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We introduce the notion of a parametric S-metric space as generalization of a parametric metric space. Using some expansive
mappings, we prove a fixed-point theorem on a parametric S-metric space. It is important to obtain new fixed-point theorems on
a parametric S-metric space because there exist some parametric S-metrics which are not generated by any parametric metric. We
expect that many mathematicians will study various fixed-point theorems using new expansive mappings (or contractive mappings)

in a parametric S-metric space.

1. Introduction and Backgrounds

Contractive conditions have been started by studying
Banach’s contraction principle. These conditions have been
used in various fixed-point theorems for some generalized
metric spaces. Then expansive conditions were introduced [1]
and new fixed-point results were obtained using expansive
mappings.

Recently, the notion of an S-metric has been studied by
some mathematicians. This notion was introduced by Sedghi
etal. in 2012 [2] as follows.

Definition 1 (see [2]). Let X be a nonempty set and let S :
X x X xX — [0,00) be a function. S is called an S-metric on
X if,

(S1) S(a,b,c) =0ifand onlyifa=b =,
(S2) S(a,b,c) < S(a,a, x) +S(b,b, x) + S(c,c, x),

for each a,b,c,x € X. The pair (X,S) is called an S-metric
space.

Using the notion of an S-metric space, various meaning-
ful fixed-point studies were obtained by some researchers (see
[2-6] for more details).

The relationship between a metric and an S-metric was
studied and an example of an S-metric which is not generated
by any metric was given in [3, 4].

Later, the notion of a parametric metric space was
introduced and some basic concepts such as a convergent
sequence and a Cauchy sequence were defined in [7]. We
recall the following definitions.

Definition 2 (see [7]). Let X be a nonempty set and let P :
XxXx%(0,00) — [0, 00) beafunction. Piscalled a parametric
metric on X if,

(P1) P(a,b,t) =0ifand onlyifa = b,

(P2) P(a,b,t) = P(b,a,t),

(P3) P(a,b,t) < P(a, x,t) + P(x,b,t),
for each a,b,x € X and all t > 0. The pair (X, P) is called a
parametric metric space.
Definition 3 (see [7]). Let (X, P) be a parametric metric space

and let {a,} be a sequence in X:

(1) {a,} converges to x if and only if there exists n, € N
such that

P(a, x,t) <&, 1)



forall n > nyand all t > 0; that is,
lim P (a,, x,t) = 0. 2)

It is denoted by lim,,_, a, = x.

(2) {a,} is called a Cauchy sequence if, for all t > 0,

,Jim P (a,,a,,t) =0. (3)

(3) (X, P) is called complete if every Cauchy sequence is
convergent.

In the following definition, the concept of a parametric
b-metric space as generalization of a parametric metric space
was given.

Definition 4 (see [8]). Let X be a nonempty set, let s > 1 be
a real number, and let P : X x X x (0,00) — [0,00) be a
function. P is called a parametric b-metric on X if,

(Pbl) P(a,b,t) =0ifand onlyifa = b,
(Pb2) P(a,b,t) = P(b,a,t),
(Pb3) P(a,b,t) < s[P(a, x,t) + P(x,b,1)],

for each a,b,x € X and all t > 0. The pair (X, P) is called a
parametric b-metric space.

Notice that a parametric b-metric is sometimes called a
parametric s-metric according to a real number s > 1 in the
above definition (see [9]).

Some fixed-point theorems have been still investigated
using the notions of a parametric metric space and a para-
metric b-metric space for various contractive or expansive
mappings (see [7-10] for more details). For example, Hus-
sain et al. proved some fixed-point theorems on complete
parametric metric spaces and triangular intuitionistic fuzzy
metric spaces [7]. Also, Hussain et al. introduced the notion
of parametric b-metric space and investigated some fixed-
point results [8]. Jain et al. established some fixed-point,
common fixed-point, and coincidence point theorems for
expansive type mappings on parametric metric spaces and
parametric b-metric spaces [10]. Rao et al. obtained two
common fixed-point theorems on parametric s-metric spaces
[9].

The aim of this paper is to introduce the concept of a
parametric S-metric and give some basic facts. We give two
examples of a parametric S-metric which is not generated
by any parametric metric. We prove some fixed-point results
under various expansive mappings in a parametric S-metric
space. Also, we verify our results with some examples.

2. Parametric S-Metric Spaces

In this section, we introduce the notion of “a parametric S-
metric space” and give some basic properties of this space.
Also, we investigate a relationship between a parametric
metric and a parametric S-metric (resp., a parametric b-
metric and a parametric S-metric).
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Definition 5. Let X be a nonempty set and let Py : X x X X
X x (0,00) — [0, 00) be a function. P is called a parametric
S-metric on X if,

(PS1) Ps(a,b,c,t) =0ifand onlyifa=>b =,

(PS2) Pg(a,b,c,t) < Ps(a,a,x,t) + Ps(b,b,x,t) +
PS(C’ C, X, t))

for each a,b,c € X and all t > 0. The pair (X, P) is called a
parametric S-metric space.

Now we give the following examples of parametric S-
metric spaces.

Example 6. Let X = {f | f:(0,00) — R be a function} and
let the function Pg : X x X X X x (0, 00) — [0, 00) be defined

by
Py(fig ht)=|f () =h(t)|+]|g ) -h()|, (4)

for each f,g,h € X and all t > 0. Then Ps is a parametric
S-metric and the pair (X, Ps) is a parametric S-metric space.

Example 7. Let X = R and let the function Py : X x X x X x
(0,00) — [0, 00) be defined by

Ps(a,b,c,t)=g(t)(la=bl+|b—c|+]a-c|), (5)

foreacha,b,c € Randallt > 0, where g : (0,00) — (0, 00) is
a continuous function. Then P is a parametric S-metric and
the pair (R, Ps) is a parametric S-metric space.

Example 8. Let X = R U {0} and let the function P : X x
X x X % (0,00) — [0, 00) be defined by

0; ifa=b=c,
Ps(a,b,c,t) = (6)
g (t)max{a,b,c}; otherwise,

foreacha,b,c € Xandallt > 0, where g : (0,00) — (0, 00) is
a continuous function. Then P is a parametric S-metric and
the pair (X, P) is a parametric S-metric space.

We prove the following lemma which can be considered
as the symmetry condition in a parametric S-metric space.

Lemma 9. Let (X, Py) be a parametric S-metric space. Then
we have

P (a,a,b,t) = P; (b,b,a,t), (7)
foreacha,b e X and allt > 0.
Proof. Using the condition (PS2), we obtain
Py (a,a,b,t) < 2Pg(a,a,a,t) + Ps(b,b,a,t)
= PS (babaa)t))
(8)
Py (b,b,a,t) <2Ps(b,b,b,t) + Ps(a,a,b,t)

= Ps(a,a,b,1).
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From inequalities (8), we have

Ps(a,a,b,t) = Ps(b,b,a,t). 9)
O

Now we give the relationship between a parametric
metric and a parametric S-metric in the following lemma.

Lemmal0. Let (X, P) be a parametric metric space and let the
function PSP : X x X X X % (0,00) — [0, 00) be defined by

P§ (a,b,c,t) = P(a,c,t) + P (byc,t), (10)

for each a,b,c € X and all t > 0. Then PSP is a parametric
S-metric and the pair (X, Pf) is a parametric S-metric space.

Proof. It can be easily seen from Definitions 2 and 5. O

We call the parametric metric P as the parametric S-
metric generated by P. Notice that there exist parametric S-
metrics Py satisfying Py # Pg for all parametric metrics. We
give some examples.

Example 11. Let X = R and let the function Py : X x X x X x
(0,00) — [0, 00) be defined by

Ps(a,b,c,t) =t(la—c|+|a+c—2b|), 11)

for each a,b,c € R and all t > 0. Then P; is a parametric S-
metric and the pair (R, Ps) is a parametric S-metric space. We
have Ps # Pi; that is, Pg is not generated by any parametric
metric P.

Example 12. Let X = {f | f: (0,00) — R be a function}
and let the function Py : X x X x X x (0,00) — [0,00) be
defined by

P (f,g,h, t) - 'ef(t) _eh(t)l T 'ef(t) + M0 _2€g(t)|) (12)

for each f,g,h € X and all t > 0. Then P is a parametric S-
metric and the pair (X, Ps) is a parametric S-metric space. We

have Pg # PF; that is, P is not generated by any parametric
metric P.

In the following lemma, we see the relationship between
a parametric b-metric and a parametric S-metric.

Lemma 13. Let (X, P) be a parametric S-metric space and let
the function P : X x X x (0,00) — [0, c0) be defined by

P(a,b,t) = Ps(a,a,b,t), (13)

foreacha,b € X and allt > 0. Then P is a parametric b-metric
and the pair (X, P) is a parametric b-metric space.

Proof. Using condition (PS1), we see that conditions (Pbl)
and (Pb2) are satisfied. Now we show that condition (Pb3) is
satisfied. Using condition (PS2) and Lemma 9, we have

P(a,x,t) = Py(a,a,x,t)
<2Ps(a,a,b,t) + Ps (x,x,b,t)

=2P(a,b,t) + P (b, x,t),

(14)
P(a,x,t) = Py (x, x,a,t)
< 2P (x,x,b,t) + Ps(a,a, b, t)
= P(a,b,t) + 2P (b, x, 1),
which implies that
P(a,x,t) < % [P(a,b,t) + P(b,x,1)]. (15)
Then P is a parametric b-metric with s = 3/2. O

Remark 14. Notice that the minimum value of s is 3/2. So it
should be s # 1; that is, P does not define a parametric metric
in Lemma 13.

Definition 15. Let (X, Pg) be a parametric S-metric space and
let {a,} be a sequence in X:

(1) {a,} converges to x if and only if there exists n, € N
such that

Pg(a,,a,, xt)<e, (16)
forall n > ny and all t > 0; that is,
lim Py (a,, a,, x,t) = 0. 17)
It is denoted by lim,,_, a,, = x.
(2) {a,} is called a Cauchy sequence if, for all t > 0,
,Jim_ P (@, ay a,t) = 0. (18)

(3) (X, Ps) is called complete if every Cauchy sequence is
convergent.

Lemma 16. Let (X, P) be a parametric S-metric space. If {a, }
converges to x, then x is unique.

Proof. Letlim,_, a, = x and let lim,,_, a, = y with x # y.
Then there exists 1,1, € N such that
Ps(a,,a,, x,t) < -,
(19)

>

NIt | m

PS(an’an’y’t) <

for each e > 0,allt > 0, and n > n;,n,. If we take n, =
max{n;,n,}, then, using condition (PS2) and Lemma 9, we
get
Pg(x,x, y,t) < 2P (x,x,a,,t) + Ps(y, y,a,,t)
e e (20)
<-+-=¢
2 2
for each n > n,,. Therefore Ps(x, x, y,t) = 0 and x = y. O



Lemma 17. Let (X, Ps) be a parametric S-metric space. If {a, }
converges to x, then {a,} is Cauchy.

Proof. By the similar arguments used in the proof of
Lemma 16, we can easily see that {a,} is a Cauchy se-
quence. O

As a consequence of Lemma 10 and Definition 15, we
obtain the following corollary.

Corollary 18. Let (X, P) be a parametric metric space and let
(X, P) be a parametric S-metric space, where P; is generated
by parametric metric P. Then we have the following:

(1) {a,} = xin (X, P) ifand only if {a,} — x in (X, PSP).
(2) {a,} is Cauchy in (X, P) if and only if {a,} is Cauchy in
(X, PY).

(3) (X, P) is complete if and only if (X, Py is complete.

Definition 19. Let (X, Ps) be a parametric S-metric space and
let T : X — X be a self-mapping of X. T is said to be a
continuous mapping at x in X if

lim P (Ta,, Ta,, Tx,t) = 0, (21)
for any sequence {a,} in X and all > 0 such that

lim P (a,,a,, x,t) = 0. (22)

3. Some Fixed-Point Results

In this section, we give some fixed-point results for expansive
mappings in a complete parametric S-metric space.

Definition 20. Let (X, Pg) be a parametric S-metric space and
let T be a self-mapping of X.

(SP1) There exist real numbers k; (i € {1, 2, 3}) satistying
k; >0 (i € {2,3}) and k; > 1 such that

Py (Ta,Ta,Th,t) > k,Ps (a,a,b,t)
+kyP5(Ta,Ta,a,t) (23)
+ k3P (Tb, Th, b, t),
for each a,b € X andallt > 0.

Theorem 21. Let (X, Ps) be a complete parametric S-metric
space and let T be a surjective self-mapping of X. If T satisfies
condition (SP1), then T has a unique fixed point in X.

Proof. Using the hypothesis, it can be easily seen that T is
injective. Indeed, if we take Ta = Tb, then, using condition
(SP1), we get

0=Ps(Ta,Ta,Ta,t)
> k,Ps(a,a,b,t) + kyPs(Ta,Ta,a,t) (24)
+ k3P (Ta,Ta,b,t),
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for all t > 0 and so Ps(a,a,b,t) = 0; that is, we havea = b
since k; > 1.

Let us denote the inverse mapping of T by F. Let q, € X
and define the sequence {a,} as follows:

a, = Fa,,

(25)

n+1
0, =Fa,=F a,....

a, = Fa, = ano,..

Suppose that a,, # a,,, for all n. Using condition (SP1) and
Lemma 9, we have

P (a, 1,0, 1,a,,1)
=P (TT a1, TT "a, |, TT 'a,.t)
>k, Pg (Tﬁlan,l, T 'a, ,T 'a, t)
+kyPs (TT ' a, 1, TT 'a, 1, T 'a, y,t)
+ksPs (TT ' a,, TT a,, T ", t)
= k,Ps (Fa,_,, Fa,_,, Fa,,t) (26)
+k,Pg(a,_;,a, 1, Fa, ;,t)
+ kP (a,, a,, Fa,,t)
= ki Ps (a4, 8,11) + Ky Ps (0,1, a1, 00 1)
+ k3 P (ay, a5 @15 1)
= (ky + k3) Ps (a,,a,, ., t)
+kyPs(a, 1,4, 1,,1),
which implies that
(1-ky) P (@15 81, ,1)

= (kl + k3) PS (an’ > Ay 1> t) .

(27)

Clearly, we have k; + k; # 0. Hence, we obtain

1-k,
ky + ks

PS (awan’ an+1’t) < PS (an—l’an—ban’ t) . (28)

If we put k = (1 - k,)/(k; + k3), then we get k < 1, since
ky + k, + k; > 1. Repeating this process in condition (28), we
find

Py (0> 15 t) < K"Ps (ag, g, a1,t) (29)

forallt > 0.
Let m,n € N'with m > n > 1. Using inequality (29) and
condition (PS2), we have

n

2k
PS (an,an, am>t) < EPS (a(); Aoy, al)t)- (30)

If we take limit for n,m — ©0, we obtain

,Jim P (G ay ay,t) = 0. (31)
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Therefore {a,} is Cauchy. Then there exists y € X such that

lima, =y, (32)

n—00

since (X, Pg) is a complete parametric S-metric space. Using
the surjectivity hypothesis, there exists a point x € X such
that Tx = y. From condition (SP1), we have

PS (an’ Ay Vs t) = PS (Tan+l’ Tan+1’ Tx’ t)

> ki Pg (@15 Gy %5 1)

(33)
+ kZPS (an’ Ay A1 t)
+k3Ps (3, y, x,t) .
If we take limit for n — 00, we obtain
0> (ky +k3) Ps (3,9, x,1), (34)

which implies that y = x and Ty = y.

Now we show the uniqueness of y. Let z be another fixed
point of T with y # z. Using condition (SP1) and Lemma 9,
we get

PS (y) y; Z, t) = PS (Ty, Ty, TZ, t)

>k Ps (v, 3, 2:t) + kyPs (3, . p0t)  (35)
+ k3P (z,2,2,t) = k1 Ps (3, v, 2, 1),

which implies that y = z, since k; > 1. Consequently, T has a
unique fixed point y. O

We give some examples which satisfy the conditions of
Theorem 21.

Example 22. Let X = R U{0} be the complete S-metric space
with the S-metric defined in Example 8. Let us define the self-
mapping T : R* U {0} - R U {0} as

Tx = Bx, (36)
for all x € R with 8 > 1, and the function g : (0,00) —
(0, 00) as

g(t) =1, (37)

for all t € (0,00). Then T satisfies the conditions of
Theorem 21 with k;, = fand k, = k; = 0. Then T has a
unique fixed point x = 0in X.

Example 23. Let X = R*U{0} be the complete S-metric space
with the S-metric defined in Example 8. Let us define the self-
mapping T : R* U {0} - R U {0} as

Tx=x+In(x+1), (38)

for all x € R with 8 > 1, and the function g : (0,00) —
(0,00) as

gty =t +t +t+1, (39)

for all t € (0,00). Then T satisfies the conditions of
Theorem 21 with k;, = min{ln(x + 1)/x : x # 0 € X} and
k, = k5 = 0. Then T has a unique fixed point x = 0 in X.

If we take k, = k; in condition (SP1), then we obtain the
following corollary.

Corollary 24. Let (X, Ps) be a complete parametric S-metric
space and let T be a surjective self-mapping of X. If there exist
real numbers k; (i € {1,2}) satisfyingk, > 1 and k, > 0 such
that

Py (Ta,Ta, Th,t)

> k,Ps(a,a,b,t) (40)

+ kymax {Pg (Ta, Ta,a,t), Py (Tb, Th, b, 1)},

foreacha,b € X andallt > 0, then T has a unique fixed point
in X.

If we take k; = kand k, = k; = 0and k; =kandk, =0
in Theorem 21 and Corollary 24, respectively, then we obtain
the following corollaries.

Corollary 25. Let (X, Ps) be a complete parametric S-metric
space and let T be a surjective self-mapping of X. If there exists
a real number k > 1 such that

Ps(Ta,Ta,Th,t) > kPs (a,a,b,t), (41)

foreacha,b € X andallt > 0, then T has a unique fixed point
in X.

Corollary 26. Let (X, Ps) be a complete parametric S-metric
space and let T be a surjective self-mapping of X. If there exist
a positive integer m and a real number k > 1 such that

Py (T"a, T"a, T™"b,t) > kPg (a,a,b,1), (42)

foreacha,b € X and allt > 0, then T has a unique fixed point
in X.

Proof. From Corollary 25, by a similar way used in the proof
of Theorem 21, it can be easily seen that 7" has a unique fixed
point a in X. Also we have

Ta=TT"a=T""a=T"Ta (43)

and so we obtain that Ta is a fixed point for T"'. We get Ta = a,
since a is the unique fixed point. O
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