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Abstract. The focal representation of a generic regular curve y in E™*!
consists of the centers of the osculating hyperplanes. A k-slant helix y in
E™*! is a (generic) regular curve whose unit normal vector Vi makes a

constant angle with a fixed direction ﬁ in E™*1. In the present paper we
proved that if v is a k-slant helix in E™*+' then the focal representation
Cy of v in E™*1 is an (m — k + 2)-slant helix in E™*1.

1 Introduction

Curves with constant slope, or so-called general helices (inclined curves), are
well-known curves in the classical differential geometry of space curves. They
are defined by the property that the tangent makes a constant angle with a
fixed line (the axis of the general helix) (see, [1], [4], [7] and [8]). In [10], the
definition is more restrictive: the fixed direction makes constant angle with
these all the vectors of the Frenet frame. It is easy to check that the definition
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Focal representation of k-slant Helices in E™*! 201

only works in the odd dimensional case. Moreover, in the same reference, it

is proven that the definition is equivalent to the fact the ratios %, =,

ki being the curvatures, are constant. Further, J. Monterde has considered the
K2 K3

Frenet curves in E™ which have constant curvature ratios (i.e., Pl % .
are constant) [14]. The Frenet curves with constant curvature ratios are Called
cer-curves. Obviously, ccr-curves are a subset of generalized helices in the sense
of [10]. It is well known that curves with constant curvatures (W-curves) are
well-known ccr-curves [12], [15].

Recently, Izumiya and Takeuchi have introduced the concept of slant helix
in Euclidean 3-space E? by requiring that the normal lines make a constant
angle with a fixed direction [11]. Further in [3] Ali and Turgut considered the
generalization of the concept of slant helix to Euclidean n-space E™, and gave
some characterizations for a non-degenerate slant helix. As a future work they
remarked that it is possible to define a slant helix of type-k as a curve whose
unit normal vector Vi makes a constant angle with a fixed direction H [9].

For a smooth curve (a source of light) y in E™*!, the caustic of y (defined as
the envelope of the normal lines of ) is a singular and stratified hypersurface.
The focal curve of v , C, , is defined as the singular stratum of dimension 1 of
the caustic and it consists of the centers of the osculating hyperspheres of y .
Since the center of any hypersphere tangent to vy at a point lies on the normal
plane to vy at that point, the focal curve of vy may be parametrized using the
Frenet frame (t,ny,ny, dots,n,,) of vy as follows:

Cy(0) = (y+cmy +conp + - - + i) (0),

where the coefficients ¢q,...,cm are smooth functions that are called focal
curvatures of y [18].

This paper is organized as follows: Section 2 gives some basic concepts of
the Frenet curves in E™1. Section 3 tells about the focal representation of
a generic curve given with a regular parametrization in E™*'. Further this
section provides some basic properties of focal curves in E™! and the structure
of their curvatures. In the final section we consider k-slant helices in E™*1,
We prove that if v is a k-slant helix in E™*! then the focal representation Cy
of v is an (m — k + 2)-slant helix in E™*!,

2 Basic concepts

Let v = v(s) : T — E™! be a regular curve in E™, (i.e., |[y/(s)| is nowhere
zero) where I is an interval in R. Then vy is called a Frenet curve of osculating
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order d, (2 <d<m+1)ify’(s),y"(s), .. y'¥(s) are linearly independent
and v’(s), v"(s),..., ¥4V (s) are no longer linearly independent for all s
in I [18]. In this case, Im(y) lies in a d-dimensional Euclidean subspace of
E™+1, To each Frenet curve of rank d there can be associated the orthonormal

d-frame {t,mq,...,nq_1} along vy, the Frenet r-frame, and d — 1 functions
K1y K2y ..., Kqg_1:I — R, the Frenet curvatures, such that
t 0 K« 0 ... 0 t
n; —K] 0 K2 0 n
n/z =v 0 -« O . 0 n, (1)
. Ka—1
“:171 0 0 ... —Kdq_] 0 Ng_1

where, v is the speed of y. In fact, to obtain t,ny,...,ng_1 it is sufficient to ap-
ply the Gram-Schmidt orthonormalization process to v/(s), Y”(s),. ..,y ¥ (s).
Moreover, the functions ki, K2, ...,Kq_1 are easily obtained as by-product dur-
ing this calculation. More precisely, t,ni,...,ng_1 and k1,Kz,...,Kq_1 are
determined by the following formulas:

wis) + =yl st i
o—1
RN (@ (g) v vi(s) 5
I A I T (2)
-~ [Va(s)]]
S TN ETIO]k
N1 _ Val(8)
. [vals)

where « € {2,3,...,d} (see, [8]).

A Frenet curve of rank d for which ki, K2,...,Kq_1 are constant is called
(generalized) screw line or helix [6]. Since these curves are trajectories of the
1-parameter group of the Euclidean transformations, so, F. Klein and S. Lie
called them W-curves [12]. For more details see also [5]. vy is said to have
constant curvature ratios (that is to say, it is a ccr-curve) if all the quotients
2B R, (1 <i<m—1) are constant [14], [15].

K17 K2? K3 ") K

3 The focal representation of a curve in E™*!

The hyperplane normal to y at a point is the union of all lines normal to y at
that point. The envelope of all hyperplanes normal to v is thus a component
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of the focal set that we call the main component (the other component is the
curve vy itself, but we will not consider it) [16].

Definition 1 Given a generic curve (i.e., a Frenet curve of osculating order
m+1)y:R = E™ jet F:E™ xR — R be the (m + 1)-parameter family
of real functions given by

1
F(q,0) =5 la —v(0)]*. (3)
The caustic of the family F is given by the set
{qum“:aeeR:Fg(e):oanng(e):o} (4)

[16].

Proposition 1 [17] The caustic of the family F(q,0) = %Hq —v(0)||* coin-
cides with the focal set of the curve y : R — EMHT,

Definition 2 The center of the osculating hypersphere of vy at a point lies in
the hyperplane normal to the v at that point. So we can write

Cy=v+cmy+comny+ -+ cmhim, (5)

which is called the focal curve of vy, where ¢1,¢2,...,Cm are smooth functions
of the parameter of the curve y. We call the function c; the it focal curvature
of v. Moreover, the function ci never vanishes and c; = K]—] [18].

The focal curvatures of v, parametrized by arc length s, satisfy the following
“scalar Frenet equations” for ¢, #£ 0 :

1 = K1C1q
1 = K&
C2; = —K2C1+ K3C3
(6)
Cm—1 = —Km-1Cm-2+ KmCm
RZ)
Cm — @ = —KmCm1
2Cm
where Ry, is the radius of the osculating m-sphere. In particular R2, = || Cy—yH2

18].
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Theorem 1 [16] Let vy : s — y(s) € E™ be a regular generic curve. Write
K1y K2y ...y Km for its Euclidean curvatures and {t,ny,my,..., Ny} for its Frenet
Frame. For each non-vertexy(s) of vy, write €(s) for the sign of (¢, 4+cm—1Km)(s)
and d4(s) for the sign of (—1)%e(s)km(s), « = 1,...,m. Then the following
holds:

a) The Frenet frame {T,N1,Na,..., N} of Cy at C(s) is well-defined and

its vectors are given by T = enm, Ny = dqNim_1, for L =1,...,m — 1, and
N = £t. The sign in £t is chosen in order to obtain a positive basis.
b) The Euclidean curvatures Ky, Kz, ..., Ky of the parametrized focal curve
of v, Cy :s = Cy(s), are related to those of y by:
KoK Kel ]

(7)

lKml  Km-1 K el + cmo1Kml’

the sign of Ky is equal to by, times the sign chosen in +t.

That is the Frenet formulas of C, at C,(s) are

T = %|Km|N1

Np = (el T )

N, = %(_|Km71|N1+Km72N3) (8)
N, = %(—Ksz_zqcémmNm)

N, = %:FémKle—l

where A = |c/, + cm—1Km| -

Corollary 1 Let vy = y(s) be a reqular generic curve in E™ and Cy:is—
Cy(s) be the focal representation of y. Then the Frenet frame of C becomes
as follows;

i) If m is even, then

T = nnp
N] = —Tyn—1
N2 = nno
(9)
Nm_1 = —T4
Nn = t
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ii) If m is odd, then

T = ng
N] = —Tyn—1
N2 = npno
(10)
N1 = my
Nmn = —t.
Proof. By the use of (7) with (8) we get the result. O

4 k-Slant helices

Let v = y(s) : I — E™! be a regular generic curve given with arclength
parameter. Further, let ﬁ be a unit vector field in E™*! such that for each
s € I the vector ﬁ is expressed as the linear combinations of the orthogonal
basis {Vi(s), Va(s), ..., Vinr1(s)} with

m+1

U="3 qls)VY(s). (11)
=1

where a;j(s) are differentiable functions, 1 <j < m +1.

Differentiating ﬁ and using the Frenet equations (1), one can get

dﬁ m+1

E = ZPi(S)Vi(S)> (12)
i=1
where
Pils) = ) —Kiay, (13)
Pi(s) = a;+ki—1ai-1 —Kiaip1, 2<i<m,
Pm+1(5) = Qp4 T KmQm.

If the vector field U is constant then the following system of ordinary dif-
ferential equations are obtained

0 = a; — Kjay,

0 = alz + Kja) — K203, (14)
0 = a; + Ki_1Qi-1 — KiQir1, 3 <i1<m,

0 = a;nH + KmQm.
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Definition 3 Recall that a unit speed generic curve y =y(s) : I — E™H s
called a k-type slant heliz if the vector field Vi, (1 < k < m+ 1) makes a

constant angle Oy with the fized direction ﬁ in E™ that is

< U,Vk >=cos Oy, Ok # Tz[ (15)

A 1-type slant helix is known as cylindrical helix [2] or generalized helix
[13], [4]. For the characterization of generalized helices in (n + 2)-dimensional
Lorentzian space L2 see [19].

We give the following result;

Theorem 2 Let vy = y(s) be a regular generic curve in E™1. If Cy s —
Cy(s) is the focal representation of y then the following statements are valid;

i) If v is a 1-slant heliz then the focal representation Cy of y is an (m+1)-
slant heliz in E™H,

ii) If v is an (m + 1)-slant heliz then the focal representation Cy of v is a
1-slant heliz in E™,

iii) If v is a k-slant heliz (2 < k < m) then the focal representation C of y
is an (m — k + 2)-slant heliz in E™T,

Proof. i) Suppose v is a 1-slant helix in E™*', Then by Definition 3 the vector
field V; makes a constant angle 07 with the fixed direction U defined in (11),
that is -

< ﬁ,V] >=cos 07, 07 # 3 (16)

For the focal representation C,(s) of v, we can choose the orthogonal basis
Vi(s) =t,Va(s) =1y, Vinga (s) = i}

such that the equalities (9) or (10) is hold. Hence, we get,
< ﬂ,w >=< U,t >=< ﬁ,iNm >= cons. (17)

where {T,; N1, N2,..., Ny} is the Frenet frame of C, at point C,(s). From the
equality (17) it is easy to see that Cy is an (m+1)-slant helix of E™*T.
ii) Suppose y is an (m + 1)-slant helix in E™"', Then by Definition 3 the

vector field Vi1 makes a constant angle 0,1 with the fixed direction ﬁ
defined in (11), that is

s
< ﬁ,VmH >= 08 Om+1, Omi1 # 7 (18)
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For the focal representation C,(s) of v, one can get
< ﬁ,var] >=< ﬁ,nm >=< ﬁ,T >= comns. (19)

where {V]; =t, V2 =ny,..., Vi1 =nmtand {T, N1, Na, ..., Ny} are the Frenet
frame of v and C,, respectively. From the equality (19) it is easy to see that
Cy is a 1-slant helix of E™*T.

iii) Suppose vy is a k-slant helix in E™"! (2 < k < m). Then by Definition
3 the vector field Vi makes a constant angle 0y with the fixed direction ﬁ
defined in (11), that is

< U, Vi >= cos 0y, ek;zeg,zgkgm. (20)

Let Cy(s) be the focal representation of y. Then using the equalities (9) or
(10) we get

< H,Vk >=< ﬁ,nkq >=< U,Nm_k+1 >=cons.,, 2<k<m (21)

where
{V1 = t)VZ = nh---)var] = nm}

and

{\71 =T,Va=Niyeo oy V2 = Nk 1y -+ oy Vi :Nm}

are the Frenet frame of vy and C,, respectively. From the equality (21) it is
easy to see that Cy is an (m — k + 2)-slant helix of E™+!. O
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