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Abstract: This paper proposes a model of the induction 
generator for the phase-domain power flow analysis of fixed 
speed wind turbine generating systems connected to balanced or 
unbalanced three-phase distribution systems. The proposed 
model is established by using a modified bi-quadratic equation, 
which is generally used for the calculation of node voltages in 
the power flow analysis of distribution systems. The main 
advantage of the proposed model is that it does not require slip 
information. Thus, it has computational efficiency when 
compared with the slip calculation based phase-domain 
induction generator model. In addition, for several unbalanced 
voltage cases, the numerical results of the proposed model, slip 
calculation based phase-domain model and time-domain d-q 
model are comparatively evaluated to show the validity of the 
proposed one. 

Keywords: Induction generators, wind energy, distribution 
systems, unbalanced conditions, power flow. 

I. INTRODUCTION 
Induction generators have extensively been used in wind 

turbine generating systems (WTGSs) due to their advantages 
over synchronous generators such as smaller size and lower 
requirement of maintenance [1]. The WTGSs can be classified 
under two main categories; namely, conventional fixed speed 
WTGSs and variable speed WTGSs [2]. Variable speed 
WTGSs have high costs since they include advanced power 
electronic devices and control circuits. Thus, today, the 
majority of installed WTGSs utilize conventional fixed-speed 
induction generators (CFSIG). Accordingly, several models of 
CFSIG have been developed for the load flow of the balanced 
distribution systems in the literature [3], [4]. However, in the 
distribution systems, grid voltages and line currents are 
usually unbalanced due to the uneven distribution of single-
phase loads over the three phases, asymmetry of the lines and 
power systems faults, etc. [5].  

In the studies on the unbalanced load flow analysis of the 
distribution systems with distributed generation (DG) units 
[6]-[8], the injected phase active and absorbed phase reactive 
powers of CFSIG are generally assumed as balanced by 
neglecting unbalance of the grid voltages. In these studies, the 
CFSIGs are modelled using two different methods. According 
to the first method, CFSIG are treated as constant PQ load for 
simplicity [6], [7]. On the other hand, second method 

considers total reactive power absorbed by CFSIG as a 
function of positive- sequence grid voltage [8]. However, the 
numerical results presented in [9]-[11] that these approaches 
lead to erroneous results for the unbalanced load flow 
analysis.  

To fulfill left out gap, ref. [10] and [11] proposed the 
models based on the solution of the current and voltage 
equations, which are provided by using Kirchhoff’s circuit 
(current and voltage) laws, for the positive- and negative- 
sequence circuits of the CFSIG. Due to this, they have high 
computational complexity. The difference between both 
models is that they consist of different iterative solution 
methods to find slip of the CFSIG under unbalanced system 
conditions. In addition, the initial slip value, which is initially 
guessed at the first iteration, is very important for fast 
implementation of these models in the load flow analysis. 

In this study, for the load flow analysis of unbalanced 
distribution systems, a phase-domain model of the WTGSs 
with CFSIG is developed by considering positive- and 
negative- sequence circuits representations of the induction 
machine. For the developed model, positive- sequence 
voltage, current and power quantities are established with the 
solution of the bi-quadratic equation, which is generally used 
for the calculation of grid voltages in the power flow analysis 
of distribution systems [3], [4]. In the proposed model, the 
mechanical input (rotor side) powers, which are inserted to the 
positive- and negative- sequence circuits, are found with an 
iterative solution algorithm. 

The main advantages of the developed model are that it 
provides closed form power expressions. This means that its 
implementation does not require the solution of positive- and 
negative- sequence circuits. As a result, it has less 
computational complexity as compared with the above 
mentioned slip calculation based phase-domain models. 

This paper is organized in the following order. Section 2 is 
devoted to present the proposed model. The results obtained 
with the proposed model, the slip calculation based phase-
domain model presented in [11] and the well-known d-q 
model, which is already included in SIMULINK environment 
[12] are discussed in Section 3. The conclusion is presented in 
Section 4.  
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II. PROPOSED MODEL 
In this section, the wind turbine generation system, which 

consists of two parts such as a wind turbine and an induction 
generator directly inserted to the grid, will be modeled for load 
flow analysis of unbalanced distribution systems (see Figure 
1). 

It is well known from the literature that the mechanical 
input power of a wind turbine generator can be expressed in 
terms of the air density (ρ),the area swept by the rotor (A), the 
power coefficient (Cp) and wind speed (u) [3], [11]: 

்ܲ ൌ 12  ௉ሺλሻ (1)ܥଷݑܣߩ

The power coefficient depends on the tip speed ratio (λ) which 
can be calculated as; ߣ ൌ ݑܴ߱  (2) 

where ω and R are the angular velocity and turbine rotor 
radius, respectively. Note that the relationship between CP 
and λ can be provided from the manufacturer of wind 
turbines. 

 
Figure 1: Induction generator with wind turbine. 

First of all, let us consider an induction generator positive- 
and negative-sequence equivalent circuits referred to the stator 
side, which are given in Figure 2. In this figure, Vsp, Vsn, Vrp 
and Vrn are the magnitudes of the positive- and negative- 
sequence components of the stator sequence voltages and 
referred rotor sequence voltages, respectively. Rsc and Xsc 
indicate short-circuit equivalent resistance and reactance, 
respectively. Rm  and Xm are the resistance and the magnetizing 
reactance of the induction machine’s core. Here, it should be 
noted that both Rm and Xm can be neglected for the negative- 
sequence circuit due to the fact that they are considerably 
larger than other resistance and reactance parameters of the 
induction machine (Rsc and Xsc) [9]. Psp and Psn stand for the 
positive- and negative- sequence active powers absorbed by 
the stator from the grid, respectively. The mechanical input 
power of the wind turbine (PT) is equal to the sum of the 
positive- and negative- sequence rotor active powers (Prp and 
Prn): ்ܲ ൌ 3൫ ௥ܲ௣ ൅ ௥ܲ௡൯ (3) 

In Figure 2, Qsp and Qsn denote the positive- and negative- 
sequence reactive power demands of the induction generator. 
Lastly, it is clear that the positive- and negative- sequence 
reactive powers drawn by the rotor (r) bus should be nil 
(Qrp=Qrn=0). 

By regarding positive-sequence equivalent circuit, the 
referred rotor positive- sequence voltage’s magnitude can be 
expressed via well-known bi-quadratic equation, which was 
previously considered for modeling of the wind turbine 

induction generators under balanced voltage and current 
conditions in [3]; ܼ௦௖ ൌ ඥܴ௦௖ଶ ൅ ܺ௦௖ଶ    (4) 

௥ܸ௣ ൌ 

ඩ ௦ܸ௣ଶ െ 2ܴ௦௖ ௥ܲ௣ ൅ ට൫ ௦ܸ௣ଶ െ 2ܴ௦௖ ௥ܲ௣൯ଶ െ 4ܼ௦௖ଶ ௥ܲ௣ଶ2  

(5) 

where Zsc is the short-circuit impedance of the induction 
generator.  

 
a) 

 
b) 

Figure 2: An induction generator (a) positive- and (b) negative- 
sequence circuits referred to the stator side. 

For the negative- sequence circuit given in Figure 2 (b), 
the magnitude of the negative sequence current (Isn), which 
flows between s and r buses, and negative- sequence active 
power measured at r bus can be written as: ܫ௦௡ ൌ ௦ܸ௡ඨ൬ܴ௦௖ ൅ ൫ோೝିோೝమ൯௉ೝ೛ିோೝ௏ೝ೛మଶ௏ೝ೛మ ା௉ೝ೛ோೝ ൰ଶ ൅ ܺ௦௖ଶ  

(6) 

௥ܲ௡ ൌ ௦௡ଶܫ ቆሺܴ௥ െ ܴ௥ଶሻ ௥ܲ௣ െ ܴ௥ ௥ܸ௣ଶ2 ௥ܸ௣ଶ ൅ ௥ܲ௣ܴ௥ ቇ (7) 

Therefore, the positive- and negative- sequence active 
powers, which are absorbed by the induction generator, can be 
expressed as in (8) and (9): 

௦ܲ௣ ൌ ௥ܲ௣ ൅ ቆ ௥ܲ௣௥ܸ௣ቇଶ ܴ௦௖ ൅ ௦ܸ௣ଶܴ௠  (8) 

௦ܲ௡ ൌ ௥ܲ௡ ൅  ௦௡ଶܴ௦௖ (9)ܫ

the total active power drawn from s bus; ௦ܲ ൌ 3൫ ௦ܲ௣ ൅ ௦ܲ௡൯ (10) 

In addition, the positive- and negative- sequence reactive 
powers taken from s bus can be written as; ܳ௦௣ ൌ ቆ ௥ܲ௣௥ܸ௣ቇଶ ܺ௦௖ ൅ ௦ܸ௣ଶܺ௠ (11) 
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ܳ௦௡ ൌ ௦௡ଶܫ ܺ௦௖ (12) 

Both reactive powers result in the total reactive power 
drawn by the induction generator as; ܳ௦ ൌ 3൫ܳ௦௣ ൅ ܳ௦௡൯ (13) 

On the other hand, Prp and Prn are unknown quantities and 
the model requires an iterative solution algorithm. The steps of 
the algorithm accompanied with the proposed model are 
detailed below: 
Step 1: Assume that all of the mechanical power (PT) is 
applied to the positive- sequence circuit and determine initial 
value of Prp with respect to (3). 
Step 2: Calculate Vrp with using (5).  
Step 3: Find Isn and Prn by substituting the Vrp value, which is 
calculated in the previous step, and the Prp value, which is 
determined regarding (3), in (6) and (7). 
Step 4: Calculate Ps and Qs via the equations between (8) and 
(13). 
Step 5: Finalize the solution algorithm if both the relative 
difference between the Ps values, which are obtained for the 
last two iterations (i+1. and i. iterations), and the relative 
difference between the Qs values, which are obtained for the 
last two iterations, are smaller than tolerance value ( ε ߝ :( ൐ ฬ ௌܲ௜ାଵ െ ௌܲ௜ௌܲ௜ ฬ (14) 

ߝ ൐ ฬܳௌ௜ାଵ െ ܳௌ௜ܳௌ௜ ฬ (15) 

Otherwise, update Prp by substituting the last calculated Prn 
value in (3) and return to Step 2. 

Here it should be underlined that magnitudes (Vsp, Vsn) 
and angles (߮௦௣, ߮௦௡) of the sequence voltages at the stator 
(s) bus are the variables which comes from the load flow 
analysis, and sequence active powers (Psp, Psn), sequence 
reactive powers (Qsp, Qsn) and magnitudes ( ௦௣ܫ ௦௡ܫ , ) of 
sequence currents at the stator bus are obtained after 
finalizing the above detailed iterative solution. In addition, 
angles of the positive- and negative- sequence currents at the 
stator bus, which are denoted as ߚ௦௣ and ߚ௦௡ , are found by 
substituting the obtained sequence active powers and 
magnitudes of sequence voltages and currents in (16) and 
௦௣ߚ :(17) ൌ ߮௦௣ െ cosିଵ ቆ ௦ܲ௣௦ܸ௣ܫ௦௣ቇ (16) 

௦௡ߚ ൌ ߮௦௡ െ cosିଵ ൬ ௦ܲ௡௦ܸ௡ܫ௦௡൰ 
(17) 

Accordingly, positive- and negative- sequence voltages 
and currents of the stator side can be converted to the phase 
values of those quantities. As a result, for m=a, b, c phases, 
active and reactive powers can be calculated via (18) and 
(19): ௠ܲ ൌ ௠ܸܫ௠ cos ௠ (18) ܳ௠ߠ ൌ ௠ܸܫ௠ sin  ௠ (19)ߠ

Note that in (18) and (19), ߠ௠  denotes phase angle 
difference between voltage and current of phase m. 

III. NUMERICAL RESULTS 
In this section, the proposed model, the slip calculation 

based phase-domain model [11] and the well-known d-q 
model are comparatively evaluated to show the validity of the 
proposed one. For this aim, the results are obtained by these 
models under several unbalanced grid voltages. In these 
analysis, the equivalent rms voltage definition (Ve), which is 
placed in IEEE standard 1459-2010 [13], and voltage 
unbalance factor (VUF), which is widely used voltage 
unbalance index in the literature [14]-[16] are considered to 
identify the test voltages with different voltage rms and 
unbalance levels. The expressions of Ve and VUF can be 
written as: 

௘ܸ ൌ ඨ ௔ܸ௕ଶ ൅ ௕ܸ௖ଶ ൅ ௖ܸ௔ଶ9 ൌ ට ௦ܸ௣ଶ ൅ ௦ܸ௡ଶ  (20) 

ሺ%ሻܨܷܸ ൌ ௦ܸ௡௦ܸ௣ · 100 (21) 

where Vab, Vbc and Vca are rms phase-to-phase voltages. 
Thus, by regarding the (20) and (21), two parametrical 

analyses cases (Case 1 and Case 2) are provided below. Note 
that a 160 kW induction machine is handled in the analysis 
cases, and its circuit properties are detailed in the appendix.  

A. Case 1: Comparative evaluation for the test voltages 
with VUF values from 1% to 5% andVe=1.0 pu 

In this case, for the constant grid voltage level as Ve= 1.0 
pu, VUF value of the test voltages is increased from 1% to 
5%. Under these voltage conditions, PT is kept as the rated 
power of the induction generator (160 kW). Therefore, each 
phase active and reactive powers, which are calculated via the 
proposed, the slip calculation based phase-domain (SCP) and 
d-q models, are given in Figure 3. It can be seen from this 
figure that under the unbalanced voltage with the VUF value 
as 1%, the induction generator (IG) injects active powers 
calculated as 0.357pu, 0.318pu and 0.303pu to phase a, b and 
c of the grid, respectively. For the same VUF value, it draws 
reactive powers calculated as 0.185pu, 0.133pu and 0.190pu 
from phase a, b and c of the grid. 

On the other hand, under the unbalanced voltages with the 
VUF value as 5%, the phase active powers injected by IG are 
0.480pu, 0.284pu and 0.211pu for phase a, b and c, 
respectively. In the case of the same VUF value, the phase 
reactive powers drawn by IG are 0.254pu, -0.005pu and 
0.282pu for phase a, b and c. 

In addition, one can see that VUF value highly affects the 
phase active and phase reactive powers of the induction 
generator. 
B. Case 2: Comparative evaluation for the test voltages 

with Ve values from 0.6 pu to 1.2 pu and VUF=5% 
In the second case, for the constant VUF level as 5%, the 

grid voltage level (Ve) is increased from 0.6 pu to 1.2 pu. 
Similar to the first case, under these voltage conditions, PT is 
kept as 160 kW. 
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                                                     (a)                                                       (b) 

                                                     (c)                                                      (d) 

                                                     (e)                                                       (f) 
  

Figure 3: (a) Psa, (b) Qsa, (c) Psb, (d) Qsb, (e) Psc and (f) Qsc values obtained via proposed, SCP and d-q models for Case 1. 

 

The results provided with the proposed, SCP, d-q models 
are given in Figure 4. This figure shows that for Ve value as 
0.6 pu, active powers injected by phase a, b and c of the IG are 
0.367pu, 0.291pu and 0.282pu, and reactive power drawn by 
the respective phases of the IG are 0.175pu, 0.064pu and 
0.171pu. Under the voltage level with Ve value as 1.2 pu, for 
phase a, b and c, the IG injects active powers as 0.548pu, 
0.273pu and 0.155pu, and it draws reactive powers as 
0.336pu, -0.027pu and 0.386pu. According to the above 
mentioned numerical results, it is obvious that voltage level 
(Ve) highly contributes the unbalance among the phase active 
or phase reactive powers.  

IV. CONCLUSION 
In this paper, a phase-domain model of the WTGSs with 

CFSIG is developed for the load flow analysis of unbalanced 
distribution systems. The main advantages of the developed 
model are that it provides closed form power expressions. This 
means that its implementation does not require the solution of 
positive- and negative- sequence circuits. As a result, it has 
less computational complexity as compared with the slip 
calculation based phase-domain models. 

It can be concluded from the numerical results observed 
under several unbalanced grid voltages that proposed model is 
consistent with the SCP based phase-domain model and d-q 
model. In other words, the developed model can safely be 
employed for the analysis of the WTGS with fixed speed 
induction generators under the wide ranges of VUF and Ve 
parameters. 

In the future works, authors aim to incorporate the 
developed model to an unbalanced power flow algorithm. 

V. APPENDIX 
Properties of ind. machine considered in the simulations: 
Rated voltage:400 V (rms), Rated power: 160 kW 
Short-circuit resistance and inductive reactance values:  
Rsc= 0.021518 Ohm,  Xsc=0.095504 Ohm 
Core resistance and magnetization reactance values:  
Rm= Neglected, Xm=2,415885 Ohm 
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Figure 4: (a) Psa, (b) Qsa, (c) Psb, (d) Qsb, (e) Psc and (f) Qsc values obtained via proposed, SCP and d-q models for Case 2. 
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