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ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 38, Number 3, 2008

SEPARABILITY AND EFFICIENCY UNDER
STANDARD WREATH PRODUCT
IN TERMS OF CAYLEY GRAPHS

FIRAT ATES AND A. SINAN CEVIK

ABSTRACT. In this paper we are mainly interested in
separability and efficiency under the standard wreath product.
To do that we will first obtain a presentation, say Pg, for the
standard wreath product in terms of Cayley graphs. Then we
will prove our first main result of this paper, which can be
thought of as an application of the result given in [17] (or the
general result in [6]). Moreover, by considering the standard
wreath product G of any finite groups B by A, we will define
the relationship between B-separability and efficiency, on G,
as another main result of this paper.

1. Introduction. Let G be a group, and let H be a subgroup of
G. Then G is said to be H-separable if, for each x € G — H, there
exists N < G with finite index such that z ¢ NH. Moreover, G is
called subgroup separable if G is H-separable for all finitely generated
subgroups H of G. The best known results about subgroup separability
can be found, for instance, in [2, Section 3], [11, 14]. Furthermore, let
S be a generating set for G. The Cayley graph, see, for example, 3, 8,
12, 13], of G, denoted by ', with respect to S has a vertex for every
element of G, with an edge g to gs for all elements g € G and s € S.
Thus, the initial vertex of the edge is g and the terminal is gs.

Suppose that G is the semi-direct product of a group K by a group
A, denoted by K xg A where 0 : A — Aut(K),a = 6,,a € A, is a
homomorphism. Suppose also that Px = (y;s) and P4 = (z;7) are

the presentations for the groups K and A4, res—pectively, under the maps
Yy ky, YEY, T D ag, TET. (We note that, throughout this paper,

“,”

the notation used in group presentations denotes the finite set of
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780 FIRAT ATES AND A. SINAN CEVIK

generators and relators). Then, by [9], we have a presentation

s

P s,

=3

(1) Pg = (z» ’i)’

for G = K x¢ A, where t = {yz)\;zlm‘l; YyEyY, € :f} and Ay is
a word on y representing the element (k)0,, of K ,a € A k€K,
yE€Ey, e_g. (We recall that, by [5], the semi-direct product can

also be defined as the split extension). Assume the group A is finite.
Moreover, let B be any finite group, and let K be the direct product
of |A| copies of B. In [6] has been given the definition of the standard
wreath product of B by A, denoted by B! A, which is actually the semi-
direct product of K by A. (We should note that some authors, for
instance Karpilovsky [10], use the notation A} B instead of B! A. Here
we use the notation as in [15]).

Furthermore, let us suppose that G is a finitely presented group
with a finite presentation P = (z;r). Then the Euler characteristic

of P is defined by X(P) = 1 — |z| + |r|, where |.| denotes the
number of elements in the set. Also there exists an upper bound
0(G) = 1 — rkz(H1(G)) + d(H2(G)), where rkz(.) denotes the Z-
rank of the torsion-free part and d(.) denotes the minimal number of
generators. In fact, by [6], it is always true that X(P) > §(G). We then
define X(G) = min{Xx(P) : P is a finite presentation for G}. Hence, a
presentation, say Py, for G is called minimal if x(Py) < Xx(P), for
all presentations P of G. Also, the presentation Py is called efficient
if X(Po) = 6(G). In addition, G is called efficient if X(G) = §(G).
We note that examples of efficient and inefficient groups have been
referenced in detail in [6).

In this paper we will investigate, mainly, the relationship between
the efficiency and separability under standard wreath products. First
of all, we will obtain a presentation for this product by defining a
construction based on a Cayley graph. (We note that the use of Cayley
graphs in presentations is well known in semigroups [1]). In [15] has
been given the efficiency for p-groups under general wreath products,
and in [6] has been defined the sufficient conditions for finite groups to
be efficient under standard wreath product. After these two results, as
a first main result of this paper, we will give sufficient conditions for
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STANDARD WREATH PRODUCT 781

a standard wreath product presentation of the collection of p-groups
to be efficient on the minimal number of generators. (Actually the
importance of this result is that it was obtained using Cayley graphs).
Further, for a standard wreath product, say G, of any finite groups B
by A, we will prove, by the meaning of the efficiency on the minimal
number of generators, that G is B-separable. Moreover, we will give
an example and some applications for these two results.

2. Main theorems. Let A be a nontrivial finite abelian group.
Then, clearly, A can be uniquely written as

A=2, ®Z,,® - DZL,,, ni|nz|--|n

We define the first torsion number of A, called t(A), to be n;. If A is
a trivial finite abelian group, then ¢(A4) = 0.

Suppose that the following three conditions hold for finite groups A
and B.

(i) A and B have efficient presentations P4 = (z; r) and Pp =

(y; s), respectively, on g, n, g, n € N, generators where n = d(B),

(i) d(B) = d(H1(B)),

(iii) esther the orders of A and H;(B) are even and also t(H2(A)),
t(H2(B)) and t(H;(B)) are even or the order of A is odd and there
exists an odd prime p dividing t(H2(A)), t(H2(B)) and t(H1(B)), where
t(.) is the first torsion number of the abelian group as defined above.

The proof of the following result can be found in [6, Theorem 1.1]
which is the generalization of the result in [17].

Theorem 2.1. Let G = B A, and suppose that (i), (ii) and (iii)
hold. Then G has an efficient presentation on g + n generators.

Remark 2.2. As depicted in [6, Remark 1.2], there is interest not just
in finding efficient presentations for a finite group G, but in finding
presentations that are efficient on the minimal number of generators,
see [18].

This content downloaded from 193.255.189.6 on Fri, 23 Aug 2019 11:25:05 UTC
All use subject to https://about.jstor.org/terms



782 FIRAT ATES AND A. SINAN QEVIK

Now suppose that both A and B are p-groups, for some prime p, and
let the above condition (i) hold. In fact we do not need conditions (ii),
by Proposition 3.5 below, and (iii) since A and B are p-groups.

Thus, we can give the following result as a consequence of Theo-
rem 2.1.

Corollary 2.3. Let G = Bl A, where A and B are p-groups,
satisfying condition (i). Then G has an efficient presentation on g +n
generators.

By extending the meaning of Corollary 2.3, we obtain the following
theorem as a first main result of this paper.

Theorem 2.4. Let Ay, As,...,A, and B be finite p-groups. Also,
let

Go=B, Gi=GpolA;, G2=G1l4s, ..., G,=Gr_114,.

If B has an efficient presentation on d(B) generators, then G, has an
efficient presentation on d(G,) generators.

Suppose that the above three conditions hold for any finite groups
A and B, and also suppose that G = B! A. Then, as another main
result of this paper, we have the following theorem which gives the
relationship between efficiency and separability.

Theorem 2.5. Let us suppose that G has an efficient presentation on
d(G) generators, that is, with a minimal number of generators. Then
G is B-separable.

3. Preliminaries. = We should note that some of the following
material in this section can also be found in [6].

Proposition 3.1 [16]. Let B be a finite group. Then

(i) H2(B) is a finite group, whose elements have order dividing the
order of B;

(ii) H2(B) =1 if B is cyclic.
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Let A be an abelian group. Then we denote by A#A the subgroup
of the factor group of A ® A generated by the elements of the form
a®b+b®a (a,b e A). Also, for any group K, an element of order 2
is called an involution.

Theorem 3.2 [4]. Let m denote the number of involutions in the
group A. Then

H,(Bl A) = Hy(B) ® Hy(A) ® (Hy(B) ® Hy(B))4I-m~1/2
@ (H1(B)#H;(B))™.

In the rest of the paper Z,, will denote the cyclic group of order n.

Lemma 3.3. Let B be a finite group, let
t
Hy(B) = @ Zn,,

=1

and let s be the number of even n;, 1 <i <t. Then

Hl(B)#Hl(B) g @ Z(ni,n,’) ®Z§8),
1<i<j<t

where ng) s a direct product of s copies of Z,.

The proofs of the above proposition, theorem and lemma can be found
in [10]. Also, the proof of the following lemma can be seen easily using
a simple calculation.

Lemma 3.4. Let A and B be finite p-groups for some prime p. Then

d(A® B) = d(A) + d(B).

It is clear that Lemma 3.4 can be extended for more than two groups.
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784 FIRAT ATE§ AND A. SINAN CEVIK

The following proposition will also be needed for our proofs, and the
proof of it can be obtained by a standard way.

Proposition 3.5. Let B be an arbitrary finite p-group. Then
d(B) = d(Hy(B)).

4. Proof of main theorems.

4.1. Proof of Corollary 2.3 and Theorem 2.4. In this section
we assume that G = B! A, where A and B are p-groups, satisfying
condition (i). We recall that the other two conditions have already
held for p-groups.

We will first prove Corollary 2.3, which has been shown in [6] by a
different technique, and then, by iterating this progress, we will obtain
the proof of Theorem 2.4. This section will be divided in two parts,
namely “calculation of 6(G)” (which is the homological part) and “to
obtain an efficient presentation for B{A” (which is the geometric part).

1) Calculation of §(G). We note that since G is a finite group,
rkz(H1(G)) = 0. Hence, §(G) = 1+ d(H2(G)).

Case 1. p is odd. Since m = 0, by Theorem 3.2, we have
Hy(BU A) = Hy(B) ® Hy(A) @ (H:(B) ® Hy(B))41-D72,
Then, by Lemma 3.4,
1+ d(H2(G)) =1+ d(H2(B)) + 1+ d(H2(A)) — 1
+ d((H,(B) ® Hy(B))(41-1)/2),
Therefore,
8(G) = 6(A) + 6(B) — 1+ d((H,(B) ® H,(B))(141-1)/2)
= X(Pa) + X(Pg) — 1 + d((H1(B) ® H1(B))(141-1/2)

since A and B have efficient presentations on d(A)
and d(B) generators.

Now let us calculate d((H;(B) ® Hy(B))(41-1/2). We know that
B is a p-group and so the abelianization group H;(B) of B is also a
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p-group. Moreover, in condition (i), we assumed that |y| = d(B), that
is, B has an efficient presentation (y; s) on d(B) generators. Then, by

Proposition 3.5, d(B) = n = d(H; (B)) So we can write
Hl(B) = Zpkl X Zpk2 X+ X Zpk,,.
Then,

H,(B)® H,(B) = (Zpkl X Zpk2 X oo X Zpk,,)
® (Zpk1 X Zpk2 X eee X Zpkn)
= (mein(kl,kl)) ® (mein(kl,kz)) DD (mein(kl,kn))
@ (Zpmintkz k1)) ® (Zpminckzka)) @+ © (Lpmincka,kn) ) D

(mein(kn,kl)) @ (mein(kn,kz)) ®---D (zpmin(kn,kn)).
Thus, d(H,(B) ® H1(B)) = n? and so
d(H(B) ® Hy(B) 4772 = 2 (1] - 1
Hence,

) 5(G) = X(Pa) + X(P5) — 1 + %(|A| ~1)n2.

Case 2. p is even. Due to the fact that the number of involutions is
uncertain in 2-group, we can just keep it as m in our calculations. By
Theorem 3.2, we have

Hy(G) = Hy(B) & Hy(A) @ (Hi(B) ® Hy(B))4I-m~1/2
® (Hi(B)#H1(B))™.
Then, by using Lemma 3.4, as in the previous case, we get
1+ d(Hz(G)) =1+ d(Hz(B)) + 14+ d(Hz(A)) -1

+d((H1(B) ® H1(B)))(14I~m=1/2
+ d(Hy(B)#H:(B))™.
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786 FIRAT ATE§ AND A. SINAN CEVIK

Since A and B have efficient presentation on d(A) and d(B) generators,
respectively, we have

8(G) = X(Pa) + X(PB) — 1 + d((Hy(B) ® Hy(B))IAI-m+1)/2)
+ d(H1(B)#H:1(B))™.

Hence, we can write H1(B) = Zgk;, X Zgky X -+ X Zgk,, and we
then get d(H,(B) ® H,(B)) = n?, where d(B) = n = d(H;(B)) by
Proposition 3.5, so that

1
d(Hy(B) ® Hy(B))14I=m*D/2 = = (14| - m + 1),

Also, by Lemma 3.3, we get

Hl (B)#Hl(B) - (ZQmin(kl,kg)) @ (Z2min(k1.k3)) @ et @ (Z2min(k1.kn))
D (Zomin(ka.ks)) O (Zomincka.kg) ) D« + B (Zgmin(ka.kn))

D (zzmin(kn_z,kn_l))@(ZZm{n(kn_2,kﬂ))@(Z2min(kn_1,kn))
oz
since H;(B) is a 2-group, we take s = n.

Now, by Lemma 3.4, d(H;(B)#H:1(B)) =(n—1)+(n—2)+---+
2+ 1+ n = (n? +n)/2. Therefore,

am @B = m( )

After that we have
1, m
®3) 5(G) = X(Pa) + X(P5) = 1+ 5n?( A+ — ~1).
2) To obtain an efficient presentation for G. In fact, we first need

to obtain a standard presentation for G = B! A where A and B are
finite p-groups, for any prime p, by the following construction. (This
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STANDARD WREATH PRODUCT 787

construction contains some geometric steps and Tietze transformations
[12]). The following process can be followed for the construction.

Let {a; : = € z} be a generating set for A corresponding to the
presentation P4 = (z;7), and let {b, : y € y} be a generating
set for B correspondi;g_to the presentation PB== (y;5). We let
A={a,as,...,a,}. -

e Choose an ordering a; < az < -+ < a, where a; = 1.

e Draw a Cayley graph I'4 of A on its elements.

e For each vertex a € A, take a copy (y(® ; f(“)) of Pp.

o For each pair of vertices a, a’, where a # a’, write down relations

YD) = 2y, y ey,

e For each positive edge

aa;

in the Cayley graph, write down the relations

x—ly(a)w — y(aa,)'

After these steps, we can get the following lemma which can be proved
directly by the meaning of standard wreath product and by considering
the presentation Pg, as in (1).

Lemma 4.1. Let G = Bl A where A and B are finite p-groups. Then
Po =y (a € A), 735 (a € A), r, y2) = 2Dy,
.'L‘_ly(a):l? — y(aaw)

(a,a’ € A, a#a, T €z, y,zeg))

is a standard presentation for G.

This content downloaded from 193.255.189.6 on Fri, 23 Aug 2019 11:25:05 UTC
All use subject to https://about.jstor.org/terms



788 FIRAT ATE§ AND A. SINAN CEVIK

/
FZz xZ2 F22 xZy

T

(012 542

(y(ll); s(11)>

Z2

FIGURE 1.

e Finally, on Pg, link the Tietze transformations to some geometric
ideas related to the Cayley graph.

Remark 4.2. 1) In fact the construction above, as well as Lemma 4.1
cannot only be applied for p-groups but also for any finite groups A
and B. Nevertheless, to prove our first result (Theorem 2.4), we will
consider A and B as p-groups.

2) The reason for keeping track of the use of the Cayley graph in our
construction is to obtain the set of relators y(®)2(a) = z(¢)y(a) and
Y@ =yle) g o' c A,a#d,y,z€y,z€ .

Remark 4.3. The construction above which is about obtaining a
presentation for the standard wreath product has not been within our
reach in literature. Besides that a presentation, say Pg, (similarly as
P in Lemma 4.1), for G = B! A where A and B are any finite groups,
can be obtained by different methods, see, for example, [6]. In fact Pg
can be thought as a generalization of Pg, and we will use Pg for the
proof of our second result, see subsection 4.2 below.

Example 4.4. Let B be a finite group. Now we will obtain a
presentation for G = B1Zy x Z; by using the Cayley graph based on
the above construction.

Let Pz,xz, = (z1, T2 ; =%, 73, ;T2 = T27,) be a presentation for
the group Z; x Z; on the generators {1, zo}. For simplicity, let us
label the elements 1, x;, 2 and z,z2 by the numbers (11), (12), (21)
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TZzXZz

(y(ll); s(“)) z <y(12); 2(12)>

Waa,
T2
.//.\ .
1 . J =
a -
T
<y(21);3(21)) pou (y(zz);s(zz)) — W, —
(a) (b)

FIGURE 2.

and (22), respectively. For each vertex (ij), where i,j € {1,2}, we take
a copy (y(); s (1)) of Pp. In fact, by fixing the four copies of Pp into

each vertex in the Cayley graph I'z, «z,, given in Figure 1 (a), we get
the Cayley graph I'z, , 7., depicted in Figure 1 (b). Thus, we obtain
relators
o7lyWgy = 41D g1y g, — @),
o i S
Ty Yy =Y, T Y2 =Y,
e7ly @y = gD prly@g, — ()
by using I', , z,. In other words, for i,j € {1,2},

a7ty =y I+HD 0 5 =0 (mod 2),

x; Y@y = y(+H1 9 =0 (mod 2).
For each of the vertices (ij) and (Im), in Figure 1 (b), where (ij) <
(Im), we also have relators

Y 69) m) _ (tm), (i),

Therefore, by Lemma 4.1, G = Bl Z2, x Z; has a presentation
PG = (y(ij)’xlym2; f(z])a x%? 33%, T1T2 = T2, [y(ij),z(lm)],

(5) zyly@g; = yEI+HD 5 =0 (mod 2),
25ty gy = y(+1 9 =0 (mod 2)),

where 7,5 € {1,2} and ij <Im. O
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790 FIRAT ATES AND A. SINAN CEVIK

Suppose that we have a Cayley graph I" 4. Now let us pick a maximal
tree T in I'4 and then, for each a € A, let 7, be the geodesic in T' from
1 to a as in Figure 2 (b). Also, let W, be the label on ~,.

We can apply some Tietze transformations on the presentation Pg,
given in Lemma 4.1, as follows:

(T1) Add the relators y(® = W, ly(DW,, where y(® € (@ since
these are consequences of the relators z~1y(®)z = y(®2=) and T.

(T2) Delete the relators 2 'y(®z = y(39=) since these are conse-
quences of the relators y(®) = W;1y()W, and r. Let us show it:

For any a € A, take y(®) = W 1y(VW, and conjugate it by z. Then
we get z7ly@z = W lyDWez, so 271y = W lyDW,,,,
see Figure 2 (b). Since W, ly(WW, = y(@), we write Wl yMW,,, =
y(2%=) . Thus, we have y(®%=) = z=1y(e)g,

(T3) Delete s (a), where a # 1, since these are consequences of the
relators s() and ¥ = W ly(DW,. Thus, after deletion we will just
have s (lyin the presentation. Let us show it:

We have
(6) y @ =wrlyMOw,, a#1
Let us take S € s and 5@ € s(") That means the letters S(1)
and S(®) belong to y(l) and y(“) a 7é 1, respectively. It follows from
(6) that we have s@ = Wa‘lS(l)Wa, a # 1. Thus, since S € s
and s () is a relator in the presentation Pg (given in Lemma 4.1),- we
get § () ~ 1 and so §(® ~ 1. That is, the relators s(a) are derivable

from s(!). Thus we can delete s(9), a # 1, and we then have just s(l)

in the presentation, as requlred
(T4) Delete the generators y(*), where a # 1, and replace y(®

by W;lyMW,, where a # 1, in y®ze) = @)y 44 € A,
Y,z € y After deletion, we have only the generator y(l) in the set

of generators y(“)
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At this stage we have a commutator relator set with the form of
[yM, W 12(0W,], for each a € A, which has total |A| — 1 elements,
and also have another commutator relator set with the form of

(7) W lyOw,,, Wi l20w,,],

where a;,az € A. Let us take relators (7) and conjugate them by W, 1.
So we have
[Wa, Wity W Wo, W1, 2]

Then the inverses of these are [2(1), W,, W1y W, W] and, actu-
ally, these relators are the form of

(8) [y, Wa, Wit 2WOW,, Wl

But the relators in (8) are equal to some relators which are the form
of [y, W 1z(WW,] since Wo, Wil ~ Woiast ~ Wa. Therefore we
delete the relators in (7) since these are a consequence of the relators
[y, W;12(0W,]. Thus, we have just [y}, W 12(DW,], for each

a € A, in commutator relator set in the presentation Pg.

By omitting the superscript (1), we then obtain the presentation

9 Puc=(y, z; s 1 [y W'eWa, (a€ 4, a#1, y,z€y)),

for the group G = Bl A.

As in the homological part, we have two cases.

Case 1. p is odd. Let us take the presentation P, g, given in (9). We
recall that there are not any involutions in A since the order is odd.
Hence, we will omit “m” in our calculations.

For any a € A, let us take [y, W;!zW,] and then conjugate it
by (W,)!, where | = 1 (mod p) and W,(W,)! ~ 1. Then we get
[(W,)"'y(W,)!, 2], and the inverse of it is [z, (W,) 'y(W,)!]. In fact,
it is the form of [y, (W,)~'2(W,)!], for any a € A. Since W,(W,)" ~ 1,
a € A, (or, equivalently, (W,)! ~ W), we have [y, (W,)~'2(W,)!].
But this is one of the relators in the relator set [y, W;12W,], a € 4,
a # 1. In other words, for any a € A, [y,(W,)"'2(W,)!] is a
consequence of [y, W;12W,]. So we delete [y, W, 'zW,]. Now if we

This content downloaded from 193.255.189.6 on Fri, 23 Aug 2019 11:25:05 UTC
All use subject to https://about.jstor.org/terms



792 FIRAT ATES AND A. SINAN CEVIK

apply the same process to each a € A then we delete half of the relators
of the form [y, W, '2W,]. In fact, we delete (JA| —1)/2 elements from
this set. Therefore, we have the presentation
(10)

Poc=(y, z; 8 1, [y, Wa)'2(Wa)'], (a€ 4, a#1, y,2€y)),

for G. Before we calculate the Fuler characteristic of P2 ¢, we should
remark that the number of elements in [y, (W,) 'z(W,)!] is (J4| -
1)/2|y|?. Hence,

X(Pag) =1 = (12l +1yl) + 7] + |s| + (14] - 1)/2lyP
= 1= (Jal + Iy + 1= LIl + ] + (141 - 1)/2lyP
= (1= lal +1r)) + (1= |yl +1s]) = 1+ (4] = 1)/2ly[*

= X(Pa) +x(Ps) — 1 + (4] - 1)/2|y[*.
By the assumption |y| = d(B) = n,

X(P2,c) = X(Pa) + X(Pg) — 1 + (|A| — 1)/2n>.

Therefore, X(P2,c) is equal to §(G), given in equation (2). So Py ¢ is
an efficient presentation for G.

Case 2. p is even. Let us consider the set of relators [y, W;12W,],
where @ # 1, a € A, y,z € y, in the presentation P; ¢ in (9). In

fact, there are a total |y|2(|A_| — 1) elements in these relators and,
clearly, we have |y|? choi:es of them. But we also have some mutually
inverse terms in these |y|? choices, for instance, [y;, W;ly2W,] and
ly2, Wl Wal, v1, 2 e_ y. The number of mutually inverse relators
in these |y|? choices is |y|_(|y| —1)/2. Moreover, since each relator in
these |y|2_choices has |A|=— T elements, the total number of such these

mutually inverse relators is (JA| — 1)(Jy|(Jy| — 1))/2, say S;. But, by
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Tietze transformations, we can delete these S; elements since they are
derivable from the others as follows:
For y1,y2 € y and a € A, take [y1, W 'y2W,]. Then, by conjugating

W,, we get
Warn W, ya] ~ [y2, Wyl Wo]
~ [y2, W)ty W,
~ [y2, (W)l W, Y

since W,;1 ~p Wo-1 =4 W,,, forany a; €A

~ [y27 Wa_llyIWal] ~ [y2a Wa—lyIWa]
since Wi, ~ W,.

After deletion we get the total
2 1 2
[y(141 - 1) = 1 = (141 - DIyl + Iy))

relators, say Sz, in the set of relators [y, W;12W,],a € A, y,z € y.

We can still apply some deletions on these S2 elements. Because we
also have

(11) ly, W 'yW,], a€ A, yey

relators. In fact, the total number of these relators is |y|. Moreover,

we can find some inverse elements in relators (11) and the number
of these inverse elements, for each relator in (11), is (|4| — 1 — m)/2,
where m is the number of involutions in A. Then, since we have total
|y| relators in (11), the total number of these inverse relators in (11) is

|§|(|A| —1—m)/2, say S3. Hence, by deleting these S3 elements from
the S, elements, we get (1/2)|y|?(|A| — 1+ (m/|yl|)), say Sa, in the set
of relators [y, W;'zW,].

Therefore, we have the presentation

(12) P3¢ = (y’ £ ) i, Qa [yv Wa_IZWa]’(a €A a#1, yz¢€ y))v
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for G = B! A. Hence,

m
X(Pag) =1zl + Iy + el + 13+ 5 (141 - 1+ 1 1P

=1 (ja|+ly) +1—1+]r|+]s]

1 m
+ = A—1+—)y2
2(|| o)

= (1ol +r)) + (1= [y| +]s]) - 1

1
Z(1A] -1+ =)|y)?
+ 5041 - Il)lyl

X(Pa) +Xx(Pg) -1+ 5 (|A| 1+ {y%) |£|2~

As p is the even case, by the assumption |y| = d(B) = n,

X(Pac) = X(Pa) + X(Pg) — 1+ (|A|—1+ )

Thus X(Ps,c) is equal to §(G), given in (3). So P3¢ is an efficient
presentation for G.

Example 4.4 (continued). Let us choose a maximal tree Tz,xz,,
as depicted in Figure 2 (a), from the Cayley graph I',, 5 , given in
Figure 1 (b). Then we can delete some relators in presentation (5) as
follows:

Clearly s(), where i,j € {1,2}, (ij) # (11), is a consequence of
s, Let S(1) ¢ s(9), and let SV € s(1Y). Suppose W;; is the label
on 7;j. Then W SAVW;; = §G9). Since SOV € sV and 501 is a
relator in the presentation and then since S ~ 1, we say that s(ij ) is

derivable from s(“) and so we delete s(” ) from the relator set in the

presentation. Let Y11, Y12, Y21 and 722 be geodesics in maximal tree
Tz,xz, from 1 to (i5), (ij) € Zy x Zs, and let us suppose that

1 labels 711, x; labels y12, 2 labels 21, zox; labels ~q9.
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Hence, by using relations (4), we have
eilyWgy = g2 grly gy = y@D apg orlp=1y(Wg gz — 4(2)
or, equivalently,

(13)
Y2y Wmz = y1D, oty =y A ly(Da,y = (22

From the Cayley graph in Figure 1 (b), we can easily see that

(14 T2712 = 1, 712721 = Y22 = Y21712, V12722 = Y21 = ’)‘22’)’12,}
Ye1¥21 = 1, 721722 = Y12 = Y22721-

Using (13), we get

™, 20P] = [y, 4z,
0, 2C0] = D, 5t ),
[y, 2%9] = [y, 75!z ],
[y(1?, 2®Y] = [yRlyWayp, 45 2 ya1],

(V12
[¥1?, 222 = [YlyMW iz, 155t 21D yp)

and

W®Y, 22 = [y vy a1, vap 2 2]
After that, by applying (14) and using 53! and 75,', we can delete
[y(lz), 2(21)]’ [y(lz), 2(22)] and [y(21)’ 2(22)].
Therefore we obtain the presentation
(15)
P =y, 1,22 8"V, 2, 23, @122 = zam, [y, 2712(Vay),

[y(ll)’ 12_12(11):1:2], [y(ll), w;lxl_lz(u)zlzg]),

for the group G = B1Z2 X Z,.

Now assume that B is cyclic of order 4 with a presentation Pg =
(y;y*). Then presentation (15) becomes
(16) PG = <y7z1’12;y49$%,wg9a’1x2

= zox1, [y, 27 Y71, [y, T3 yza), [y, 5 2] yzas)).
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Since §(Z41Zy x Z2) = X(Pg) = 5, presentation (16) is efficient for the
group G = Z41Zs X Z,.

Until now we have proved group G has an efficient presentation
P26, as in (10), or P3 g, as in (12). But, to complete the proof of
Theorem 2.4, we must also show that these presentations are efficient
on the minimal number of generators, that is, d(G) = g+n, by assuming
g = d(A), actually, g = d(H;(A)) (by Proposition 3.5). This can be
shown as follows:

Let us consider the presentation P3 . Since P3 g has g+n generators,
we certainly have d(G) < g+ n. So we just need to show that
d(G) > g + n. For this, we will use the fact that the minimal number
of generators of a group is greater than or equal to the minimal number
of generators of a quotient group, in particular, d(G) > d(H:(G)). So
we need to show that d(H;(G)) = g + n.

Now let us choose an ordering x; < 2 < --- < z4 of the elements in
the generating set z.

The first homology group of G can be presented by
Prie) = (Y, @38, 1, [y, Wo 2 W]
(eeda#l, yz€y), [v,2] (yey, =€),
[y, 2] (y,2 € y, y < 2), [z,2]] (z,2" € 2, = <2')).

By applying deletion operations on Pg, (g), we have
Puyc) = (¥, &8 1, [zl (yey, 2€2), [y,2] (2 €y, y<2),
[,2] (z,2' € z, = <2'))
= H;(A) ® H.(B).

So, by Lemma 3.4, d(H1(G)) = d(H1(A))+d(H;(B)). Since d(H;(A)) =
d(A) = g and d(Hy(B)) = d(B) = n, by Proposition 3.5, we obtain
d(H1(G)) = g + n, as required. (We note that the ps being the odd
case can be seen by using a similar way as above).

Example 4.4 (continued). The presentation Pg, in (16), is efficient
on 3 generators.
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After all these processes of the proof of Corollary 2.3, we can prove
Theorem 2.4, by induction on 7, as follows:

a) Let 7 = 1. Then the result holds by Corollary 2.3.

b) Let 7 > 1; then G, = G,_; ! A,. By induction hypothesis, G,_;
has an efficient presentation on d(G,_1) generators. Moreover, G,_; is
a p-group. Since A, is an abelian p-group, again by Corollary 2.3, G,
has an efficient presentation on d(G,) generators.

This completes the proof of Theorem 2.4. o

Example 4.4 (continued). G, = (-+- ((Z41Z3 X Z3)1Z3 x Zo) -+ )
Z, x Z, has an efficient presentation on 2r + 1 generators. 8]

4.2. Proof of Theorem 2.5. Suppose that G is the standard
wreath product of any finite groups B by A satisfying conditions (i), (ii)
and (iii). By the construction defined in the previous section (and so, by
Lemma 4.1), we can get a presentation Pg, as depicted in Remark 4.3.
After some deletion operations on Pg considering the set A — {1} can
be divided into singletons {a} (a € A, a is an involution) and pairs
{a,a"'} (a is not an involution) and choosing y; < y2 < --- < y, for
the elements of the generating set y, we get the following presentation

Pg, from Pg for the group G. Let AT be a choice of one element from
each pair {a,a'}, and let Inv be the set of involutions in group A.
Thus,

Pg, = (:’iv

s

38,7,
[y, Wa_lzwa]’ (a € A+a Y,z € ?i)v [ya Wa_lea]

(a€lnv, y,z €y, y < 2)).

We note that the above presentation Pg, can be thought as a general-
ization of presentations P, ¢ and Ps3 ¢ since they present only p-group
G. In [5] has been proved that the presentation Pg, is the simplest
form for the group G, that is, it has the minimal number of generators
and relators with a # 1. In that paper it has also been proved that
this presentation is efficient with this minimal number of generators.
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We also remark that there is no empty word in commutator relators in
the presentation Pg, since a # 1. In fact this is the main point of our
proof.

By the definition of G = Bl A = B!l x4 A, the group B4l is
normal in G. Let us denote by N the normal subgroup Bl4!. We have
a set G — B which has the elements obtained by the set z, and the

elements satisfy the commutator form [y, W;'2W,] (a € A, y,z €y
ora € Inv, y,2 € y, y < z). Recall that ~, is the geodesic in T from 1

to a (see Figure 2 (b)) and W, is the label on 7,. So W, consists only
the elements of the generating set z. Let U be the word obtained by

the set G — B. Since a # 1 (and so W, # 1), U cannot be the form of
ly,2] (y,2 €y, y < 2). Also, U ¢ NB since NB does not have a word

which contains the elements of z and does not have elements satisfying
the commutator form.

Due to Pg, is the efficient presentation with the minimal number of
generators that is our beginning point and, moreover, since the material
in the above paragraph can be applied for this efficient group G, we
can directly say that G is B-separable. In other words, by the meaning
of minimal efficient presentation, we guaranteed that the set G — B
can also be obtained by this minimal number of elements, and so the
set NB cannot contain any elements of the form (yz)* or y°z¢, where
v,z €y, k,i,s€Zr.

This completes the proof. u]

As a consequence of Corollary 2.3 and Theorem 2.5, we have the
following results.

Corollary 4.5. Suppose that A and B are finite 2-groups and, for
the group G = Bl A, Ps,g, as in (12), is an efficient presentation on
g + n generators. Then G is B-separable.

Proof. In the proof of Theorem 2.5, let us take the presentation P; ¢
instead of Pg,. Then, by Corollary 2.3, we know that it is efficient on
the minimal number of generators. So, by applying the same steps as
in the proof of Theorem 2.5, we get the result. o
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Similarly,

Corollary 4.6. Suppose that A and B are finite p-groups, where
p is odd, and Py, as in (10), is an efficient presentation on g + n
generators for G = Bl A. Then G is B-separable.

Furthermore, as an application of Theorems 2.4, 2.5 and Corollaries
4.5, 4.6, we have the following result.

Corollary 4.7. Let A;, As, ..., A, and B be finite p-groups, and let
Go=B, Gy =GolA;, G2=G1lAs, ..., G.=G,._114,.

Suppose that G, has an efficient presentation on d(G,) generators.
Then

G, is Go-separable,
G2 is Gi-separable,...

G, is G,._;-separable.

Example 4.4 (continued). B!%2%Z2l js the normal subgroup of
G = B\Z2%Z2| 5 (Zy x Z3). We have a set G — B which has the elements
obtained by the set {z;,z2} and has the elements satisfying commu-
tator forms [z1,z2), [y, 2] ‘yz1], [y, 25 “yz2] and [y, z; =] 'yz122]). We
showed that presentation (16) is efficient on 3 generators. As we did
in the proof of Theorem 2.5, the word U must contain z; or 2. How-
ever B!Z2%Z2|l does not have a word that contains z; or z5. Hence
U ¢ B|22xZ:1B. That means G is B-separable. 0

Question. Is there a relationship between subgroup separability and
efficiency for a standard (or general) wreath product of finite groups?
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This content downloaded from 193.255.189.6 on Fri, 23 Aug 2019 11:25:05 UTC
All use subject to https://about.jstor.org/terms



800 FIRAT ATE§ AND A. SINAN CEVIK

REFERENCES

1. J. Almeida, Finite semigroups and universal algebra, World Scientific, Singa-
pore, 1994.

2. F. Ates and A.S. Qevik, (Cyclic) subgroup separability of HNN and split
eztensions, Math. Slov. 57 (2007), 33—40.

3. G. Baumslag, Topics in combinatorial group theory, Birkhauser Verlag, Berlin,
1993.

4. N. Blackburn, Some homology groups of wreath products, Illinois J. Math. 16
(1972), 116-129.

5. K.S. Brown, Cohomology of groups, Springer-Verlag, New York, 1982.

6. A. Sinan Cevik, The efficiency of standard wreath products, Proc. Edinburgh
Math. Soc. 43 (2000), 415-423.

7. D.B.A. Epstein, Finite presentations of groups and 3-manifolds, Quart J.
Math. Oxford 12 (1961), 205-212.

8. R. Jajcay, The structure of automorphism groups of Cayley graphs and maps,
J. Alg. Comb. 12 (2000), 73-84.

9. D.L. Johnson, Presentation of groups, LMS Series 15, Cambridge University
Press, Cambridge, 1990.

10. G. Karpilovsky, The Schur multiplier, LMS Monograms New Series 2, Oxford
Science Publications, Oxford, 1987.

11. G. Kim, Cyclic subgroup separability of HNN eztension, Bull. Korean Math.
Soc. 30 (1993), 285-293.

12. R.C. Lyndon and P.E. Schupp, Combinatorial group theory, Springer-Verlag,
Berlin, 2001.

13. W. Magnus, A. Karras and D. Solitar, Combinatorial group theory, Dover
Publications, Inc., New York, 1976.

14. G.A. Niblo, HNN extension of a free group by Z which are subgroup separable,
Proc. London Math. Soc. 61 (1990), 18-32.

15. J.J. Rotman, Theory of groups, Third edition, Wm. C. Brown Publishers,
Towa, 1988.

16. 1. Schur, Uber die Darstellung der endlichen gruppen durch gebrochene lineare
substitutionen, J. Fiir Math. 127 (1904), 20-50.

17. J.W. Wamsley, The deficiency of wreath products of groups, J. Alg. 27 (1973),
48-56.

18. , Minimal presentations for finite groups, Bull. London Math. Soc., 5
(1973), 129-144.

BALIKESIR UNIVERSITESI, FEN-EDEBIYAT FAKULTESI, MATEMATIK BoLuMu, CAGIS
KaMPUSU, 10145, BALIKESIR, TURKEY
Email address: firat@balikesir.edu.tr

BALIKESIR UNIVERSITESI, FEN-EDEBIYAT FAKULTESI, MATEMATIK BoLuMu, CAGIs
KaMpusu, 10145, BALIKESIR, TURKEY
Email address: scevik@balikesir.edu.tr

This content downloaded from 193.255.189.6 on Fri, 23 Aug 2019 11:25:05 UTC
All use subject to https://about.jstor.org/terms



	Contents
	p. 779
	p. 780
	p. 781
	p. 782
	p. 783
	p. 784
	p. 785
	p. 786
	p. 787
	p. 788
	p. 789
	p. 790
	p. 791
	p. 792
	p. 793
	p. 794
	p. 795
	p. 796
	p. 797
	p. 798
	p. 799
	p. 800

	Issue Table of Contents
	The Rocky Mountain Journal of Mathematics, Vol. 38, No. 3 (2008) pp. 713-1035
	Front Matter
	SOME NEAR-RINGS IN WHICH ALL IDEALS ARE INTERSECTIONS OF NOETHERIAN QUOTIENTS [pp. 713-726]
	GERBES, 2-GERBES AND SYMPLECTIC FIBRATIONS [pp. 727-777]
	SEPARABILITY AND EFFICIENCY UNDER STANDARD WREATH PRODUCT IN TERMS OF CAYLEY GRAPHS [pp. 779-800]
	A STUDY ON QUASI POWER INCREASING SEQUENCES [pp. 801-807]
	CONVEXITY PROPERTIES OF TWISTED ROOT MAPS [pp. 809-833]
	DISTINGUISHING CONTRAGREDIENT GALOIS REPRESENTATIONS IN CHARACTERISTIC TWO [pp. 835-848]
	XIA'S ANALYTIC MODEL OF A SUBNORMAL OPERATOR AND ITS APPLICATIONS [pp. 849-889]
	GEODESICS AND CURVATURE OF MÖBIUS INVARIANT METRICS [pp. 891-921]
	COMPACTIFICATION OF MIXED MODULI SPACES IN MORSE-FLOER THEORY [pp. 923-939]
	MARKOV CHAINS: ERGODICITY IN TIME-DISCRETE CASES [pp. 941-954]
	PERTURBATION RESULTS FOR LINEAR OPERATORS AND APPLICATION TO THE TRANSPORT EQUATION [pp. 955-978]
	δ-SPIRALLIKE FUNCTIONS WITH RESPECT TO A BOUNDARY POINT [pp. 979-992]
	ABSOLUTELY p-SUMMABLE SEQUENCES IN BANACH SPACES AND RANGE OF VECTOR MEASURES [pp. 993-1010]
	OSCILLATION THEOREMS FOR CERTAIN EVEN ORDER NONLINEAR DAMPED DIFFERENTIAL EQUATIONS [pp. 1011-1035]
	Back Matter



