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Abstract. The aim of the present paper is to introduce generalized Sasakian space
forms endowed with semi-symmetric metric connections. We obtain the existence the-
orem of a generalized Sasakian space form with semi-symmetric metric connection and
we give some examples by using warped products endowed with semi-symmetric metric
connection.

Mathematics Subject Classification 2010: 53C25, 53C15, 53B05.

Key words: generalized Sasakian space form, warped product, semi-symmetric me-
tric connection.

1. Introduction

The idea of a semi-symmetric linear connection in a differentiable mani-
fold was introduced by Friedmann and Schouten in [4]. Later, Hay-
den [5] introduced the idea of a metric connection with torsion in a Rie-
mannian manifold. In [12],Yano studied semi-symmetric metric connection
in a Riemannian manifold.

Furthermore, in [1], Blair, Carriazo and Alegre introduced the
notion of a generalized Sasakian space form and proved some of its basic
properties. Many examples of these manifolds were presented by using
some different geometric techniques such as Riemannian submersions, war-
ped products or conformal and related transformations. New results on
generalized complex space forms were also obtained.
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146 SIBEL SULAR and CIHAN ÖZGÜR 2

In [9], the present authors studied a warped product manifold endowed
with a semi-symmetric metric connection and found relations between curva-
ture tensors, Ricci tensors and scalar curvatures of the warped product
manifold with this connection.

Motivated by the above studies, in the present study, we consider gene-
ralized Sasakian space forms admitting semi-symmetric metric connections.
We obtain the existence theorem of a generalized Sasakian space form with
a semi symmetric metric connection and give some new examples by the
use of warped products.

The paper is organized as follows: In section 2, we give a brief intro-
duction on semi-symmetric metric connections. In section 3, the definition
of a generalized Sasakian space form is given and we introduce generalized
Sasakian space forms endowed with a semi-symmetric metric connections.
Some obstructions about a generalized Sasakian space form endowed with
a semi-symmetric metric connection are given. In the last section, the exis-
tence theorem of a generalized Sasakian space form with a semi-symmetric
metric connection is given by using warped product R×f N , where N is a
generalized complex space form. Moreover, in this section we obtain some
examples of generalized Sasakian space forms with non-constant functions
endowed with a semi-symmetric metric connection.

2. Semi-symmetric metric connection

Let M be an n-dimensional Riemannian manifold with Riemannian me-

tric g. A linear connection
◦
∇ on a Riemannian manifold M is called a

semi-symmetric connection if the torsion tensor T of the connection
◦
∇

(1) T (X,Y ) =
◦
∇XY −

◦
∇Y X − [X,Y ]

satisfies

(2) T (X,Y ) = η(Y )X − η(X)Y,

where η is a 1-form associated with the vector field ξ on M defined by

(3) η(X) = g(X, ξ).

◦
∇ is called a semi-symmetric metric connection if it satisfies

◦
∇g = 0. If ∇ is

the Levi-Civita connection of a Riemannian manifold M , a semi-symmetric
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3 GENERALIZED SASAKIAN SPACE FORMS 147

metric connection
◦
∇ is given by

(4)
◦
∇XY = ∇XY + η(Y )X − g(X,Y )ξ,

(see [12]).

Let R and
◦
R be curvature tensors of ∇ and

◦
∇ of a Riemannian manifold

M , respectively. Then R and
◦
R are related by

◦
R(X,Y )Z = R(X,Y )Z − α(Y, Z)X(5)

+ α(X,Z)Y − g(Y, Z)AX + g(X,Z)AY,

for all vector fields X,Y, Z on M , where α is the (0, 2)-tensor field de-
fined by α(X,Y ) = (∇Xη)Y − η(X)η(Y ) + 1

2η(ξ)g(X,Y ) and g(AX,Y ) =
α(X,Y ), ([12]).

3. Generalized Sasakian-space forms

Let M be an n-dimensional almost contact metric manifold [3] with an
almost contact metric structure (φ, ξ, η, g) consisting of a (1, 1) tensor field
φ, a vector field ξ, a 1-form η and a Riemannian metric g on M satisfying

φ2X = −X + η(X)ξ, η(ξ) = 1, φξ = 0, η ◦ φ = 0,(6)

g(φX,φY ) = g(X,Y )− η(X)η(Y ), g(X, ξ) = η(X),(7)

for all vector fieldsX,Y onM . Such a manifold is said to be a contact metric
manifold if dη = Φ, where Φ(X,Y ) = g(X,φY ) is called the fundamental
2-form of M (see [3]).

On the other hand, the almost contact metric structure of M is said to
be normal if

[φ,φ](X,Y ) = −2dη(X,Y )ξ,

for any vector fields X,Y on M , where [φ,φ] denotes the Nijenhuis torsion
of φ, given by

[φ,φ](X,Y ) = φ2[X,Y ] + [φX,φY ]− φ[φX, Y ]− φ[X,φY ].

A normal contact metric manifold is called a Sasakian manifold ([3]). It is
well-known that an almost contact metric manifold is Sasakian if and only if

(8) (∇Xφ)Y = g(X,Y )ξ − η(Y )X.
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148 SIBEL SULAR and CIHAN ÖZGÜR 4

Moreover, the curvature tensor R of a Sasakian manifold satisfies

(9) R(X,Y )ξ = η(Y )X − η(X)Y.

An almost contact metric manifold M is called a trans-Sasakian manifold
([8]) if there exist two functions α and β on M such that

(10) (∇Xφ)Y = α[g(X,Y )ξ − η(Y )X] + β[g(φX, Y )ξ − η(Y )φX],

for any vector fields X,Y on M . From (10), it follows that

(11) ∇Xξ = −αφX + β[X − η(X)ξ].

If β = 0 (resp. α = 0), then M is said to be an α-Sasakian manifold (resp.
β-Kenmotsu manifold). Sasakian manifolds (resp. Kenmotsu manifolds [6])
appear as examples of α-Sasakian manifolds (β-Kenmotsu manifolds), with
α = 1 (resp. β = 1).

Another kind of trans-Sasakian manifolds is that of cosymplectic mani-
folds, obtained for α = β = 0. From (11), for a cosymplectic manifold it
follows that ∇Xξ = 0, which implies that ξ is a Killing vector field for a
cosymplectic manifold [2].

For an almost contact metric manifold M , a φ-section of M at p ∈ M
is a section π ⊆ TpM spanned by a unit vector Xp orthogonal to ξp
and φXp. The φ-sectional curvature of π is defined by K(X ∧ φX) =
R(X,φX,φX,X). A Sasakian manifold with constant φ-sectional curva-
ture c is called a Sasakian space form. Similarly, a Kenmotsu manifold
with constant φ-sectional curvature c is called a Kenmotsu space form.
A cosymplectic manifold with constant φ-sectional curvature c is called a
cosymplectic space form.

Given an almost contact metric manifold M with an almost contact
metric structure (φ, ξ, η, g), M is called a generalized Sasakian space form
if there exist three functions f1, f2 and f3 on M such that

R(X,Y )Z = f1{g(Y,Z)X − g(X,Z)Y }
+ f2{g(X,φZ)φY − g(Y, φZ)φX + 2g(X,φY )φZ)}(12)

+ f3{η(X)η(Z)Y − η(Y )η(Z)X

+ g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ},

for any vector fields X,Y, Z on M , where R denotes the curvature tensor of
M . If M is a Sasakian space form thenf1 = c+3

4 , f2 = f3 = c−1
4 , if M is a
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5 GENERALIZED SASAKIAN SPACE FORMS 149

Kenmotsu space form then f1 =
c−3
4 , f2 = f3 =

c+1
4 , if M is a cosymplectic

space form then f1 = f2 = f3 =
c
4 .

Let
◦
∇ be the semi-symmetric metric connection on an almost contact

metric manifold M with closed 1-form η. We define that M is a generalized
Sasakian space form with semi-symmetric metric connection if there exist
three functions f̃1, f̃2 and f̃3 on M such that

◦
R(X,Y )Z = f̃1{g(Y, Z)X − g(X,Z)Y }

+ f̃2{g(X,φZ)φY − g(Y, φZ)φX + 2g(X,φY )φZ)}

+ f̃3{η(X)η(Z)Y − η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ},

for any vector fields X,Y, Z on M , where
◦
R denotes the curvature tensor

of M with respect to semi-symmetric metric connection
◦
∇.

Now we can state the following examples:

Example 3.1. A cosymplectic space form with the semi-symmetric
metric connection, is a generalized Sasakian space form with the semi-
symmetric metric connection such that f̃1 = f̃3 =

c−4
4 and f̃2 =

c
4 .

Example 3.2. A Kenmotsu space form with the semi-symmetric metric
connection is a generalized Sasakian space form with the semi-symmetric
metric connection such that f̃1 =

c−15
4 , f̃2 =

c+1
4 and f̃3 =

c−7
4 .

Remark 3.3. A Sasakian space form with the semi-symmetric met-
ric connection is not a generalized Sasakian space form with the semi-
symmetric metric connection.

If (M,J, g) is a Kaehlerian manifold (i.e., a smooth manifold with a
(1, 1)-tensor field J and a Riemannian metric g such that J2=−I, g(JX, JY )
= g(X,Y ), ∇J = 0 for arbitrary vector fields X,Y on M , where I is
identity tensor field and ∇ the Riemannian connection of g) with constant
holomorphic sectional curvature (i. e. K(X ∧ JX) = c) then it is said to
be a complex space form if its curvature tensor is given by

R(X,Y )Z =
c

4
{g(Y, Z)X − g(X,Z)Y

+ g(X, JZ)JY − g(Y, JZ)JY + 2g(X, JY )JZ}.
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150 SIBEL SULAR and CIHAN ÖZGÜR 6

Models for these spaces are Cn, CPn and CHn, depending on c = 0, c > 0
or c < 0.

More generally, if the curvature tensor of an almost Hermitian manifold
M satisfies

R(X,Y )Z = F1{g(Y, Z)X − g(X,Z)Y }
+ F2{g(X, JZ)JY − g(Y, JZ)JY + 2g(X, JY )JZ},

where F1 and F2 are differentiable functions on M , then M is said to be a
generalized complex space form (see [10] and [11]).

4. Existence of a generalized Sasakian space form with se-
mi-symmetric metric connection

Let (M1, gM1
) and (M2, gM2

) be two Riemannian manifolds and f is a posi-
tive differentiable function on M1. Consider the product manifold M1×M2

with its projections π : M1 × M2 → M1 and σ : M1 × M2 → M2. The
warped product M1 ×f M2 is the manifold M1 ×M2 with the Riemannian
structure such that

∥X∥2 = ∥π∗(X)∥2 + f2(π(p)) ∥σ∗(X)∥2 ,

for any vector field X on M . Thus we have

(13) g = gM1
+ f2gM2

holds on M . The function f is called a warping function of the warped
product [7]. If f = 1 then we obtain the Riemannian product.

If N is a Kaehlerian manifold, it is well-known that M = N ×R with its
usual product almost contact metric structure is a cosymplectic manifold
[3]. Given an almost Hermitian manifold (N, J,G), the warped product
M = R ×f N , where f > 0 is a function on R, can be endowed with an
almost contact metric structure (φ, ξ, η, g). In fact,

g = π∗(gR) + (f ◦ π)2 σ∗(G)

is the warped product metric, where φ(X) = (Jσ∗X)∗ for any vector field
X on M .

We need the following lemmas from [7] and [9], respectively for later
use:
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7 GENERALIZED SASAKIAN SPACE FORMS 151

Lemma 4.1. Let us consider M = M1 ×f M2 and denote by ∇, M1∇
and M2∇ the Levi-Civita connections on M , M1 and M2, respectively. If
X,Y are vector fields on M1 and V,W on M2, then:

(i) ∇XY is the lift of M1∇XY ;

(ii) ∇XV = ∇V X = (Xf/f)V ;

(iii) The component of ∇V W normal to the fibers is −(g(V,W )/f)grad f ;

(iv) The component of ∇V W tangent to the fibers is the lift of M2∇V W .

Lemma 4.2. Let M = M1 ×f M2 be a warped product and R and
◦
R

denote the Riemannian curvature tensors of M with respect to the Levi-
Civita connection and the semi-symmetric metric connection, respectively.
If X,Y, Z ∈ χ(M1), U, V,W ∈ χ(M2) and ξ ∈ χ(M1), then:

(i)
◦
R(X,Y )Z ∈ χ(M1) is the lift of M1

◦
R(X,Y )Z on M1;

(ii)
◦
R(V,X)Y = −[Hf (X,Y )/f + (ξf/f)g(X,Y ) + g(X,Y )η(ξ)
+g(Y,∇Xξ)− η(X)η(Y )]V ;

(iii)
◦
R(X,Y )V = 0;

(iv)
◦
R(V,W )X = 0;

(v)
◦
R(X,V )W = g(V,W )[−(∇Xgradf)/f − (ξf/f)X
−∇Xξ − η(ξ)X + η(X)ξ];

(vi)
◦
R(U, V )W=M2R(U, V )W−{∥gradf∥2/f2 +2(ξf/f)+η(ξ)}[g(V,W )U−
g(U,W )V ].

Now, lets begin with the existence theorem of a generalized Sasakian
space form with the semi-symmetric metric connection:

Theorem 4.3. Let N(F1, F2) be a generalized complex space form.
Then, the warped product M = R ×f N endowed with the almost contact
metric structure (φ, ξ, η, g) with the semi-symmetric metric connection is a
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152 SIBEL SULAR and CIHAN ÖZGÜR 8

generalized Sasakian space form with the semi-symmetric metric connection
such that

f̃1 =
(F1 ◦ π)− (f ′ + f)2

f2
, f̃2 =

(F2 ◦ π)
f2

,

f̃3 =
(F1 ◦ π)− (f ′ + f)2

f2
+

(f ′′ + f)

f
.

Proof. For any vector fieldsX,Y, Z onM , we can writeX = η(X)ξ+U,
Y = η(Y )ξ + V and Z = η(Z)ξ +W, where U, V,W are vector fields on a
generalized complex space form N . Since the structure vector field ξ is on
R, then by virtue of Lemma 4.2 we have

◦
R(X,Y )Z = η(X)η(Z)[

Hf (ξ, ξ)

f
+ (ξf/f)]V

− η(X)g(V,W )[(∇ξgradf)/f + (ξf/f)ξ]

− η(Y )η(Z)[
Hf (ξ, ξ)

f
+ (ξf/f)]U(14)

+ η(Y )g(U,W )[(∇ξgradf)/f + (ξf/f)ξ] +N R(U, V )W

− {∥gradf∥2 /f2 + 2(ξf/f) + η(ξ)}[g(V,W )U − g(U,W )V ].

Since f = f(t), gradf = f ′ξ. Therefore, we get ∇ξgradf = f ′′ξ + f ′∇ξξ.
By virtue of Lemma 4.1, since ∇ξξ = 0, the above equation reduces to

(15) ∇ξgradf = f ′′ξ.

Moreover, we have

Hf (ξ, ξ) = g(∇ξgradf, ξ) = f ′′,(16)

∥gradf∥2 = (f ′)2, ξf = g(gradf, ξ) = f ′.(17)

In view of the equations (13), (15), (16) and (17) in (14) and by using the
fact that N is a generalized complex space form, we have

◦
R(X,Y )Z =

(
f ′′ + f ′

f

)
{η(X)η(Z)V − η(Y )η(Z)U

+ f2gN (U,W )η(Y )ξ − f2gN (V,W )η(X)ξ}
+ (F1 ◦ π){gN (V,W )U − gN (U,W )V }
+ (F2 ◦ π){gN (U, JW )JV − gN (V, JW )JU + 2gN (U, JV )JW}

+

(
f ′ + f

f

)2

{f2gN (U,W )V − f2gN (V,W )U}.
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Taking into account (13) and by the use of the relation between the vector
fields X,Y, Z and U, V,W , the above equation turns into

◦
R(X,Y )Z =

(
(F1 ◦ π)− (f ′ + f)2

f2

)
{g(Y, Z)X − g(X,Z)Y }

+

(
F2 ◦ π
f2

)
{g(X,φZ)φY − g(Y, φZ)φX + 2g(X,φY )φZ}

+

(
(F1 ◦ π)− (f ′ + f)2

f2
+

f ′′ + f ′

f

)
{η(X)η(Z)Y − η(Y )η(Z)X

− g(Y, Z)η(X)ξ + g(X,Z)η(Y )ξ}.

Hence, the proof of the theorem is completed. �
So we can state the following corollaries:

Corollary 4.4. If N(a, b) is a generalized complex space form with con-
stant functions, then we have a generalized Sasakian space form with the
semi-symmetric metric connection as follows

M

(
a− (f ′ + f)2

f2
,
b

f2
,
a− (f ′ + f)2

f2
+

f ′′ + f ′

f

)
,

with non-constant functions.

Corollary 4.5. If N(c) is a complex space form, we have

M

(
c− 4(f ′ + f)2

4f2
,

c

4f2
,
c− 4(f ′ + f)2

4f2
+

f ′′ + f ′

f

)
.

Thus, for example, the warped products R×fCn, R×fCPn(4) and R×f

CHn(−4) are generalized Sasakian space forms with the semi-symmetric
metric connections such that

f̃1 = −(f ′ + f)2

f2
, f̃2 = 0, f̃3 = −(f ′ + f)2

f2
+

f ′′ + f ′

f
,

f̃1 =
1− (f ′ + f)2

f2
, f̃2 =

1

f2
, f̃3 =

1− (f ′ + f)2

f2
+

f ′′ + f ′

f
,

f̃1 =
−1− (f ′ + f)2

f2
, f̃2 = − 1

f2
, f̃3 =

−1− (f ′ + f)2

f2
+

f ′′ + f ′

f
,

respectively.
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154 SIBEL SULAR and CIHAN ÖZGÜR 10

Hence, this method gives us some examples of generalized Sasakian space
forms with semi-symmetric metric connections with arbitrary dimensions
and non-constant functions.

On the other hand, the following theorem gives us some information
about the structure of these warped product manifolds endowed with semi-
symmetric metric connections.

Theorem 4.6. Let N be an almost Hermitian manifold. Then, R×f N
is a (0, β) trans-Sasakian manifold endowed with semi-symmetric metric

connection such that β = f ′+f
f if and only if N is a Kaehlerian manifold.

Proof. Similar to the proof of Theorem 4.3, for any vector fields X,Y
on M , we can write X = η(X)ξ + U and Y = η(Y )ξ + V, where U, V are
vector fields on an almost Hermitian manifold N .

By direct covariant differentiation with semi-symmetric metric connec-

tion, we have (
◦
∇Xφ)Y =

◦
∇XφY −φ

◦
∇XY. In view of (4), the above equation

gives us

(18) (
◦
∇Xφ)Y = (∇Xφ)Y + g(φX, Y )ξ − η(Y )φX.

On the other hand, by the use of Lemma 4.1, we have

(19) (∇Xφ)Y =
f ′

f
[g(φX, Y )ξ − η(Y )φX] + (∇N

U J)V.

Then using (19) in (18), we obtain

(
◦
∇Xφ)Y =

(
f ′ + f

f

)
{g(φX, Y )ξ − η(Y )φX}+ (∇N

U J)V,

which implies that R×f N is a (0, β) trans-Sasakian manifold endowed with

semi-symmetric metric connection such that β = f ′+f
f if and only if N is a

Kaehlerian manifold. Thus, the proof is completed. �
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9. Sular, S.; Özgür, C. – Warped products with a semi-symmetric metric connection,

Taiwanese J. Math., 15 (2011), 1701–1719.

10. Tricerri, F.; Vanhecke, L. – Curvature tensors on almost Hermitian manifolds,

Trans. Amer. Math. Soc., 267 (1981), 365–397.

11. Vanhecke, L. – Almost Hermitian manifolds with J-invariant Riemann curvature

tensor, Rend. Sem. Mat. Univ. e Politec. Torino, 34 (1975/76), 487–498.

12. Yano, K. – On semi-symmetric metric connection, Rev. Roumaine Math. Pures

Appl., 15 (1970), 1579–1586.

Received: 27.I.2011 Department of Mathematics,

Revised: 23.III.2011 Balikesir University,

Accepted: 8.IV.2011 10145, Çağış, Balıkesir,
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