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MULTIPLIER THEOREMS
IN WEIGHTED SMIRNOV SPACES

ALl GUVEN AND DANIYAL M. ISRAFILOV

ABSTRACT. The analogues of Marcinkiewicz multiplier theorem and Litt-
lewood-Paley theorem are proved for p-Faber series in weighted Smirnov
spaces defined on bounded and unbounded components of a rectifiable
Jordan curve.

1. Introduction and the main results

Let T be a rectifiable Jordan curve in the complex plane C, and let G := IntT,
G~ := ExtI". Without loss of generality we assume that 0 € G. Let also

D:={z€C:|z|]<1}, T:=0D, D :=C\D.
We denote by ¢ and ¢, the conformal mappings of G~ and G onto D,
respectively, normalized by

@ (00) = o0, limM>0

z—o00 2
and
1 (0) = o0, lin})chl (z) > 0.

The inverse mappings of ¢ and ¢, will be denoted by ¥ and 1, respectively.
Let 1 < p < oo. A function f is said to belongs to the Smirnov space E, (G)
if it is analytic in G and satisfies

sup [ 1 (2)1 |z < o,
0<r<1

T,
where T, is the image of the circle {z € C : |z] = r} under a conformal mapping
of D onto G. The functions belong to E, (G) have nontangential limits almost
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1536 ALI GUVEN AND DANIYAL M. ISRAFILOV

everywhere (a.e.) on I', and these limit functions belong to the Lebesgue space
L, (T"). The Smirnov space E, (G) is a Banach space with respect to the norm

1/p

115, = 1y = | [ 17 GO la
I

The Smirnov spaces E, (G7),1 < p < oo are defined similarly. It is known that
¢ € E1(G7), ¢] € E1(G) and @', ¢} € E; (D7). The general information
about Smirnov spaces can be found in [3, pp. 168-185] and [4, pp. 438-453].

Let w be a weight function (nonnegative, integrable function) on I' and let
L, (T',w) be the wweighted Lebesgue space on T, i.e., the space of measurable
functions on I' for which

1/p

ey i= | [IF@PwEa | <.
I

The w-weighted Smirnov spaces E, (G,w) and E, (G~,w) are defined as
E,(Gw):={f€E(G): feL,T,w)}
and
E, (G ,w):={febE (G):feL,(T,w)}.
We also define the following subspace of E, (G~,w) :
B, (G™,w) = {f € B, (G™,w): f(00) =0}.

Let 1 < p < 0c. For k=0,1,2, ..., the functions " (¢')"/? and " /? (})!/?
have poles of order k at the points co and 0, respectively. Hence, there exist
polynomials Fj, ;, and ﬁlw of degree k, and functions Ej, ; and Ek,p analytic in
G~ and G, respectively, such that the following relations holds:

(" (@ (NP = Fap(2)+ Eiplz), z€G™
lor ()P (G (DY = Fup(1/2) + By (2), 2 € G\{0}.
The polynomials Fy, ;, and ﬁk)p (k=0,1,2,...) are called the p-Faber poly-

nomials for G and G, respectively. It is clear that Fy, (1/2) = 0.
It is known that the integral representations

1 wk (¢ (w))'
F; = — - ~ 77 > 1
kp (2) o / o (W) — 2 dw, ze€G, R>
lw|=R
~ L[ e/ (g (w) 7
F 1 = —— - > 1
kp (1/2) 5 () —2 dw, z€G~, R>

lw|=R
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and the expansions

LACO) R < VY -
& w_zl@gﬂ, i€ weD-,
w P (P (w) TP S B, (1/2) _ _
(2) 1/11(10)—2 = _W’ zeG ,weD™,
k=1

holds (see [6]).
Let f € E, (G,w). Since f € E1 (G), by Cauchy’s integral formula, we have

(w 1/p 1-1/p
1= o [ L (LN g

2mi g—z (w) z
r

Hence, by taking into account (1) we can associate with f the series

(3) F(2)~Y ar (f) Frp(2), 2€G,

where

/ 1/p
_L/f(i/}(w))(dj (w)) dw, k=012 ..

By the Cauchy formula and (2) we can also associate with f € Ep (G7,w) the
series

(4) Zak )Fep(1/2), z€G,

where

w /w 1/Pw/p
'dk(f):z%i/f(wl( ) (@1 (w) ’ dw, k=1,2,....

wk+1
T

The series (3) and (4) are called the p-Faber series, and the coefficients ay, (f)
and ay, (f) are called the p-Faber coefficients of the corresponding functions.

Definition 1. A rectifiable Jordan curve I' is called a Carleson curve if the
condition

1
sup sup — |T'(z,¢)] <
2€T e>0 €

holds, where T (z,¢) is the portion of I' in the open disk of radius e centered
at z, and |T" (z,¢)| its length.
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Definition 2. Let 1 < p < co. A weight function w belongs to the Mucken-
houpt class A, (T') if the condition

p—1

1 1 _ _
sup sup | — / w(T) |dT] - / [w(1)] /=1 |dT| < o0
z€l >0 | € £

I'(z,e) [(z,)

holds.

The Carleson curves and Muckenhoupt classes A, (I') were studied in details
in [1].

We consider the sequences {A}," of complex numbers which satisfies the
following conditions for all natural numbers k£ and m:
2™ 1
(5) |)\k| <egc, Z |)\k — )\k+1| <ec.
k=2m—1

For a given weight function w on I' we define two weights on T by setting
wo :=wo and w1 1= w o 1Y1.

We shall denote by ¢, ¢, ... the constants (in general, different in different
relations) depending only on numbers that are not important for the questions
of interest.

Our main results are the following;:

Theorem 1. Let I' be a Carleson curve, 1 < p < 00, w € A, (I") and wy €
A, (T). If f € E, (G, w) with the p-Faber series (3) and {\,}, is a sequence of
complex numbers which satisfies the condition (5), then there exists a function
F € E, (G,w) which has the p-Faber series

F(2) ~ Y Mear (f) Frp (2), 2€G,
k=0

and ||F||LP(F,w) <a ||f||Lp(r,w) :
Similar theorem holds for f € Ep (G~ w):

Theorem 2. Let T’ be a Carleson curve, 1 < p < oo, w € A,(T") and
wy € A, (T). If f € E,(G~,w) with the p-Faber series (4) and Mty s a
sequence of complex numbers which satisfies the condition (5), then there exists
a function F € Ep (G~ ,w) which has the p-Faber series

F(z) ~ Z)\kak (f)Fep(1/2), z€G™
k=1

and |[Fll ey < c2[fllz, rw) -
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For Fourier series in Lebesgue spaces on the interval [0,27] the multiplier
theorem was proved by Marcinkiewicz in [11] (see also, [16, Vol. II, p. 232]). For
weighted Lebesgue spaces with Muckenhoupt weights the similar theorem can
be deduced from Theorem 2 of [9]. The analogue of Theorem 1 in nonweighted
Smirnov spaces was cited by V. Kokilashvili without proof in [8].

We introduce the notations

Ay ()= S a; () Erp (2)
and
~ 21“’71 ~
R ()= 3 a(H)Fp(1/2)

for f € E,(G,w) and f € Ep (G~,w), respectively. By virtue of Theorems 1
and 2 we prove the following Littlewood-Paley type theorems:

Theorem 3. Let I' be a Carleson curve, 1 < p < 0o, w € A, (') and wy €
A, (T). If f € E, (G,w), then the two-sided estimate

o 1/2
©)  eslfllywa < (Z Ay (f)|2> < eallflly,

h=0 Ly(Pw)
holds.

Theorem 4. Let I' be a Carleson curve, 1 < p < 00, w € A, (') and w1 €
A, (T). If f € E, (G~ ,w), then the two-sided estimate

1/2

L 2
(7) C5 Hf”Lp(F,w) < (Z ’Ak,p (f)‘ ) < C6 ”fHLP(F,w)
=0

- L,(T\w)
holds.

Such theorems were firstly proved by J. E. Littlewood and R. Paley in [10] for
the spaces L, (T), 1 < p < oo (see also, [16, Vol II, pp. 222-241]) and play an
important role in the various problems of approximation theory. For example,
in [14], M. F. Timan obtained an improvement of the inverse approximation
theorems by trigonometric polynomials in Lebesgue spaces L, (T), 1 < p < o0
by aim of the Littlewood-Paley theorems. Timan also improved the direct
approximation theorem by using the same results [15]. By considering the ana-
logue of Littlewood-Paley theorems in Smirnov spaces E, (G), V. Kokilashvili
obtained very good results on polynomial approximation in these spaces [8].
For the spaces L, (T,w), where w € A, (T), the Littlewood-Paley type theorem
can be obtained from Theorem 1 of [9].
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In Theorems 1-4, it is assumed that I' to be a Carleson curve and the weight
functions to be Muckenhoupt weights. Because, proofs of Theorems 1-4 depend
on the boundedness of the Cauchy singular operator, and the Cauchy singular
operator is bounded on the space L, (I',w) if and only if I" is a Carleson curve
and w € A, (') (see Theorem 5).

2. Auxiliary results

Let T be rectifiable Jordan curve and f € Ly (T'). The functions f and f~
defined by

(8) ft(z) = % %dg z € G,
<

and

(9) ) =g j%dg, cea,
I

are analytic in G and G, respectively, and f~ (c0) = 0.

It is known that [5, Lemma 3] if " is a Carleson curve and w € A, (I'), then
ftTeE,(G,w)and f- € E, (G ,w) for f€ L, (I w),1<p< oo.

Since f € Ly (T'), the limit

B | f(<)
Sr(f)(2) = ;E%% - ds
I\I(z.¢)
exists and is finite for almost all z € T' (see [1, pp. 117-144]). Sr (f) (2) is
called the Cauchy singular integral of f at z € T.
The functions f™ and f~ have nontangential limits a.e. on I and the for-
mulas

1 _ 1

(1) =S (NE+ 36, fE) =5 ()G -5/ ()
holds for almost every z € T' [4, p. 431]. Hence we have
(11) f=rr—f
a.e. on I'.

For f € Ly (T'), we associate the function St (f) taking the value Sr (f) (2)
a.e. on I'. The linear operator St defined in such way is called the Cauchy sin-
gular operator. The following theorem, which is analogously deduced from

David’s theorem (see [2]), states the necessary and sufficient condition for
boundedness of St in L, (T',w) (see also [1, pp. 117-144]).

Theorem 5. Let I' be a rectifiable Jordan curve, 1 < p < oo, and let w be a
weight function on I'. The inequality

St (f)“L,,(r,w) < ¢ ”fHLp(I‘,w)
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holds for every f € L, (I',w) if and only if T is a Carleson curve and w €
A, (D).

Let P be the set of all algebraic polynomials (with no restrictions on the
degree), and let P (D) be the set of traces of members of P on D. If we define
the operators T}, : P (D) — E, (G,w) and T}, : P (D) — E, (G~,w) as

w) (¥ (w)) 7P
T, (P)(2) = %/P( L(pr)(—))z dw, €@
and
_ w) w=2/P (¢ (w)) P
7,(P) () = s [ - (US/“_(Z ) g, seq,

then it is clear that

n n n n
T (Zakwk> =Y aFiyp(2), T, (Zakwk> = arFi,(1/2).
k=0 k=0 k=0 k=1

Taking into account (8), we get

T, (P) () = [(Pog) ()] ()

for 2/ € G. Taking the limit 2’ — 2z € T" over all nontangential paths inside T,
we obtain by (10)

T, (P) () = 5 [(Pog) (&)"7] () + 5t [(Po) ()] (2)

for almost all z € I'. Similarly, by considering (9) and taking the limit along
all nontangential paths outside ', by (10) we get

T,(P)(2) = % [(Pown) e (e1)'7] (2) = 8t [(Pop) o1 ™7 (#) 7] (2)

a.e. on I'.
Therefore we can state the following theorem as a corollary of Theorem 5:

Theorem 6. Let I' be a Carleson curve, 1 < p < oo, and let w be a weight
function on I'. The following assertions hold:

(a) Ifwe A, (') and wy € Ay, (T), then the linear operator
T,:P(D) C E, Dyw) — E, (G,w)

is bounded.
(b) Ifwe Ap(T) and w1 € Ay (T), then the linear operator

T,:P(D) C E,(D,w,) — E, (G™,w)

is bounded.
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Hence, the operators 7}, and Tp can be extended as bounded linear operators
to Ep (D, wp) and E, (D, w:), respectively, and we have the representations

w) (@' (w) P
7,(0) ()= g [ SN0 adu g€ By (Do),
and
~ 1 [g(w)w P () (w)" "
Ty (9) (2) = —5— s dw, g€ E,([D,w).
2mi L U1 (w)

Lemma 1. Let ' be a Carleson curve, 1 < p < oo, and w € A, (I'). Further
let g be an analytic function in D, which has the Taylor expansion g(w) =

f: oy (g) wk.
k=0

(a) If g € E, (D,wo) and wy € A, (T), then T, (g) has the p-Faber coeffi-
cients ay, (g), k=0,1,2,....

(b) If g € E, (D,w1) and wy € A, (T), then T, (g) has the p-Faber coeffi-
cients oy, (g), k =0,1,2,

Proof. Let’s prove the statement (b). The statement (a) can be proved simi-
larly.
If we set

gr (W) =g (rw), 0<r<l,
and take into account that every function in F; (D) coincides with the Poisson
integral of its boundary function, we have by [12, Theorem 10]

lgr — g”Lp(Twu) =0, r—17,

and then the boundedness of the operator fp yields

(12) |7 (9~ T, (9)]

—0, r—1".
L,(T,w)

oo
The series Y ay (g) r*w* converges uniformly on T, hence,
k=0

~ 1 [ gr (w)w™2/P (9] (w)' /7

Ty (9r) (2) = s | o1 (W) — 2 dw
5 D B R A )
= kZ:Oak (g)r 2m’4 o (w) — 2 dw
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for z € G. By a simple calculation one can see that

1
1/Fm,p (wl%w)) w2/p (ﬁ}/l (’lU)) /pdw o { ]_, k =m

2mi wk+1 0, k#m
T

and as a corollary of this

ar (fp (gr)) =ap(g)r*, k=01,2,....

Therefore,

(13) i (T (9) = anlg), r—1",

On the other hand, by Holder’s inequality,

@ (7, (0) — i (T, ()|

1 /[Tp (9:) — T, (g)] (1 (w)) w?/? () (w))'/?

= |55 ] dw
T
< o [ (o0 - T9) (r @] |04 (@) 7]l
T
1/p
< 5 ( J1(@t9) - T @) @ @) 1 (@) 45 ) |dw|>
' 1-1/p
g (/ w (un (w))) dw)
T
1-1/p
- 5B -6, . ( [l @y dw) ,
T
and by (12)

ay (Tp (gr)) — ak (fp (9))
as r — 17. This and (13) yield that
i (Ty () =arle), k=012...

which proves the part (b) of Lemma 1.

1543
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3. Proofs of the main results

We need the following lemma to prove Theorem 1 and Theorem 2.

Lemma 2. Letw € A, (T), 1 < p < oo, and let {\i};~ be a sequence which
satisfies the condition (5). If the function g € E, (D,w) has the Taylor series

g(w) =Y ar(g)w*, weD,
k=0
then there exists a function g* € E, (D,w) which has the Taylor series
g (w) = Z)\kak (g)w®, weD,
k=0

and satisfies ||9*||Lp('ﬂ‘,w) <cs ||9||Lp('ﬂ',w)'

Proof. Let ¢ (g) (k=...,—1,0,1,...) denote the Fourier coefficients of the
boundary function of g. By Theorem 3.4 in [3, p. 38] we have

« , k>0
ck(g){ ko(g) k < 0.

By Theorem 2 of [9], there is a function h € L, (T,w) with Fourier coefficients
ce (h) = Akew (9) and ||All; poy < co llgllp, (v - If we take g* := AT, then
g* € E, (D,w). For Taylor coefficients of ¢*, we have by (11)

* _ + _ _ 1 1
ar(9") = o (ht) = 27ri/ ) dw 5 | o dw + o | d
T T a
1 h(w
=~ om w’(”z dw = ¢, (h) = Aper (9) = Ao (9)
T

for k =0,1,2,.... On the other hand,
||9*||Lp(1r,w) = Hh+HLP('ﬂ‘,w) < cio ||h||Lp(1r,w) < cn ||9||Lp(1r,w) )
and the lemma is proved. (I
We set for f € E, (G,w)
fo(w) = f (@ () @ @), weT,
and for f € Ep (G~,w)

fir (w) = f (1 (w) (W ()PP, weT.

It is clear that fo € L, (T,wp) and f1 € Ly, (T, w1) . Hence, if wy, w1 € 4, (T),
then 7 € E, (D,wy), fy € E, (D™, wo), fi € E,(D,w1), fi € E, (D™, w1).
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Proof of Theorem 1. Let f € E, (G,w). By the definitions of the coefficients
ak (f) and fo from (11), we get

A (), L w1 [ ()

= = d
@ (f) 2mi ) whktl 2mi ) whktl omi ) whrt Y
T T T
L[ fg (w) +
= 5ni) wrr =k (1)
T
for k=0,1,2,.... This means that the p-Faber coefficients of f are the Taylor

coefficients of f; at the origin, that is,
fif (w) = ar (fHw*, weD,
k=0
By Lemma 2, there is a function Fy € E, (D, wp) which has the Taylor coeffi-
cients oy, (Fy) = A\gag (f) for k=0,1,2,..., and

+
||F0||L,,(']I‘,wo) < C12 ||f0 HLT,(']I‘,oJO) !
Hence, T, (Fy) € E, (G,w) and by Lemma 1 the p-Faber coefficients of T}, (¥p)
are ay, (Fo) = A\rag (f), that is,
T, (Fo) (2) ~ Z)\kak (f) Fep(2), z€G.
k=0

On the other hand, boundedness of T},, (10) and the boundedness of the Cauchy
singular operator in L, (T, wy) yield

1T} (FO)HLP(F,W) < T ||F0|‘Lp('£r,w0) < s ||fg—||Lp(T7w0)
< Ci4 HfO”Lp(T,wg) = Ci4 ||fHLp(F,w) :

Hence taking F':= T}, (Fy) finishes the proof of Theorem 1. O

Proof of Theorem 2. By considering the formula of the p-Faber coeflicients of
feE, (G ,w),

A A, L A, 1 [ (w)

a(f) = 2mi ) wkt! T omi) whtt T op | kT dw
T T T
1 f1+ (w) +
T 9mi ) wht dw = oy, (fi") .
T

i.e., the p-Faber coefficients of f are the Taylor coefficients of f;". By Lemma 2,
there exists a function Fy € E, (D, w;) such that

Fi (w) = Z)\kak ) wk, weD,
k=0
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and
||F1||LP(T,UJ1) < cis Hfl-i_HLp(T,wl) !

Setting F' := Tvp (Fy), we obtain by Lemma 1
Z)\kak ka 1/2’) Z€G7,

and by boundedness of T, and (10) we obtain

F = |T,(F F
[ HLP(F,W) p( 1) Ly(Tw) — | 1‘|Lp(1r,w1)
< as }’ff_||LP(T,w1) < C16 ||.f1||Lp(']l’7w1) = C16 HfHLp(F,w)’
since the singular operator is bounded in L, (T,w1) . |

Proof of Theorem 3. Let {rk}go be the sequence of Rademacher functions and
let ¢t € [0,1] be not dyadic rational number. If we set Ag := 7o (¢) and
o=y (), 26T << 2k

then the sequence {\;},° satisfies the condition (5) . By Theorem 1 there exists
a function F € E, (G,w) such that

Z)\ aj Z’l"k Akp ( )

and
HFHLP(F,W) < ar ||f||Lp(r7w) :
On the other hand, since

oo

F(2)~ ) () Aiy () (2)

k=0
and {\;}, satisfies (5), there is F* € E, (G,w) for which

Z)\M“k ) Akp ( Zak ) Fep (

and

I ey < s 1F )
holds. Since there is no two different functions in E, (G,w) have the same
p-Faber series we have F* = f and hence

C19 ||f||Lp(F,w) < HF”Lp(F,w) <car HfHLp(F,w) :

From this we obtain

(14) e IFI7, (00 S/

P
t) Ay (f) (2)] w(2)lde| < ean IfIT 0 -
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By Theorem 8.4 in [16, Vol I, p. 213] we get

- 1/2
C22 (Z [Akp (f) (Z)|2> < Zrk ) Arp (f) (2)
k=0
o 1/2
< c23 <Z |Akp (f) (Z)|2> .
k=0

If we integrate all sides of (14) over [0, 1], change the order of integration and
use (15) we obtain (6). O

1
» /P

dt

(15)

Proof of Theorem 4 is similar to that of Theorem 3.

Let I be a Carleson curve, 1 < p < ooandw € A, (T"). For f € L, (I',w) we
have f* € E, (G,w) and f~ € E, (G~,w). Hence we can associate the series

Zak )Fip(2), z€G
and
Zak ) Frp(1/2), z€G™.

Since f = f* — f~ almost everywhere on I', we can associate with f the formal
series

(16) Zak ka Zak ka 1/2’)

almost everywhere on I‘. This series is called the p-Faber-Laurent series of the
function f € L, (T',w) (see [6]).
We can state the following corollary of Theorem 1 and Theorem 2.

Corollary. Let T' be a Carleson curve, 1 < p < 0o, w € A, (') and wy, w1 €
Ay (T). If f € Ly, (T,w) has the p-Faber-Laurent series (16) and {\,}," is a
sequence of complex numbers which satisfies the condition (5), then there exists
a function F € L, (T',w) which has the p-Faber-Laurent series

Z)\kak ka Z/\kak ka(l/z)

and satisfies |||, 0oy < 2 [lfllz, 0w -

References

[1] A. Bottcher and Yu I. Karlovich, Carleson Curves, Muckenhoupt Weights, and Toeplitz
Operators, Progress in Mathematics, 154. Birkhauser Verlag, Basel, 1997.

[2] G. David, Opérateurs intégrauz singuliers sur certaines courbes du plan compleze, Ann.
Sci. Ecole Norm. Sup. (4) 17 (1984), no. 1, 157-189.



1548 ALI GUVEN AND DANIYAL M. ISRAFILOV

[3] P. L. Duren, Theory of HP Spaces, Pure and Applied Mathematics, Vol. 38 Academic
Press, New York-London, 1970.
[4] G. M. Goluzin, Geometric Theory of Functions of a Complex Variable, Translation of
Mathematical Monographs, Vol.26, Providence, RI, 1969.
(5] D. M. Israfilov, Approzimation by p-Faber polynomials in the weighted Smirnov class
EP(G,w) and the Bieberbach polynomials, Constr. Approx. 17 (2001), no. 3, 335-351.
, Approzimation by p-Faber-Laurent rational functions in the weighted Lebesgue
spaces, Czechoslovak Math. J. 54(129) (2004), no. 3, 751-765.
[7] D. M. Israfilov and A. Guven, Approzimation in weighted Smirnov classes, East J.
Approx. 11 (2005), no. 1, 91-102.
[8] V. Kokilashvili, A direct theorem for the approzimation in the mean of analytic functions
by polynomials, Dokl. Akad. Nauk SSSR 185 (1969), 749-752.
[9] D. S. Kurtz, Littlewood-Paley and multiplier theorems on weighted LP spaces, Trans.
Amer. Math. Soc. 259 (1980), no. 1, 235-254.
[10] J. E. Littlewood and R. Paley, Theorems on Fourier series and power series, Proc.
London Math. Soc. 42 (1936), 52-89.
[11] J. Marcinkiewicz, Sur les Multiplicateurs des Series de Fourier, Studia Math. 8 (1939),
78-91.
[12] B. Muckenhoupt, Weighted norm inequalities for the Hardy mazimal function, Trans.
Amer. Math. Soc. 165 (1972), 207-226.
[13] P. K. Suetin, Series of Faber Polynomials, Gordon and Breach Science Publishers, Am-
sterdam, 1998.
[14] M. F. Timan, Inverse theorems of the constructive theory of functions in L, spaces
(1 < p < o0), Mat. Sb. N.S. 46(88) (1958), 125-132.
[15] , On Jackson’s theorem in Lp-spaces, Ukrain. Mat. 7. 18 (1966), no. 1, 134-137.
[16] A. Zygmund, Trigonometric Series, Vol. I-II, Cambridge Univ. Press, 2nd edition, 1959.

[6]

ALt GUVEN

DEPARTMENT OF MATHEMATICS
FACULTY OF ART AND SCIENCE
BALIKESIR UNIVERSITY

10145, BALIKESIR, TURKEY

E-mail address: ag_guven@yahoo.com

DANIYAL M. ISRAFILOV

DEPARTMENT OF MATHEMATICS

FACULTY OF ART AND SCIENCE

BALIKESIR UNIVERSITY

10145, BALIKESIR, TURKEY

E-mail address: mdaniyal@balikesir.edu.tr


https://www.researchgate.net/publication/243118478

