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Abstract

Let G be a Jordan smooth domain of bounded boundary rotation, let z0AG; and let w ¼
j0ðzÞ be the conformal mapping of G onto Dð0; r0Þ :¼ fw : jwjor0g with the normalization
j0ðz0Þ ¼ 0;j0

0ðz0Þ ¼ 1: Let also pnðzÞ; n ¼ 1; 2;y; be the Bieberbach polynomials for the pair

ðG; z0Þ: We investigate the uniform convergence of these polynomials on %G and prove the

estimate

jjj0 � pnjj %G :¼ max
zA %G

jj0ðzÞ � pnðzÞjp
c

n1�e;

for some constant c ¼ cðeÞ independent of n:
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction and new results

Let G be a finite simply connected domain in the complex plane C bounded by
rectifiable Jordan curve L; and let z0AG: By the Riemann mapping theorem, there
exists a unique conformal mapping w ¼ j0ðzÞ of G onto Dð0; r0Þ :¼ fw : jwjor0g
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with the normalization j0ðz0Þ ¼ 0;j0
0ðz0Þ ¼ 1: The radius r0 of this disc is called the

conformal radius of G with respect to z0: Let c0ðwÞ be the inverse to j0ðzÞ: Let also
G� :¼ ext L;D :¼ Dð0; 1Þ ¼ fw : jwjo1g; T :¼ @D; D� :¼ fw : jwj41g; and let j be
the conformal mapping of G� onto D� normalized by

jðNÞ ¼ N; lim
z-N

jðzÞ=z40:

We denote by c the inverse mappings of j:
For an arbitrary function f given on G we set

jj f jj2L2ðGÞ :¼
Z Z

G

j f ðzÞj2dsz:

If the function f has a continuous extension to %G we use also the uniform norm

jj f jj %G :¼ supfj f ðzÞj; zA %Gg:

It is well known that the function j0ðzÞ minimizes the integral jj f 0jj2L2ðGÞ in the

class of all functions analytic in G with the normalization f ðz0Þ ¼ 0; f 0ðz0Þ ¼ 1: On
the other hand, let Pn be the class of all polynomials pn of degree at most n satisfying

the conditions pnðz0Þ ¼ 0; p0
nðz0Þ ¼ 1: Then the integral jjp0

njj
2
L2ðGÞ is minimized in Pn

by an unique polynomial pn which is called the nth Bieberbach polynomial for the
pair ðG; z0Þ:
As follows from the results due to Farrel and Markushevich, if G is a

Caratheodory domain, then jjj0
0 � p0njjL2ðGÞ-0ðn-NÞ and from this it follows

that pnðzÞ-j0ðzÞðn-NÞ for zAG; uniformly on compact subsets of G:
First of all, the uniform convergence of the Bieberbach polynomials in the closed

domain %G was investigated by Keldych. He showed [15] that if the boundary L of G

is a smooth Jordan curve with bounded curvature then the following estimate holds
for every e40:

jjj0 � pnjj %Gp
const

n1�e :

In [15] the author also gives an example of domains G with a Jordan rectifiable
boundary L for which the appropriate sequence of the Bieberbach polynomials
diverges on a set which is everywhere dense in L:
Furthermore, Mergelyan [16] has shown that the Bieberbach polynomials satisfy

jjj0 � pnjj %Gp
const

n
1
2
�e

; ð1Þ

for every e40; whenever L is a smooth Jordan curve.

Therefore, the uniform convergence of the sequence fpngNn¼1 in %G and the estimate

of the error jjj0 � pnjj %G depend on the geometric properties of boundary L: If L has

a certain degree of smoothness, this error tends to zero with a certain speed. In the
literature there are sufficiently many results about the uniform convergence of the

Bieberbach polynomials in the closed domains %G: In several papers (see, for example,
[1–3,9–11,13–16,18,19,21]) various estimates of the error jjj0 � pnjj %G and sufficient
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conditions on the geometry of the boundary L are given to guarantee the uniform

convergence of the Bieberbach polynomials on %G . Recently the important results in
this area has been obtained by Andrievskii [2,3] and by Gaier [9–11]. In particular
Andrievskii proved the uniform convergence of Bieberbach polynomials in closed
domains with quasiconformal and piecewise-quasiconformal boundary, and Gaier
obtained the results about the uniform convergence of these polynomials in closed
domains with the various boundary constructions and also studied the cases when
the rate of this convergence is quite close to the best possible rate in uniform
polynomial approximation of the conformal mapping j0: It should also be pointed
out the recent paper of Andrievskii and Pritsker [4], where they investigated the
uniform convergence in closed domains with certain interior zero angles and
discussed the critical order of tangency at this interior zero angle, separating the
convergent behaviour of Bieberbach polynomials from the divergent one for
sufficiently thin cusps.
But no improvement of the Mergelyan’s estimation (1) in the above cited works,

when the boundary of G is smooth has been observed. However, Mergelyan [16]

stated it as a conjecture that the exponent 1
2
� e in (1) could be replaced by 1� e:

In [14] it has been possible for us to obtain some improvement of the above cited
Mergelyan’s estimation (1). From this result in particular it follows that if G is a
finite domain with a smooth Jordan boundary, then

jjj0 � pnjj %Gpconst
ln n

n

� �1
2
; nX2;

which improves estimation (1).
Developing the idea used in [14] we shall prove the above cited Mergelyan’s

conjecture for a smooth domain of bounded boundary rotation.
Our main result states as

Theorem 1. If G is a finite smooth domain of bounded boundary rotation, then for every

e40 there exists a constant c ¼ cðeÞ such that

jjj0 � pnjj %Gp
c

n1�e; nX1:

We shall use c; c1; c2;y to denote constants (in general, different in different
relations) depending only on numbers that are not important for the questions of
interest.

2. Auxiliary results

We denote by LpðLÞ and EpðGÞ the set of all measurable complex valued functions
such that j f jp is Lebesgue integrable with respect to arclength, and the Smirnov class
of analytic functions in G; respectively. Each function fAEpðGÞ has a nontangential
limit almost everywhere (a.e.) on L; and if we use the same notation for the
nontangential limit of f ; then fALpðLÞ:

ARTICLE IN PRESS
D.M. Israfilov / Journal of Approximation Theory 125 (2003) 116–130118



For pX1;LpðLÞ and EpðGÞ are Banach spaces with respect to the norm

jj f jjEpðGÞ ¼ jj f jjLpðLÞ :¼
Z

L

j f ðzÞjpjdzj
� �1=p

:

For the further fundamental properties, see [6, pp. 168–185]; [12, pp. 438–453].
For a weight function o given on L; and p41 we also set

LpðL;oÞ :¼ f fAL1ðLÞ : j f jpoAL1ðLÞg;

EpðG;oÞ :¼ f fAE1ðGÞ : fALpðL;oÞg:
We denote by ApðLÞ the set of all weight functions o satisfying the Muckenhoupt

condition, i.e.,

sup
zAL

sup
r40

1

r

Z
L-Dðz;rÞ

oðBÞjdBj
 !

1

r

Z
L-Dðz;rÞ

½oðBÞ
�1=ðp�1ÞjdBj
 !p�1

oN; 1opoN:

Definition 1. For gALp ¼ Lpð0; 2pÞ; 1ppoN; the function

opðdÞ ¼ opðg; dÞ :¼ sup
0ohpd

Z 2p

0

jgðx þ tÞ � gðxÞjp dx

� �1=p

is called the integral modulus of continuity of order p for g:

If

opðg; tÞ ¼ OðtaÞ; 0oap1;

we say that g belongs to the class Lp
a:

Definition 2. Let G be a domain with a smooth boundary L; and let FðwÞ :¼
j0
0ðcðwÞÞ: The function

o�
pðj0

0; dÞ :¼ sup
jhjpd

jjFðweihÞ � FðwÞjjLpðTÞ ¼: opðF; dÞ; p41

is called the generalized integral modulus of continuity for j0
0AEpðGÞ:

This definition is correct. Indeed, if 1=p0 þ 1=q0 ¼ 1 and jhjX0; by virtue of
Hölder’s inequality we have

jjFðweihÞjjp
LpðTÞ ¼

Z
T

jðj0
0 3 cÞðweihÞjpjdwj

¼
Z

T

jðj0
0 3 cÞðwÞj

pjdwj ¼
Z

L

jj0
0ðzÞj

pjj0ðzÞjjdzj

p
Z

L

jj0
0ðzÞj

pp0 jdzj
� �1=p0 Z

L

jj0ðzÞjq0 jdzj
� �1=q0

oN;

because for the smooth domains j0
0;j

0ALpðLÞ; for every pX1 [20].
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Without loss of generality, we assume that the conformal radius r0 of G with

respect to z0 equal to 1. Let c0ðeitÞ; 0ptp2p; be the conformal parametrization of
the smooth boundary L and let bðtÞ be its tangent direction angle at the point c0ðeitÞ:

Definition 3 (See, for example, Pommerenke [17, pp. 63–64]). The domain G is of
bounded boundary rotation if bðtÞ has bounded variation, i.e. ifZ 2p

0

jdbðtÞj ¼ sup
tn

Xn

n¼1
jbðtnÞ � bðtn�1ÞjoN

for all partitions 0 ¼ t0ot1o?otn ¼ 2p:

The following theorem holds.

Theorem 2. Let G be a finite smooth domain of bounded boundary rotation, and let

p41: Then

c0
0ðeitÞALp

1
p
�e
;

for every e40:

Proof. Since L is smooth we have [17, Theorem 3.2, pp. 43–44]

arg c0
0ðeitÞ ¼ bðtÞ � t � p

2

for the conformal parametrization and

log c0
0ðwÞ ¼

i

2p

Z 2p

0

eit þ w

eit � w
bðtÞ � t � p

2

	 

dt; wAD: ð2Þ

It follows from (2) that

c00
0ðwÞ ¼

ic0
0ðwÞ
p

Z 2p

0

eit

ðeit � wÞ2
bðtÞ � t � p

2

	 

dt; wAD;

and also

c00
0ðwÞ ¼ �c0

0ðwÞ
p

Z 2p

0

bðtÞ � t � p
2

	 

dt

1

eit � w

� �
; wAD: ð3Þ

Since the function

bðtÞ � t � p
2

	 
 1

eit � w

is periodic, an integration by parts gives

c00
0ðwÞ ¼

c0
0ðwÞ
p

Z 2p

0

dðbðtÞ � t � p
2Þ

eit � w
; wAD: ð4Þ
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Denoting

Mpðr;c00
0Þ :¼

Z 2p

0

jc00
0ðreiyÞjpdy

� �1=p

from (4) we have

Mp
p ðr;c

00
0Þ ¼

1

pp

Z 2p

0

c0
0ðreiyÞ

Z 2p

0

dðbðtÞ � t � p=2Þ
eit � reiy

����
����
p

dy

and applying Hölder’s inequality we find

Mp
p ðr;c00

0Þ

p
1

pp

Z 2p

0

jc0
0ðreiyÞjpp0dy

� �1=p0 Z 2p

0

Z 2p

0

dðbðtÞ � t � p=2Þ
eit � reiy

����
����
pq0

dy

 !1=q0

;

where 1=p0 þ 1=q0 ¼ 1: Since L is smooth the first integral is finite and hence

Mp
p ðr;c

00
0Þpc1

Z 2p

0

Z 2p

0

dðbðtÞ � t � p=2Þ
eit � reiy

����
����
pq0

dy

 !1=q0

or

Mpðr;c00
0Þpc2

Z 2p

0

Z 2p

0

dðbðtÞ � t � p=2Þ
eit � reiy

����
����
pq0

dy

 !1=ðpq0Þ

:

Applying Minkowski’s inequality to the right side we obtain that

Mpðr;c00
0Þpc2

Z 2p

0

Z 2p

0

dy
jeit � reiyjpq0

� �1=ðpq0Þ

jdðbðtÞ � t � p=2Þj: ð5Þ

Take into account the inequalityZ 2p

0

dy
jeit � reiyjpq0p

c3

ð1� rÞpq0�1;

which can be verified easily, from relation (5) we get

Mpðr;c00
0Þp

c4

ð1� rÞ
pq0�1

pq0

Z 2p

0

jdðbðtÞ � t � p=2Þj:

Since G is a domain of bounded boundary rotation, the function bðtÞ � t � p=2
has bounded variation. This property implies that the last integral is also finite and
then

Mpðr;c00
0Þp

c5

ð1� rÞ1�
1

pq0

:
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Choosing the number q041 sufficiently close to 1 we have

Mpðr;c00
0Þp

c5

ð1� rÞ1�ð1
p
�eÞ

;

for every e40:
Now applying the well-known Hardy–Littlewood theorem (see for example [6,

p. 78]) from the last inequality we deduce that c0
0ðeitÞALp

1
p
�e
:

Remark 1. Note that for the smooth domains the statement of Theorem in general
is false.

Indeed, consider the function

cðwÞ ¼ 6w þ
XN
k¼1

w2kþ1

k2ð2k þ 1Þ; wAD:

Then

c0ðwÞ ¼ 6þ
XN
k¼1

w2k

k2
:

Hence

Re c0ðwÞX6�
XN
k¼1

1

k2
41 for wAD:

Thus c is univalent. Furthermore, c0 is continuous in %D and c0ðwÞa0: It follows that
the image domain is smoothly bounded.
Now take p ¼ 2: We have

A :¼ 1

2p

Z 2p

0

jc0ðeitþihÞ � c0ðeitÞj2 dt

¼
XN
k¼1

1

k4
jei2kh � 1j2 ¼ 4

XN
k¼1

1

k4
sin2ð2k�1hÞ:

We choose h ¼ p=2m; m ¼ 1; 2;y : Then

AX
4

m4
;

which is not OðhaÞ ¼ Oð 1
2maÞ for any a40: &

Theorem 3. Let G be a domain with a smooth boundary L; and let p41: Then

jjj0
0 � Snðj0

0; 
ÞjjLpðLÞpcopþeðF; 1=nÞ;
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for every e40; where

Snðj0
0; zÞ :¼

Xn

k¼0
akðj0

0ÞFkðzÞ; n ¼ 0; 1; 2;y

are the nth partial sums of the Faber series of j0
0:

Proof. As we showed after definition 2;FALpðTÞ for every pX1: Let us consider the

functions Fþ and Fþ defined by

FþðwÞ :¼ 1

2pi

Z
T

FðtÞ
t� w

dt; wAD

and

F�ðwÞ :¼ 1

2pi

Z
T

FðtÞ
t� w

dt; wAD�:

Since j0
0AEpðGÞ for every pX1; we can associate a formal Faber seriesXN

k¼0
akðj0

0ÞFkðzÞ;

with the function j0; i.e.,

j0
0ðzÞB

XN
k¼0

akðj0
0ÞFkðzÞ;

where

akðj0
0Þ :¼

1

2pi

Z
T

FðtÞ
tkþ1 dt; k ¼ 0; 1; 2;y; ð6Þ

are the Faber coefficients of j0
0:

By well-known Privalov’s Lemma F ¼ Fþ � F� a.e. on T : Moreover,

FþAEpðDÞ;F�AEpðD�Þ and F�ðNÞ ¼ 0: Then from (6) we find

akðj0
0Þ ¼

1

2pi

Z
T

FðtÞ
tkþ1 dt ¼ 1

2pi

Z
T

FþðtÞ � F�ðtÞ
tkþ1 dt ¼ akðFþÞ:

Namely, the kth Faber coefficient of j0
0AEpðGÞ is the kth-Taylor’s coefficient of

FþAEpðDÞ at the origin. On the other hand, the relation j0
0AEpðGÞ impliesZ

L

j0
0ðBÞ

B� z0
dB ¼ 0; z0AG�;

and considering the relation F ¼ Fþ � F� which holds a.e. on T we have the
equality

j0
0ðBÞ ¼ FþðjðBÞÞ � F�ðjðBÞÞ ð7Þ

a.e. on L:
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Let us take a z0AG�: Since j0
0AEpðGÞ for pX1; using the well-known integral

representation for the Faber polynomials FkðzÞ;

Fkðz0Þ ¼ jkðz0Þ þ 1

2pi

Z
L

jkðBÞ
B� z0

dB;

and (7) we have

Snðj0
0; z0Þ ¼

Xn

k¼0
akðj0

0ÞFkðz0Þ

¼
Xn

k¼0
akðj0

0Þjkðz0Þ þ 1

2pi

Z
L

Pn
k¼0 akðj0

0ÞjkðBÞ
B� z0

dB� 1

2pi

Z
L

j0
0ðBÞ

B� z0
dB

¼
Xn

k¼0
akðj0

0Þjkðz0Þ þ 1

2pi

Z
L

Pn
k¼0 akðj0

0ÞjkðBÞ
B� z0

dB

� 1

2pi

Z
L

FþðjðBÞÞ
B� z0

dBþ 1

2pi

Z
L

F�ðjðBÞÞ
B� z0

dB:

It is easy to verify that F�ðjðBÞÞAEpðG�Þ for pX1 and F�ðjðNÞÞ ¼ 0: Then

1

2pi

Z
L

F�ðjðBÞÞ
B� z0

dB ¼ �F�ðjðz0ÞÞ

and we get

Snðj0
0; z0Þ ¼

Xn

k¼0
akðj0

0Þjkðz0Þ

þ 1

2pi

Z
L

½
Pn

k¼0akðj0
0ÞjkðBÞ � FþðjðBÞÞ

B� z0

dB� F�ðjðz0ÞÞ:

Taking limit as z0-z along all nontangential paths outside of L;

Snðj0
0; zÞ ¼ 1

2

Xn

k¼0
akðj0

0ÞjkðzÞ � FþðjðzÞÞ
" #

þ ½FþðjðzÞÞ � F�ðjðzÞÞ
 þ SL

Xn

k¼0
akðj0

0Þjk � Fþ
3 j

 !
ðzÞ

holds a.e. on L: Further, taking relation (7) into account and applying the
boundedness of the singular operator from LpðLÞ; p41; into itself and Hölder’s
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inequality, respectively, from the last equality we obtain

jjj0
0 � Snðj0

0; 
ÞjjLpðLÞp c6 FþðjðzÞÞ �
Xn

k¼0
akðj0

0ÞjkðzÞ
�����

�����
�����

�����
LpðLÞ

p c6 FþðwÞ �
Xn

k¼0
akðj0

0Þwk

�����
�����

�����
�����
LpðT ;jc0 jÞ

p c7 FþðwÞ �
Xn

k¼0
akðFþÞwk

�����
�����

�����
�����
Lpp0 ðTÞ

;

for every p041:Now applying the appropriate result from Lp approximation (see for
example [5, Theorem 2.3, formula (2.11), p. 205] due to Stechkin) we get

FþðwÞ �
Xn

k¼0
akðFþÞwk

�����
�����

�����
�����
Lpp0 ðTÞ

pcopp0ðFþ; 1=nÞ;

where

opp0ðFþ; 1=nÞ ¼ sup
jhjp1=n

jjFþðweihÞ � FþðwÞjjLpp0 ðTÞ;

and find that

jjj0
0 � Snðj0

0; 
ÞjjLpðLÞpc8opp0ðFþ; 1=nÞ: ð8Þ

Since

Fþ ¼ 1
2Fþ STðFÞ;

a.e. on T ; from the last two inequality we conclude that

opp0ðFþ; 1=nÞp 1
2
sup

jhjp1=n

jjFðweihÞ � FðwÞjjLpp0 ðTÞ

þ sup
jhjp1=n

jjST ðFÞðweihÞ � STðFÞðwÞjjLpp0 ðTÞ: ð9Þ

On the other hand, since

STðFÞðwÞ :¼ ðP:VÞ 1

2pi

Z
T

FðtÞ
t� w

dt; jwj ¼ 1;

and therefore

STðFÞðweihÞ :¼ ðP:VÞ 1

2pi

Z
T

FðteihÞ
t� w

dt; jwj ¼ 1;

we have

STðFÞðweihÞ � ST ðFÞðwÞ ¼ ðP:VÞ 1

2pi

Z
T

FðteihÞ � FðtÞ
t� w

dt; jwj ¼ 1:
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Now applying the boundedness of the singular operator from LpðTÞ; p41; into
itself we conclude that

sup
jhjp1=n

jjSTðFÞðweihÞ � STðFÞðwÞjjLpp0 ðTÞpc9 sup
jhjp1=n

jjFðweihÞ � FðwÞjjLpp0 ðTÞ

¼ c9opp0 F;
1

n

� �
: ð10Þ

Then from (8) to (10) we derive the inequality

jjj0
0 � Snðj0

0; 
ÞjjLpðLÞpcopp0ðF; 1=nÞ:

Choosing the number p041 sufficiently close to 1 we finally from here have

jjj0
0 � Snðj0

0; 
ÞjjLpðLÞpcopþeðF; 1=nÞ: &

Lemma 1. If p41 and G is a smooth domain of bounded boundary rotation, then

opðF; 1=nÞp c

n
1
p
�e

for every e40:

Proof. In fact, by Hölder’s inequality

jjFðweihÞ � FðwÞjjLpðTÞ ¼
Z

T

jj0
0½cðweihÞ
 � j0

0½cðwÞ
j
pjdwj

� �1=p

¼
Z

T

1

c0
0½j0ðcðweihÞÞ
 �

1

c0
0½j0ðcðwÞÞ


����
����
p

jdwj
� �1=p

¼
Z

T

c0
0½j0ðcðweihÞÞ
 � c0

0½j0ðcðwÞÞ

c0
0½j0ðcðweihÞÞ
c0

0½j0ðcðwÞÞ


����
����
p

jdwj
� �1=p

p
Z

T

jc0
0½j0ðcðweihÞÞ
 � c0

0½j0ðcðwÞÞ
j
pp0 jdwj

� �1=ðpp0Þ

�
Z

T

jdwj
jc0

0½j0ðcðweihÞÞ
c0
0½j0ðcðwÞÞ
j

pq0

� �1=ðpq0Þ

¼A1B1; ð11Þ

where 1=p0 þ 1=q0 ¼ 1: Later if 1=p1 þ 1=q1 ¼ 1; then applying again Hölder’s
inequality we get

B1 :¼
Z

T

1

jc0
0½j0ðcðweihÞÞ
 
 c0

0½j0ðcðwÞÞ
j
pq0

jdwj
� �1=ðpq0Þ
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p
Z

T

1

jc0
0½j0ðcðwÞÞ
j

pq0p1
jdwj

� �1=ðpq0p1Þ

�
Z

T

1

jc0
0½j0ðcðweihÞÞ
jpq0q1

jdwj
� �1=ðpq0q1Þ

¼: B11B12

If 1=p2 þ 1=q2 ¼ 1; then by Hölder’s inequality

B11 :¼
Z

T

1

jc0
0½j0ðcðwÞÞ
j

pq0p1
jdwj

� �1=ðpq0p1Þ

¼
Z

L

jj0ðzÞj
jc0

0½j0ðzÞ
j
pq0p1

jdzj
� �1=ðpq0p1Þ

p
Z

L

jj0ðzÞjp2 jdzj
� �1=ðpq0p1p2Þ

�
Z

L

1

jc0
0½j0ðzÞ
j

pq0p1q2
jdzj

� �1=ðpq0p1q2Þ

p c10

Z
L

jj0
0ðzÞj

pq0p1q2 jdzj
� �1=ðpq0p1q2Þ

oN; ð12Þ

because

j0
0;j

0ALpðLÞ
for every p41 [20]. The finiteness of B12 may be proved similarly. Finally, from (11)
and (12) we conclude that

jjFðweihÞ � FðwÞjjLpðTÞpc11A1:

Hence

opðF; 1=nÞ ¼ sup
jhjp1=n

jjFðweihÞ � FðwÞjjLpðTÞ

p c11 sup
jhjp1=n

Z
T

jc0
0½j0ðcðweihÞÞ
 � c0

0½j0ðcðwÞÞ
j
pp0 jdwj

� �1=ðpp0Þ
;

and by virtue of Theorem 2 we have

opðF; 1=nÞpc12 sup
jhjp1=n

jj0ðcðweihÞÞ � j0ðcðwÞÞj
1

pp0
�e
:

Since for a smooth boundary L; the mapping functions j0 and c belong to the
Hölder class on L and on T ; respectively, with exponent 1� e; for every e40; from
the last inequality we derive

opðF; 1=nÞp c

n
1

pp0
�e
:

Choosing here the number p041 sufficiently close to 1 we get

opðF; 1=nÞp c

n
1
p
�e
;

for every e40: &
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3. Proof of main result

For the mapping j0 and a weight function o we set

enðj0
0Þ2 :¼ inf

pn

jjj0
0 � pnjjL2ðGÞ; E 3

n ðj0
0Þ2 :¼ inf

pn

jjj0
0 � pnjjL2ðLÞ;

E 3

n ðj0
0;oÞ2 :¼ inf

pn

jjj0
0 � pnjjL2ðL;oÞ;

where inf is taken over all polynomials pn of degree at most n:
Developing the idea used in [14] we apply a traditional method based on the

extremal property of Bieberbach polynomials and also the inequality connecting the
values enðj0

0Þ2 and E 3

n ðj0
0;oÞ2 established in [7].

Proof of Theorem 1. Since G is a smooth domain the functions jj0
0j and 1=jj0j belong

to LpðLÞ for every p41 by Warschawski and Schober [20, Theorem 3]. Hölder’s

inequality then gives j0
0AL2ðL; 1=jj0jÞ: Hence by definition we have

j0
0AE2ðG; 1=jj0jÞ: On the other hand by Israfilov [14, Lemma 12], 1=jj0jAApðLÞ
for every p41: Result [7, Theorem 11, Remark (ii)] now implies that, for j0

0;o :¼
1=jj0j and p ¼ 2;

enðj0
0Þ2pc13n

�1
2E 3

n j0
0;
1

jj0j

� �
2

: ð13Þ

For the polynomials qnðzÞ; best approximating j0
0 in the norm jj 
 jjL2ðGÞ; we set

QnðzÞ :¼
Z z

z0

qnðtÞ dt; tnðzÞ :¼ QnðzÞ þ ½1� qnðz0Þ
ðz � z0Þ:

Then tnðz0Þ ¼ 0; t0nðz0Þ ¼ 1 and from (13) we obtain

jjj0
0 � t0njjL2ðGÞ

¼ jjj0
0 � qn � 1þ qnðz0ÞjjL2ðGÞpenðj0

0Þ2 þ jj1� qnðz0ÞjjL2ðGÞ

pc13n
�1
2E 3

n j0
0;
1

jj0j

� �
2

þjjj0
0ðz0Þ � qnðz0ÞjjL2ðGÞ: ð14Þ

On the other hand, by the inequality

j f ðz0Þjp
jj f jjL2ðGÞ
distðz0;LÞ;

which holds for every analytic function f with jj f jjL2ðGÞoN; from (14) and (13), we

get

jjj0
0 � t0njjL2ðGÞpc13n

�1
2E 3

n j0
0;
1

jj0j

� �
2

þ enðj0
0Þ2

distðz0;LÞpc14n
�1
2E 3

n j0
0;
1

jj0j

� �
2

:

According to the extremal property of the polynomials pn we have

jjj0
0 � p0njjL2ðGÞpc15n

�1
2E 3

n j0
0;
1

jj0j

� �
2

: ð15Þ
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Further applying Andrievskii’s [2] polynomial lemma (see also [8], for a simpler
proof and more general result),

jjpnjj %Gpcðln nÞ
1
2jjp0

njjL2ðGÞ;

which holds for every polynomial pn of degree pn with pnðz0Þ ¼ 0; and using the
familiar method of Simonenko [18] and Andrievskii [2] (described in detail in [9]),
from (15) we get

jjj0 � pnjj %Gpc16
ln n

n

� �1
2
E 3

n j0
0;

1

jj0j

� �
2

;

and later by Hölder’s inequality

jjj0 � pnjj %Gp c16
ln n

n

� �1
2
inf
pn

jjj0
0 � pnjjL2ðL;1=jj0jÞ

p c16
ln n

n

� �1
2
jjj0

0 � SnjjL2ðL;1=jj0jÞ

p c16
ln n

n

� �1
2
jjj0

0 � SnjjL2p0 ðLÞjj1=j0jj1=2
Lq0 ðLÞ

p c17
ln n

n

� �1
2
jjj0

0 � SnjjL2p0 ðLÞ;

where 1=p0 þ 1=q0 ¼ 1:
Then by virtue of Theorem 3 (in the case of p :¼ 2p0Þ we have

jjj0 � pnjj %Gpc17
ln n

n

� �1
2
o2p0þeðF; 1=nÞ; nX2

for every p041 and e40: Now applying Lemma 1 (in the case of p :¼ 2p0Þ and
choosing the number p0 sufficiently close to 1 we get

jjj0 � pnjj %Gpc
ln n

n

� �1
2 1

n
1
2
�e
p

c

n1�e: &
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