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On Normal Subgroups of Generalized Hecke
Groups

Bilal Demir, Özden Koruoğlu and Recep Sahin

Abstract

We consider the generalized Hecke groups Hp,q generated by X(z) =
−(z−λp)−1, Y (z) = −(z+λq)

−1 with λp = 2 cos(π
p

) and λq = 2 cos(π
q

)
where 2 ≤ p ≤ q <∞, p+ q > 4. In this work we study the structure of
genus 0 normal subgroups of generalized Hecke groups. We construct an
interesting genus 0 subgroup called even subgroup, denoted by HEp,q .
We state the relation between commutator subgroupH ′p,q ofHp,q defined
in [1] and the even subgroup. Then we extend this result to extended
generalized Hecke groups Hp,q.

1 Introduction

In [2] Cangul and Bizim obtained the normal subgroups of genus 0 of Hecke
groups Hq using the regular map theory. They define a homomorphism of
Hq to finite triangle groups A4, S4, A5, Cn and Dn. Then the kernel of this
homomorphism forms a normal subgroup of genus 0. For such a subgroup N,
the quotient group Hq/N is isomorphic to one of these finite triangle groups.
The signatures of these subgroups presented by permutation method. For all
possible situations the number of genus 0 subgrups of Hq is calcuated .

The even subgroup He(λq) of Hq is defined in [3] and [4] for even values
of q. The structure of He(λq) can be obtained by mapping the two elliptic
generators of Hq to the element of order two in C2 and product of them to
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identity. It is stated in [4] that the commutator subgroup H ′q, defined in [5],
is normal in the even subgroup with index q.

Extended Hecke groups Hq defined in [6] and [7] by adding reflection
R(z) = 1

z to the generators of the Hecke group Hq. The first commutator

subgroup H
′
q is normal in Hq of index 4 for odd q, and 8 for even values of q.

Similar to the Hecke group case, the elements of extended Hecke groups can
be classified by odd and even types. Hence the even subgroup He(λq) of Hq

consists all of the even elements in Hq. For this reason Sahin and Bizim noted

that first commutator subgroup H
′
q is a normal subgroup of He(λq), and the

index is equal to 4 for even values of q.
In this paper, we focus on the normal subgroups of genus 0 of Hp,q. Firstly,

we obtain the structure of these subgroups. We give the number of normal
subgroups of genus 0 of generalized Hecke groups Hp,q, by using the same
method in [2] and [3] . In section 4, we give an interesting genus 0 subgroup
of generalized Hecke groups, called even subgroup and denoted by HEp,q

.
Let us begin with background definitions and facts about Hecke groups

and generalized Hecke groups.

2 Motivation and Background Materials

2.1 Hecke Groups

Hecke groups H(λ) are included in PSL(2,R), the orientation preserving
isometries of the upper half plane Ĥ, and generated by two linear fractional
transformations;

T (z) = −1

z
and U(z) = z + λ,

where λ is a fixed positive real number [8]. Let S = TU , i.e.,

S(z) = − 1

z + λ
.

Hecke showed that H(λ) is discrete if and only if λ = λq = 2 cos(πq ), q ≥ 3
integer, or λ ≥ 2. We denote the group obtained from the former case q ≥ 3
integer by Hq = H(λq). Hecke group Hq is isomorphic to the free product of
two finite cyclic groups of orders 2 and q,

Hq =< T, S : T 2 = Sq = I >' C2 ∗ Cq.

Some of the most popular Hecke groups are H3 = Γ = PSL(2,Z) (the

modular group), H4 = H(
√

2), H5 = H( 1+
√
5

2 ) and H6 = H(
√

3). The entries
of elements in Hq belongs to the ring Z[λq]. Hence all Hecke groups are
subgroups of PSL(2,Z[λq]).
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Each discrete subgroup G of PSL(2,R) has signature (g;m1,m2, ...,mk)
such that first r of them are finite integers greater than 1 and the rest of them
equals to infinity. Then G has presentation;

〈a1, b1, ..., ag, bg, x1, x2, ..., xk| xm1
1 , xm2

2 , ..., xmr
r = x1.x2. ... .xk.

g
i=1[ai, bi] = 1〉

(2.1)
Here x1, x2, ..., xr are elliptic generators and xr+1, xr+2, ..., xk are the parabolic
generators and g is the genus of the Riemann surface that G acts
discontiniously [9]. From this definition the Hecke group Hq has signature
(0; 2, q,∞).

Normal subgroups of Hecke groups which has genus 0 and related results
are studied in [2], [3] and [10]. The calculaton of the total number of these
groups, depends on the values of q, is made.

The commutator of two elements A and B in a group G defined as [A,B] =
ABA−1B−1. For any group G one can have an important subgroup generated
by all commutators, called the commutator subgroup of G. Commutator sub-
group is a normal subgroup such that the quotient group is the largest abelien
group i.e. let G be a group and N be the commutator subgroup and H be
another normal subgroup of G such that G/H is commutative then we have
G/H ≤ G/N. Commutator subgroups of Hecke groups Hq studied in [5].

The elements of Hq are one of the two forms;(
a bλq
cλq d

)
and

(
aλq b
c dλq

)
These are the matrix representations of the transformations

az+bλq

cλqz+d
and

aλqz+b
cz+dλq

.

The former one is called an even type and later one is called an odd.type. Note
that when q = 4, 6, then any transformation of one of these forms belongs to
Hq. Even types of elements in Hq, for even values of q, forms a normal sub-
group called even subgroup of index 2. Even subgroups and relations to the
first commutator subgroup H ′q of the Hecke group Hq is studied in [4].

Extended Hecke groups Hq defined in [6] and [7] by adding reflection
R(z) = 1

z to the generators of the Hecke group Hq. So Hq is normal in Hq of
index 2. We have the presentation;

Hq =< T, S,R : T 2 = Sq = R2 = (TR)2 = (SR)2 = I >' D2 ∗C2
Dq

The first commutator subgroup H
′
q is normal in Hq of index 4 for odd q,

and 8 for even values of q. Similar to the Hecke group case, the elements of
extended Hecke groups can be classified by odd and even types. Hence the
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even subgroup He(λq) of Hq consists all of the even elements in Hq. For this

reason Sahin and Bizim noted that first commutator subgroup H
′
q is a normal

subgroup of He(λq), and the index is equal to 4 for even values of q [6].

2.2 Generalized Hecke Groups

In [11] Lehner and Newman determined all faithfull representations of the
modular group and extended the result for Hecke groups. They studied the
representations of free product of two finite cyclic groups [12]. After these
studies Lehner introduced in [13] more general class Hp,q of Hecke groups Hq,
by taking

X =
−1

z − λp
and V = z + λp + λq,

where 2 ≤ p ≤ q ≤ ∞, p+ q > 4. Here if we take Y = XV = − 1
z+λq

, then we

have the presentation,

Hp,q =< X,Y : Xp = Y q = I >' Cp ∗ Cq.

We call these groups as generalized Hecke groups Hp,q. We know from [13]
that H2,q = Hq, |Hq : Hq,q| = 2, and there is no group H2,2. Also, all Hecke
groups Hq are included in generalized Hecke groups Hp,q.

From 2.1 we have the signature of Hp,q as (0; p, q,∞).

In [14] we defined extended generalized Hecke groups Hp,q, discrete sub-

group of isometries of Ĥ, by adding the reflection R(z) = 1
z to the generators

of Hp,q with presentation;

Hp,q =< X,Y,R : Xp = Y q = R2 = (XR)2 = (Y R)2 = I > .

The extended generalized Hecke group is isomorphic to the free product of two
dihedral groups of orders p and q amalgameted over C2.

Calta and Schmidt defined a continued fraction algorithm for groups H3,q

to show various properties of this group [15]. They studied Veech groups
commensureble with generalized Hecke groups and pseudo-Anasov maps in
[16].

We obtained all conjugacy classes of torsion elements of extended gener-
alized Hecke groups Hp,q. We give some properties of index of a subgroup
of Hp,q which has torsion [14]. In [1] we give the abstract group structure of
commutator subgroups of Hp,q and Hp,q. Also we studied the commutator
subgroups and power subgroups of Hp,∞(λ) (second kind of generalized Hecke
groups with signature (p,∞,∞) ) and Hp,∞(λ).
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3 Number of genus 0 normal subgroups

In this section we give the structure of normal subgroups of genus 0 of general-
ized Hecke groups after that we calculate the total number of these subgroups.

Theorem 1. Let p, q are integers such that 2 ≤ p ≤ q, p+ q > 4.
i) For every divisor n of q; the generalized Hecke group Hp,q has normal sub-
group of genus 0 with signature (0; p(n), qn ,∞).
ii) For every divisor m of p; the generalized Hecke group Hp,q has normal
subgroup of genus 0 with signature (0; pm , q

(m),∞).
iii) For every divisor k of (p, q)gcd; the generalized Hecke group Hp,q has nor-
mal subgroup of genus 0 with signature (0; pk ,

q
k ,∞

(k)).

Proof. Assume that n|q. Then we can obtain a homomorphism of Hp,q to the
cyclic group of order n, by mapping X to identity and Y to the generator of
Cn ' (1, n.n). This homomorphism gives us a normal subgroup of genus 0.
By permutation method we get the signature (0; p(n), qn ,∞).
Similarly we can obtain another homomorphism Hp,q → Cm ' (m, 1,m),
where m|p, by mapping X to the generator of Cm and Y to identity. So
we get a normal subgroup of genus 0 with signature (0; pm , q

(m),∞). Since
the cyclic group of order k can be represented as (k, k, 1), we can obtain a
homomorphism Hp,q → Ck by mapping X to the generator and Y to inverse
of the image of X and we get the subgroup (0; pk ,

q
k ,∞

(k)). It is important to
note that the trivial subgroup Hp,q is obtained in all cases because of every
positive number is divisible by 1.

Corollary 1. Let us denote the number of normal genus 0 subgroups of Hp,q

by N0. Then;
N0 ≥ d(p) + d(q) + d((p, q)gcd) + 1

where d is the number of divisors greater than one.

Theorem 2. If at least one of p and q is even number, the group Hp,q has
normal subgroup N of genus 0 such that;

i) N ' (0; p2
(n)
, qn

(2)
,∞(n)) if p is even and n|q.

ii) N ' (0; pn
(2)
, q2

(n)
,∞(n)) if q is even and n|p

iii) N ' (0; p2
(n)
, q2

(n)
,∞(2)) if p and q both even.

Proof. By mapping X to element of order 2 and Y to an element of order n in
Dn ' (2, n, 2) where n|q and n > 1. Using the permutation method we get a

normal subgroup of genus 0 of Hp,q with signature (0; p2
(n)
, qn

(2)
,∞(n)). Proof

of ii) and iii) can be obtained by presentations of Dn as (n, 2, 2) and (2, 2, n)
respectively .
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Remark 1. In view of iii) as in Theorem 2, note that there are infinitely
many normal subgroups of genus 0. This type of subgroups as described in iii
of Theorem 2 will not be considered in the remaining part of our study. Also
the normal subgroup that the quotient group is D2 ' (2, 2, 2), is identical in
all cases when p and q are both even.

In addition to Theorem 1 and Theorem 2 other normal subgroups of genus
0 can be obtained by thinking the groups A4, S4 and A5 as homomorphic
images of Hp,q. We can do this under some conditions of p and q.

Firstly, let p is even number. Then Hp,q has at most 5 more normal genus
0 subgroups.
i) If 3|q we can map Hp,q to A4, S4, and A5. Let A4 '< a, b : a2 =
b3 = (ab)3 >' (2, 3, 3). By mapping X to a and Y to b we have a homo-
morphism of Hp,q onto A4. This gives us a normal subgroup with signature

(0; p2
(6)
, q3

(4)
,∞(4)). If we map Hp,q to S4' (2, 3, 4) by taking X to the gener-

ator of order 2 and Y to the generator of order 3, we get a normal subgroup

with signature (0; p2
(12)

, q3
(8)
,∞(6)). Similarly we have another normal sub-

group with signature (0; p2
(30)

, q3
(20)

,∞(12)) by defining a homomorphism to
A5 ' (2, 3, 5).
ii) If 4|q we can map Hp,q to only S4 ' (2, 4, 3) and this gives us a normal

subgroup with signature (0; p2
(12)

, q4
(6)
,∞(8)).

iii) If 5|q there is a homomorphism of Hp,q to A5 ' (2, 5, 3). By permutation

method we get a normal subgroup with signature (0; p2
(30)

, q5
(12)

,∞(20)).
Secondly if 3|p we have four different cases.
i) If q is even there are three homomorphisms of Hp,q to A4 '< a, b : a3 =
b2 = (ab)3 >' (3, 2, 3), S4 '< a, b : a3 = b2 = (ab)4 >' (3, 2, 4) and
A5 '< a, b : a3 = b2 = (ab)5 >' (3, 2, 5) by mapping X to a and Y to b.

So we have three more normal subgroups with signatures (0; p3
(4)
, q2

(6)
,∞(4)),

(0; p3
(6)
, q2

(12)
,∞(6)) and (0; p3

(20)
, q2

(30)
,∞(12)) respectively.

ii) If 3|q we can map Hp,q to A4 ' (3, 3, 2) by taking X and Y to the generators
of order 3. This homomorphism gives us a normal subgroup with signature

(0; p3
(4)
, q3

(4)
,∞(6)).

iii) If 4|q we have another homomorphism to S4 ' (3, 4, 2) such that X is
taken to the generator of order 3 and Y is taken to the generator of order 4.

Then we obtain a normal subgroup with signature (0; p3
(8)
, q4

(6)
,∞(12)).

iv) If 5|q we can obtain another homomorphism to A5 ' (3, 5, 2) by mapping
X to the generator of order 3 and Y to the generator of order 5. Thus we have

a normal subgroup with signature (0; p3
(20)

, q5
(12)

,∞(30)).
Thirdly if 4|p we have two situations;
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i) If q is even there is a homomorphism of Hp,q to S4 ' (4, 2, 3) such that
X is taken to the generator of order 4 and Y is taken to the generator of
order 2. This homomorphism gives us a normal subgroup with signature

(0; p4
(6)
, q2

(12)
,∞(18)).

ii) We have another homomorphism to S4 ' (4, 3, 2) by mapping X to the
generator of order 4 and Y to the generator of order 3 necessarily 3|q. So we

have a normal subgroup with signature (0; p4
(6)
, q3

(8)
,∞(12)).

Finally if p is divisible by 5 we can only map Hp,q to A5;
i) If q is even the homomorphic image of Hp,q is (5, 2, 3), so we get a normal

subgroup with signature (0; p5
(12)

, q2
(30)

,∞(20)).
ii) We have another homomorphism to A5 ' (5, 3, 2) by mapping X to the
generator of order 5 and Y to the generator of order 3 necessarily 3|q. So we

have a normal subgroup with signature (0; p5
(12)

, q3
(20)

,∞(30)).
We examined all possible cases. As a conclusion we give the below theorem;

Theorem 3. Let p, q be integers such that 2 ≤ p ≤ q, p+ q > 4. Then there
are at least d(p) + d(q) + d((p, q)gcd) + 1 subgroups of genus 0 of generalized
Hecke groups Hp,q. The rest of other possible subgroups, depends on the values
of p and q, are given as below.

(p, 60) = 1



(q, 60) = 1
(q, 20) = 1 and 3|q
(q, 12) = 1 and 5|q
(q, 4) = 1 and 15|q

 0

(q, 60) = 2
(q, 20) = 2 and 3|q
(q, 15) = 1 and 4|q
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q
(q, 12) = 2 and 5|q
(q, 3) = 1 and 20|q

60|q


d(p)
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(p, 60) = 2



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q)− 1

(q, 20) = 1 and 3|q d(q) + 3
(q, 20) = 2 and 3|q d(p) + d(q) + 2

(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q

}
d(p) + d(q)

(q, 12) = 1 and 5|q d(q) + 1
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 3

(q, 4) = 1 and 15|q d(q) + 4
(q, 3) = 1 and 20|q d(p) + d(q) + 1

60|q d(p) + d(q) + 4

(p, 20) = 1 and 3|p



(q, 60) = 1 0
(q, 60) = 2 d(p) + 3

(q, 20) = 1 and 3|q
(q, 12) = 1 and 5|q

}
1

(q, 20) = 2 and 3|q
(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q

 d(p) + 4

(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q
(q, 3) = 1 and 20|q

 d(p) + 5

(q, 4) = 1 and 15|q 2
60|q d(p) + 6

(p, 20) = 2 and 3|p



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q) + 2

(q, 20) = 1 and 3|q d(q) + 4
(q, 20) = 2 and 3|q
(q, 3) = 1 and 20|q

}
d(p) + d(q) + 6

(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q

}
d(p) + d(q) + 4

(q, 12) = 1 and 5|q d(q) + 2
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 8

(q, 4) = 1 and 15|q d(q) + 6
60|q d(p) + d(q) + 10
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(p, 15) = 1 and 4|p



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q)

(q, 20) = 1 and 3|q d(q) + 4
(q, 20) = 2 and 3|q d(p) + d(q) + 4
(q, 15) = 1 and 4|q d(p) + d(q) + 1
(q, 12) = 1 and 5|q d(q) + 1
(q, 12) = 2 and 5|q d(p) + d(q) + 1
(q, 3) = 1 and 20|q d(p) + d(q) + 2

(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 5

(q, 4) = 1 and 15|q d(q) + 5
60|q d(p) + d(q) + 6

(p, 12) = 1 and 5|p



(q, 60) = 1
(q, 12) = 1 and 5|q

}
0

(q, 60) = 2
(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q
(q, 3) = 1 and 20|q

 d(p) + 1

(q, 20) = 1 and 3|q
(q, 4) = 1 and 15|q

}
1

(q, 20) = 2 and 3|q
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

60|q

 d(p) + 2

(p, 12) = 2 and 5|p



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q)

(q, 15) = 1 and 4|q d(p) + d(q) + 1
(q, 20) = 1 and 3|q d(q) + 4
(q, 20) = 2 and 3|q d(p) + d(q) + 4
(q, 12) = 1 and 5|q d(q) + 1
(q, 12) = 2 and 5|q d(p) + d(q) + 1

(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 5

(q, 4) = 1 and 15|q d(q) + 5
(q, 3) = 1 and 20|q d(p) + d(q) + 2

60|q d(p) + d(q) + 6
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(p, 5) = 1 and 12|p



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q) + 3

(q, 20) = 1 and 3|q d(q) + 5
(q, 20) = 2 and 3|q d(p) + d(q) + 8

(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q

}
d(p) + d(q) + 5

(q, 12) = 1 and 5|q d(q) + 2
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 10

(q, 4) = 1 and 15|q d(q) + 7
(q, 3) = 1 and 20|q d(p) + d(q) + 7

60|q d(p) + d(q) + 12

(p, 4) = 1 and 15|p



(q, 60) = 1 0
(q, 60) = 2 d(p) + 4

(q, 20) = 1 and 3|q 2
(q, 20) = 2 and 3|q
(q, 3) = 1 and 20|q

}
d(p) + 6

(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q

}
d(p) + 5

(q, 12) = 1 and 5|q 1
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + 7

(q, 4) = 1 and 15|q 3
60|q d(p) + 8

(p, 4) = 2 and 15|p



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q) + 3

(q, 20) = 1 and 3|q d(q) + 5
(q, 20) = 2 and 3|q d(p) + d(q) + 8

(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q

}
d(p) + d(q) + 5

(q, 12) = 1 and 5|q d(q) + 2
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 10

(q, 4) = 1 and 15|q d(q) + 7
(q, 3) = 1 and 20|q d(p) + d(q) + 7

60|q d(p) + d(q) + 12
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(p, 3) = 1 and 20|p



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q) + 1

(q, 20) = 1 and 3|q d(q) + 5
(q, 20) = 2 and 3|q d(p) + d(q) + 6
(q, 15) = 1 and 4|q d(p) + d(q) + 2
(q, 12) = 1 and 5|q d(q) + 1
(q, 12) = 2 and 5|q d(p) + d(q) + 2

(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 7

(q, 4) = 1 and 15|q d(q) + 6
(q, 3) = 1 and 20|q d(p) + d(q) + 3

60|q d(p) + d(q) + 8

60|p



(q, 60) = 1 d(q)
(q, 60) = 2 d(p) + d(q) + 4

(q, 20) = 1 and 3|q d(q) + 6
(q, 20) = 2 and 3|q d(p) + d(q) + 10

(q, 15) = 1 and 4|q
(q, 12) = 2 and 5|q

}
d(p) + d(q) + 6

(q, 12) = 1 and 5|q d(q) + 2
(q, 5) = 1 and 12|q
(q, 4) = 2 and 15|q

}
d(p) + d(q) + 12

(q, 4) = 1 and 15|q d(q) + 8
(q, 3) = 1 and 20|q d(p) + d(q) + 8

60|q d(p) + d(q) + 14
Our aim now is to find the normal genus 0 torsion-free subgroups of gen-

eralized Hecke groups. From the above theorem we have the following;

Theorem 4. The normal genus 0 torsion-free subgroups of generalized Hecke
groups are given in the table below;

N Hp,q index

(0;∞(4)) C H2,3 12

(0;∞(6)) C H2,3 24

(0;∞(12)) C H2,3 60

(0;∞(8)) C H2,4 24

(0;∞(20)) C H2,5 60

(0;∞(q)) C H2,q 2q

(0;∞(6)) C H3,3 12

(0;∞(12)) C H3,4 24

(0;∞(30)) C H3,5 60

(0;∞(p)) C Hp,p p

Brought to you by | Balikesir Üniversitesi
Authenticated

Download Date | 8/21/19 10:34 AM



On Normal Subgroups of Generalized Hecke Groups 180

Corollary 2. The number of normal genus 0 torsion-free subgroups of gener-
alized Hecke groups is;
4 if p = 2 and q = 3
2 if p = 2 and q = 4 or 5
1 if p = 2 and q > 5
2 if p = 3 and q = 3
1 if p = 3 and q = 4 or 5
1 if p = q > 3

4 Even Subgroups of Hp,q

In this section, we give an important normal subgroup of the generalized Hecke
groups Hp,q, for even values of p and q, called even subgroup. We use the

matrix representation

(
a b
c d

)
for the transformation az+b

cz+d in the rest of

our study.
In [16], Calta and Schmidt defined two types of elements of generalized

Hecke groups Hp,q; (
a bλq
cλq d

)
and

(
aλq b
c dλq

)
where a, b, c, d are elements of the trace field Kp,q = Q(λp/2, λq/2). These
elements are named even and odd respectively. Multiplication of two same
type of elements is even and multiplication of two different types is odd. The
matrix representations of the generators of Hp,q are;

X =

(
0 −1
1 (1− b)λq

)
and Y =

(
0 −1
1 −λq

)
with b =

λp+λq

λq
. These generators are odd type. As a consequence; every

element of the generalized Hecke group Hp,q is one of the two types as it can
be represented as a product of powers of the generators X and Y . We denote
the set of all event types of elements as HEp,q

, i.e.;

HEp,q =

{
E =

(
x yλq
zλq w

)
: E ∈ Hp,q

}
It is obvious that the set HEp,q forms a subgroup of Hp,q. The group Hp,q

is equal to union of two cosets;
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Hp,q = HEp,q ∪XHEp,q

Since the index is two, HEp,q
is a normal subgroup of Hp,q.

Theorem 5. The even subgroup of Hp,q is isomorphic to the free product
of infinite cyclic group and two finite cyclic groups of order p/2 and q/2.
Furthermore the signature of this subgroup is (0; p/2, q/2,∞(2)).

Proof. Since the order of the quotient group is two, there exists a homo-
morphism of the group Hp,q to the cyclic group of order two, by taking the
generators X and Y to the element of order two and XY to the identitiy.
Using the permutation method we have the signature of the even subgroup of
generalized Hecke group Hp,q as (0; p/2, q/2,∞(2)).
We can have the presentation of even subgroup by Reidemeister-Schreier method.
The presentation of the quotient group is;

Hp,q/HEp,q =< X,Y : X2 = Y 2 = (XY ) = I >

After choosing the Schreier transversal as Σ = {I,X} the algorithm follows;

I.X.(X)−1 = I I.Y.(X)−1 = Y.Xp−1

X.X.(I)−1 = X2 X.Y.(I)−1 = XY

Thus we find the generators from the relation, (Y.Xp−1).(XY ) = Y 2 , as X2,
Y 2 and XY. And we have the presentation;

HEp,q =< X2, Y 2, XY : (X2)p/2 = (Y 2)q/2 = (XY )∞ = I >' Cp/2∗Cq/2∗Z

If at least one of the integers p and q is odd, it is not possible to have an
even subgroup.

There is a relation between the even subgroup of the generalized Hecke
group Hp,q and commutator subgroup H ′p,q. We know from [1] that the com-
mutator subgroup H ′p,q is a normal subgroup of index p.q of generalized Hecke
group Hp,q. Since the definition of the commutator of two elements, the com-
mutator subgroup H ′p,q is included in even subgroup HEp,q . It is obvious that
the index of H ′p,q in HEp,q

is p.q/2. So we have;

Theorem 6. Let p and q be even integers. Then the commutator subgroup
H ′p,q of Hp,q is a normal subgroup of the even subgroup HEp,q

. Furthermore
the index is [HEp,q

, H ′p,q] = p.q
2 .

Corollary 3. Any subgroup of the commutator subgroup H ′p,q of generalized
Hecke group Hp,q consists of only even elements.
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The extended generalized Hecke groups Hp,q defined in [14] and obtained

by adding extra one generator R =

(
0 1
1 0

)
of order two, called reflection.

So the elements of Hp,q have determinant ±1. Let T be an element of Hp,q

with determinanat −1. It is easy to see from the presentation of Hp,q that
there is an element S in Hp,q such that T = R.S.

The definiton of odd and even elements can be generalized to extended
generalized Hecke groups.

Definition 1. We can classify the elements of Hp,q by;(
a bλq
cλq d

)
with ad− bcλ2q = ±1 is called even type(

aλq b
c dλq

)
with adλ2q − bcλ2q = ±1 is called odd type.

All generators of Hp,q are odd types from the above definition. Hence we
can obtain the even subgroup HEp,q of Hp,q for even values of p and q.

Theorem 7. The even subgroup of Hp,q defined as;

HEp,q =

{
E =

(
x yλq
zλq w

)
: E ∈ Hp,q

}
is a normal subgroup of Hp,q of index 2. Moreover;

Hp,q = HEp,q
∪XHEp,q

and the generators of HEp,q
are X2, XY, Y Xp−1 and XR.

Proof. It is obvious from the definitions of odd and even types of elements that
the index is 2. Since X is an odd element, then X /∈ HEp,q

. So we have the

other coset XHEp,q
. Now our aim is to find the generators of HEp,q

by using
the Reidemeister-Schreier method. Let us construct the Schreier transversal
as Σ = {I,X}. Then all possible products are listed below;

I.X.(X)−1 = I X.X.(I)−1 = X2

I.Y.(X)−1 = Y Xp−1 X.Y.(I)−1 = XY
I.R.(X)−1 = RXp−1 X.R.(I)−1 = XR

From the relations of the generators of Hp,q all generators of the even subgroup
HEp,q

are X2, XY, Y Xp−1, XR.

Now we want to state the relation between the commutator subgroup H
′
p,q

and the even subgroup HEp,q . For even values of p and q the commutator
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subgroup H
′
p,q is isomorphic to the product Cp/2 ∗ Cp/2 ∗ Cq/2∗ Cq/2 ∗ Z [1].

H
′
p,q consists of even types of elements because of the similar reason for Hp,q.

Theorem 8. Let p and q be even integers. Then the commutator subgroup

H
′
p,q of Hp,q is a normal subgroup of the even subgroup HEp,q

. Furthermore

the index is [HEp,q
, H
′
p,q] = 4

Proof. Since all commutators is even type, the inclusion is obvious. We know

from [1] the index of H
′
p,q in Hp,q is 8. Then the required index is 4.
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