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ABSTRACT

Einstein, conformally flat, semisymmetric, and Ricci-semisymmetric submanifolds
satisfying Chen’s equality in a real space form are studied. We prove that an
n-dimensional (n > 3) submanifold of a real space form M"™(c) satisfying Chen’s
equality is (i) Einstein if and only if it is a totally geodesic submanifold of constant
curvature C; and (ii) conformally flat if and only if inf K=c, where K denotes the
sectional curvatures of the submanifold. We also classify semisymmetric and Ricci-
semisymmetric submanifolds satisfying Chen’s equality in a real space form.

2000 Mathematics Subject Classification: 53C40, 53C25, 53C42.

Key words: Chen invariant, Chen’s inequality, Einstein manifold, conformally flat
manifold, semisymmetric manifold, Ricci-semisymmetric submanifold, totally geodesic
submanifold, real space form, hyperbolic space form
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ON SUBMANIFOLDS SATISFYING
CHEN’S EQUALITY IN A REAL SPACE FORM

1. INTRODUCTION

In [1], B.-Y. Chen recalled that one of the basic interests of submanifold theory is to establish simple rela-
tionships between the main extrinsic invariants and the main intrinsic invariants of a submanifold. The main
extrinsic invariant is the squared mean curvature and the main intrinsic invariants include the classical curvature
invariants, namely the scalar curvature and the Ricci curvature, and the well known modern curvature invariant,

namely Chen invariant [2].

In 1993, Chen obtained an interesting basic inequality for submanifolds in a real space form involving the
squared mean curvature and the Chen invariant and found several of its applications (¢f. Lemma 2.1). This
inequality is now well known as Chen’s inequality; and in the equality case it is known as Chen’s equality.
In [3], Dillen, Petrovic, and Verstraelen studied Einstein, conformally flat, and semisymmetric submanifolds
satisfying Chen’s equality in Euclidean spaces. Motivated by this study, in the present paper, we study Einstein,
conformally flat, semisymmetric, and Ricci-semisymmetric submanifolds satisfying Chen’s equality in real space
forms.

The paper is organized as follows. In Section 2, we give the necessary details about Riemannian
submanifolds and we state Chen’s inequality. =~ We also present some necessary formulas for sectional
curvatures and Ricci tensor of a submanifold satisfying Chen’s equality. In Section 3, we prove that an
n-dimensional (n > 3) Einstein submanifold of a real space form Mntm (c) satisfies Chen’s equality if and only
if it is a totally geodesic submanifold of constant curvature c. In Section 4, it is proved that an n-dimensional
(n > 3) submanifold of a real space form Mn+m (¢) satisfying Chen’s equality is conformally flat if and only if
inf K = ¢. Section 5 contains a classification for semisymmetric submanifolds of a real space form satisfying
Chen’s equality, while in the last section we give a classification for Ricci-semisymmetric submanifolds of a real
space form satisfying Chen’s equality.

2. CHEN’S INEQUALITY

Let M™ be an n-dimensional submanifold of an (n 4+ m)-dimensional Riemannian manifold M equipped with
a Riemannian metric g. We use the inner product notation (,) for both the metrics g of M and the induced
metric g on the submanifold M.

The Gauss and Weingarten formulas are given respectively by
VxY =VxY +0(X,Y) and VxN=-AyX + V%N

forall X, Y € TM and N € T+ M, where 6, V, and V= are respectively the Riemannian, induced Riemannian,
and induced normal connections in M, M, and the normal bundle T-M of M respectively, and ¢ is the second
fundamental form related to the shape operator A by (¢ (X,Y),N) = (AyX,Y). The equation of Gauss is given
by

R(X,Y,Z,W) = R(X,Y,Z,W) + (o(X,W),0(Y, Z))

— (0(X,2),0(Y,W)) (2.1)
for all X,Y, Z, W € TM, where R and R are the curvature tensors of M and M respectively.
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The mean curvature vector H is given by H = %traee(a). The submanifold M is totally geodesic in M if
o =0, and minimal if H=0. If 0 (X,Y) = g(X,Y) H for all X, Y € TM, then M is totally umbilical [4].

Let {e1,...,e,} be an orthonormal basis of the tangent space T,M and v, (r=1,...,m) belongs to an
orthonormal basis {v,...,v,,} of the normal space T;-M . We put

n

oy = (o (eies) v and ol = D (0 (eie;), 0 (eire;))

4,J=1

Let K;; and K i denote the sectional curvatures of the plane section spanned by e; and e; at p in the submanifold
M and in the ambient manifold M respectively. In view of (2.1), we have

Kij = Kij + (U:—;-O';-j — (O’Z-Tj)2)
r=1
from which we can get
2 2 2
27(p) = n” | H|" = [lof|" +n(n—1)¢c (22)

where 27 = Z Kj;j is the scalar curvature of the submanifold M.
1<ij<n

Recalling the Chen invariant [1]
o(p) = 7(p) — infK (p)

where K denotes sectional curvature of a plane section of 7}, M, we have a sharp inequality for submanifolds A"
in a real space form M"™*™(c) involving intrinsic invariant, namely Chen invariant of M; and the main extrinsic

invariant, namely the squared mean curvature as follows.

Lemma 2.1. (Lemma 3.2, [1]). Let M be an n-dimensional (n > 3) submanifold of a real space form Mt (c).
Then, for each point p € M, we have

2(p —

d=7—infK < M

2(n—1)

The equality in (2.3) holds at p € M if and only if there exist an orthonormal basis {ei, ..., e} of T,M and an

orthonormal basis {v1,...,vm} of T;-M such that (a) K = Ky and (b) the forms of shape operators A, = A, ,

r=1,...,m, become

||H||2+% (n+1)(n—2)c (2.3)

Ai=10 b 0 s p=a+tb (2.4)

Ar=1| a, —¢ 0 , ref{2,...,m} (2.5)
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The inequality (2.3) is well known as Chen’s inequality. In case of equality, it is known as Chen’s equality.
For dimension n = 2, Chen’s equality is always true.

Let M be an n-dimensional (n > 3) submanifold of a real space form Mn+m (¢) satisfying Chen’s equality,
then from Lemma 2.1 we immediately have the following:

K = c+ab—i(c3+d2) (2.6)
Ki; =c+ap (2.7)
Koy =c+bu (2.8)
Kij = ¢+ p? (2.9)
S(er,e1) = Ko+ (n—2) (c+ ap) (2.10)
S(ea,e9) = K1z + (n —2) (c+ bp) (2.11)
Ses,e))=(n—2)p>+(n—1)c (2.12)

where 7, j > 2. Consequently,

2T B 2 ) n+1 .
(n—1)(n—2) (n—1)(n_2)K12+“ * (n_1> (2.13)

Furthermore, R(e;,ej)er = 0 if ¢, j and k are mutually different.

3. EINSTEIN SUBMANIFOLDS SATISFYING CHEN’S EQUALITY

In this section, we consider Einstein submanifolds satisfying Chen’s equality in real space forms. We have the
following:

Theorem 3.1. Let M be an n-dimensional (n > 3) submanifold of a real space form Mn+m (¢) satisfying Chen’s
equality. Then, M is Einstein if and only if it is a totally geodesic submanifold M™ (c) of constant curvature c.

Proof. Let M be Einstein. Then from (2.10) and (2.11) we get

(a—b)u=0

If i = 0 then from (2.10) and (2.12) we get

m

Ca =Y )

r=1

which implies that a = b = ¢, = d,, = 0. Hence M is totally geodesic.

If a = b then p = 2a and from (2.10) and (2.12) we get

(5—2n)a® = i(cﬁ +d?)

r=1

which again implies that a« = b = ¢, = d,, = 0. Hence again M is totally geodesic.
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Now, if M is totally geodesic then in view of (2.6)—(2.9) we see that M is of constant curvature c.

The converse is easy to follow. O

As a corollary, we have the following:

Corollary 3.2. (Theorem 1, [3]). Let M™, n > 3, submanifold of E"™ satisfying Chen’s equality. Then M™ is
Einstein if and only if it is a totally geodesic n-plane in E"T™,

4. CONFORMALLY FLAT SUBMANIFOLDS SATISFYING CHEN’S EQUALITY

The Weyl conformal curvature tensor C' of an n-dimensional Riemannian manifold is defined by [5]

C(X,Y,Z,W) = R(X,Y,Z,W)
— LSV 2)g (X W)~ S (X, Z) g (V, W)

+SX.W)g(Y,2)-SY,W)g(X,Z)}

27
t Doy YW, 2) - (W) (X, 2)} (4.1)

for all X,Y,Z, W € TM, where 27 is the scalar curvature of M.

Now, we prove the following:

Theorem 4.1. Let M be an n-dimensional (n > 3) submanifold of a real space form Mn+m (¢) satisfying Chen’s
equality. Then M is conformally flat if and only if inf K = c.

Proof. Let M be conformally flat. Then using (2.10)—(2.13) in (4.1) we get

n—3
Ciao1 = 7 (K12 —¢)
3—n

Cizz1 = m (K12 - C) = U332

2

it = ) (n—2)

(KIQ_C)a i7j>2
The last three equations give us inf K = ¢. The converse is easily verified. O

Using the above theorem we have the following corollary:

Corollary 4.2. Let M be an n-dimensional (n > 3) conformally flat submanifold of a real space form Mntm (c)
satisfying Chen’s equality. Then M is minimal if and only if it is totally geodesic.

Proof. If M is minimal then 0 = pt = a + b; so a = —b. From the Proof of Theorem 4.1, M is conformally flat if
and only if K15 = ¢. Hence from (2.6), it follows that

m

c:c—bQ—Z(Cf+d3)

r=1
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Then

m

== (2 +d7)

r=1

The above equation gives b = ¢, = d,, = 0; and hence M becomes totally geodesic. The converse statement is
trivial. g

5. SEMISYMMETRIC SUBMANIFOLDS SATISFYING CHEN’S EQUALITY

As a generalization of locally symmetric spaces, many geometers have considered semisymmetric spaces and
in turn their generalizations. A Riemannian manifold M is known to be semisymmetric if its curvature tensor
R satisfies

R(X,Y)-R=0, X,YeTM
where R(X,Y) acts on R as a derivation.

Now, let M™, n > 3, be a submanifold of a real space form Mn+m (c) satisfying Chen’s equality. Then the
only non-zero possible terms of type (R(e;,e;) - R)(e, ex)e, are (R(ej, ej) - R)(er, ej)e;, where ¢, j, and [ are
mutually different. So we have

(R(es,e;) - R)(er,ej)e; = R(ei,ej)R(er, e5)e; — R(R(e;, e5)er, e5)e;
— R(e, R(ei,ej)ej)e; — R(er, ej)R(es, e5)e;
= — R(ei, Kijei)ei — Riey, e5) (—Kijej)
which implies that
(R(es,e5) - R)(erej)e; = (Kj; — Ky) Kije (5.1)
Now, we give the following classification theorem:

Theorem 5.1. Let M be an n-dimensional (n > 3) submanifold of a real space form Mn+m (¢) satisfying Chen’s

equality. Then M is semisymmetric if and only if one of the following statements are true:

(a) M is (n — 2)-ruled submanifold of the Euclidean space E"t™.
(b) M is a totally geodesic submanifold of constant curvature ¢ # 0.
(¢) M is a round hypercone in some totally geodesic subspace E"T1 of the Euclidean space E"™.

(d) M is a hypersurface of a hyperbolic space form Mn+m (—2a2) with the shape operator of the form

a O 0
A= 0 a 0 (5.2)
0 0 2al, s
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Proof. Suppose that M is semisymmetric. Then from (5.1) we have
(Kt — Ku) Kiy = 0 (53)

Since for i, 7,1 > 3, the above equation becomes an identity, therefore we need to consider only the following
three equations:

Kia(a—b)p=0, i=1,j=21>2 (5.4)
(c+bu— Ki2) (¢c+au) =0, 1=1,7>2,1=2 (5.5)
(c+ap — Ki2) (¢ +bu) =0, 1=2,7>21=1 (5.6)

We see that Equations (5.5) and (5.6) imply (5.4). We have the following cases.

Case I: ;= 0. In this case M is minimal. Moreover, from (5.5) or (5.6), in view of (2.6) we find that

<a2 + Zm:(ci - d,%)) c=0 (5.7)

r=1

Now, if ¢ = 0 then M is an (n — 2)-ruled submanifold of the Euclidean space E"*™ [3]. If ¢ # 0 then M is totally
geodesic.

Case II: p # 0. Then from (5.4) we get

Kiz(a—b)=0 (5.8)
Now, we have two subcases:
Case II(a): a # b and pu # 0. Then we get inf K = 0. So from (5.5)

(c+bp)(c+ap)=0

Hence either ¢ = —b(a + b) or ¢ = —a(a +b). So from (2.6), we have either

or a=c=c¢ =d, =0

respectively. In both cases M is a round hypercone in some totally geodesic subspace E"*! of the Euclidean
space E" ™ [3].

Case II(b): a =b and p # 0. Then u = 2a and a = b # 0. Then from (5.5) and (2.6) we get

<a2 + i(aﬁ + di)) (c+2a%) =0 (5.9)

r=1

Since a # 0, from the above equation we get ¢ = —2a?. In this case the ambient manifold is a hyperbolic space
form M"T™ (—2a2) and M becomes a hypersurface of M"+™ (—2a2) with the shape operator of the form (5.2).

The converse is easily verified. O
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6. RICCI-SEMISYMMETRIC SUBMANIFOLDS SATISFYING CHEN’S EQUALITY

Theorem 6.1. Let M be an n-dimensional (n > 3) submanifold of a real space form Mn+m (¢) satisfying Chen’s
equality. Then M is Ricci-semisymmetric if and only if one of the following statements are true:

(a) M is (n— 2)-ruled submanifold of the Euclidean space E" ™.
(b) M is a totally geodesic submanifold of constant curvature ¢ # 0.
(¢) M is a round hypercone in some totally geodesic subspace E"*! of the Euclidean space E"+™.

(d) The ambient manifold is a hyperbolic space form Mrm (72a2).
Proof. Suppose that M is Ricci-semisymmetric. Then
(Si,‘—SJ“)K,’jZO, i,j=1,...,n (61)

Therefore we have the following three equations:

Klg (a—b)u =0 (62)
(c+ap){Kia—c—(n—2)bu} =0 (6.3)
(c+bu){Kia—c—(n—2)au} =0 (6.4)

We see that Equations (6.3) and (6.4) imply (6.2). We have the following cases:

Case I: = 0. In this case M is minimal. Moreover, from (6.3) or (6.4), in view of (2.6) we find that

<a2 + Zm:(ci + di)) c=0 (6.5)

Now, if ¢ = 0 then M is an (n — 2)-ruled submanifold of the Euclidean space E"*™ [3]. If ¢ # 0 then M is totally
geodesic.

Case II: p # 0. In this case, from (6.2) we get

Kiz(a—b)=0 (6.6)
Now, we have two subcases:
Case II(a): a # b and pu # 0. Then we get K15 = 0. So from (6.3) and (6.4) we get

(a2 — 62) c=0

Since a # b and p # 0 therefore ¢ = 0. In this case M is a round hypercone in some totally geodesic subspace
E"*! of the Euclidean space E"+™ [3].

Case II(b): a =b and p # 0. Then u = 2a and a = b # 0. Then from (6.3) we get

(c+2a%) {a2 (1—2(n—2))—Z(c£+d$)} =0 (6.7)

r=1
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Since a # 0, from the above equation we get ¢ = —2a?. In this case the ambient manifold is a hyperbolic space
form M™ ™ (—2a?).

The converse is easily verified. O

Remark 6.2. In view of Theorem 5.1 and Theorem 6.1, we observe that if the ambient real space form is
not hyperbolic, then for a submanifold satisfying Chen’s equality, the conditions of semisymmetry and Ricci-

semisymmetry are equivalent.
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