}7° be a sequence in L, . If

comp*

00 1/2 1/2
= (Z I <x)\2) and Tf (z (Z | S ( ) ,
n=1

then by [12] for a number pg with 1 < pg < oo there is a constant ¢ such that
for all weight w € A,

1T Fllpy o < €1 Mg o
Hence the conditions of the above cited extrapolation Theorem CF are fulfilled
which implies the inequality (2.1) for the sequence in {f, }7° from L2, . Since

com
the set Lgy,,, is dense in ng) the inequality (2.1) is also valid for all se:uences
{fn}7° from ng). O
THEOREM D. Let Mg, A1, ... be a sequence of the numbers such that
21
(2.2) NI SM, D A=Al <M (1=0,1,2,..).

v=2!

Ifp (") €ﬂ2n and ay, b, be the Fourier coefficients of f € LY PO then the series

2m

apAo/2 + Z Ay (ay, cos vz + by, sinvx)

v=1
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1s the Fourier series of function F € ng) and
1E ey < el fllpe
with some constant ¢ = ¢,y > 0 independent of f.

Proof. Let for s > 21 n=1,2,...

o= Z Ay (), Ay (x) = aycosvx + by sinvx

v=2+-1

21 21

Z A, (x) and A;L = Z Ay ()
v=2k-1 v=2#-1

As in [19, p. 347] we have the estimation

12 2H—1
‘AM‘ §2M< 3 AP s = Al + 1A% o] | -

s=2+—1

Since p (z) < p4+ by Lemma 3 and (2.2)

. 1/2 b /o p(z)/2
;12 i ;12
Pp(-) Z ‘Au - / Z ’Au dz
p=1 0 p=1
b [ oo e p(z)/2
</ ZW( > \AM,SFMS—MHAuFMm) da
0 p=1 s=2#—1
. iy p(z)/2
:/ (2M)P)/2 Z( > |AM|2|AS—ASH|+\Au|2|xguy> dz
0 p=1 \s=2n—1
. . p(z)/2
< c/ (2M)P@)/2 Z 1A, ( > e = Aap| + |A2M\> da
0 n=1 s=2+—1
or - p(x)/2 o [ 50 p(z)/2
< c/ (2M)P+ Z |A#|2 dz < 03/ Z ]AM\Q dz

1/2

= C3Pp(") Z |A,Uf|2 )
pn=1
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which by Lemma 2 implies that

- 1/2
, 12
(Z %) )
p=1
p(*)

- 1/2
€3 (Z AM2) <c ||f||p(.) - U
pn=1

p(+)

IN

1Pl

IN

3. PROOFS OF MAIN RESULTS

Proof of Theorem 1. Let f € ng), m € N and let Syms1 be the 27 +1¢h
partial sum of its Fourier series.
Let also h < 2=™"1 Then

D(f,ohp() < H [ o) .0 = @100 1) )l

p(*)
(3.1) n H [ oSz ) o (0

p()
By applying Theorems B and C and Lemma 1 in the first term, we have

| on) @) = @1 ) (@, 10)do (1)

(")
p() / [(onf) (- u) = (onSam+1 f) (-, u) .y do ()

IA
=

= Koy [ NonlF = Synn ) () gy dor ()

< s Ky / 1f = Sgm+1 fl,y do (w)
o

< 5Ky Eamer () /_ - do (u) < e6 By (£ -

Without loss of generality, we suppose that the Fourier series of f is

Ak (iL') = Z f‘keikx_
k=1

o0

k=1
Then

| oSy o
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00 h
_ /_m[;h /_h Syer f (2 + tu) di]dor (u)

amtl_y

S | h .
— / [7 / Z fkezk(x-i—tu) dt]dU (u)
—oo 2h J_p —
0o q 2mH-1 h
= / [— Z fkei’m/ ektudt)do (u)
oo 2D P —h
co 1 2mH-l ho
= / [— Z Ay, (aj)/ e dt]do (u)
oo 2D P —h
2mt—1 oo ikhu —ikhu
P e e
= A d
; k(@) /_OO 2ikhu o (u)
oamtl_1
(3.2) - A (2)6 (kh),
k=1
and hence by (3.2) and (3.1)
am+l_j

(33> D (fa g, hvp()) < Z Ak (x) o (kh) + coEgm+1 (f)p() :
b= ()

Now, by inequality (a 4+ b)Y < a? + bP, which holds for every positive numbers
a and b in the case of 0 < p < 1 and by Lemma 2

amtl_g

> Ay (x)6 (kh)
k=t P()

m |2kt1_1 2
< (B[S e )

k=0 | [=2k

m 1/2
o =c¢ (ZA%0>

k=0

1/2

p()

p(+)

< c

m
D> Ak
k=0

<e ) 1Akollyy-
(") k=0
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On the other hand, applying the Abel transformation to the sum

2k+1_1
Apo= Y A(z)s(in)
1=2F

we have

2kt

DNpo = Y [Si(f.2) = Syeery ()] [6 (1) =& ((L+1) )]
1=2k

+ [Syeri 1 (F,2) = Sor_y (fr2)] 6 (2’%)

and then

2k+1_1

18kallyy < D2 1S1(F) = Sksn (Dl 16 th) = 6 ((L+ 1) b))
=2k
|7 (241)
= 82 (1) = Seer (Dl |6 (2’% _

—+...+ HSzk_H (f) - SQIH'I (f)”P(

+ H52k+1_1 ( Sgk 1 H

+ HSQk-‘rl,l ( Szlc 1 H

& 2’%) —&((2’“+1> h>’ ¥
+ [HS?’“H - pr(.) + ||Sor+1 (f) — fH ] ‘a <<2k+1 1) h) — & (2’%)’
(f)

+ [HSQHIA (f) - f“p(-) + HSQk 1 fH } ( h>‘
< cEor_, (f)p(.) Oak -

Hence

amtl_q

Ay (x) 6 (kh) <CZE2k L (F)p() Ok
(")

and by (3.3) we obtain the required inequality. [

k=1

Proof of Theorem 2. Let f € ng). Repeating the techniques used for the
estimation of the quantity D (f, o, h,p(-)) from Theorem 1, we have
(3.4)

fa 01, h p H/ UhS2m+lf )d0'1 (U)

oy Bamr (f)p() -
p()
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On the other by (3.2) and Lemma 1

00 amtl_g
/ (@3Smin f) (mw)dor )| = | 37 Aw(@)én (kh)
—o0 p(*) k=1
p(*)
amtl_1 amtl_1
= || Y Av@)oa(kh)F (k)| =|| > fre* 6o (kh) F (kh)
k=1 k=1
p(-) p(*)
amtl_] 00
<o X heman@n| =c| [ @S @wdn W
k=1 - p(")

p(+)

= ¢ /_00 Som+1 (o f) (x,u) doa (u)

S e

= c¢||Sgm+1 /00 (onf) (z,u)dos (u)

—0o0

p()
The last inequality together with (3.4) implies the required relation. [
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