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CERTAIN COMBINATORIC CONVOLUTION SUMS
AND THEIR RELATIONS TO BERNOULLI
AND EULER POLYNOMIALS

DAEYEOUL KiM, ABDELMEJID BAYAD, AND NAZLI YILDIZ IKIKARDES

ABSTRACT. In this paper, we give relationship between Bernoulli-Euler
polynomials and convolution sums of divisor functions. First, we establish
two explicit formulas for certain combinatoric convolution sums of divisor
functions derived from Bernoulli and Euler polynomials. Second, as ap-
plications, we show five identities concerning the third and fourth-order
convolution sums of divisor functions expressed by their divisor functions
and linear combination of Bernoulli or Euler polynomials.

1. Introduction and statement of main results
1.1. Introduction and notations

The Bernoulli polynomials By(x) and the Euler polynomials Ey(x) play an
important and quite mysterious role in mathematics and various places like
analysis, number theory and differential topology. Throughout this paper, the
symbols N, Z, R and C denote the set of natural numbers, the ring of integers,
the field of real numbers and the field of complex numbers respectively. For the
rest of this subsection we refer to [6, 21]. The Bernoulli numbers By, By, Bs, .. .
are defined through the recursion formula

k

1
Z(k+ )szo with By = 1.
j

Jj=0

Received August 18, 2014; Revised November 26, 2014.

2010 Mathematics Subject Classification. 11B68, 11A05, 11K65.

Key words and phrases. Bernoulli polynomials, Euler polynomials, convolution sums,
divisor functions.

This work was supported by The Research Fund of Balikesir University, Project No:
2014/32 and by the National Institute for Mathematical Sciences (NIMS) grant funded by
the Korean government (B21503-2).

©2015 Korean Mathematical Society

537



538 DAEYEOUL KIM, ABDELMEJID BAYAD, AND NAZLI YILDIZ IKIKARDES
The Euler numbers Fy, F1, Es, ... are defined by Ey = 1 and the recursion

relation
k
k
B =
> (5)»

§=0
2|k—j

For k € {0,1,2,...,}, the kth Bernoulli polynomial B (x) and the kth Euler
polynomial Ey(x) are defined as follows:

and

J

Ey(w) :i (’“)f—@ D

Note that both By (z) and Ei(x) are monic polynomials with rational coeffi-
cients, By = By(0) and Ej, = 2" By (

%) The Bernoulli polynomials and Euler
polynomials satisfy the following well-known identities:
N Bupi (N +1) = B (0)
(1.1) j" =
, n+1
7=0
R n+1 .
= —1) B;N"t1—i >1
e () e )
7=0
- n n—Fk
(12) Bae+y) =3 () Belay
k=0
and
(1.3 Bato ) =3 () Eutes

Finally, we need the following number-theoretical functions. For n € N, k € Z
and [ € {0,1}, we define the following divisor functions:

or(n) = de, op(n) = Z d*,
d|n d|

Hodd

ori(n;2) = Y d¥ Gr(n) =) (~1)*d.
d|

d|n
d=1(mod2)
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1.2. Motivation
The identity

(1.4) i o1(k)or(n—k) = 1—520'3(77,) + (% — %n) o1(n)
k=1

for the basic convolution sum first appeared in a letter from Besge to Liouville
in 1862 ([3]). Moreover, it should be noted that Ramanujan [18] introduced

P(g)=1-24> o1(n)q",

Q(q) =1+240)  o3(n)q",

n=1
R(q) =1—504 Z os(n)g"
n=1

and obtained that

dP(q) _ P*(q) — Q(a)

dq 12 ’
29 _ Pl9Q() — Rlg)
dg 3 ’
dR(q) _ P(q)R(q) — Q*(9)
¢ dg 2

Observe that the nth coefficient of P?(q) contains the convolution sum

Z o1(k)or(n — k),
k=1

(@9 _ P(9)-Q(q)
12

whence one can see that the identity qdlzq is equivalent to

Besge’s formula (1.4).

Many recent works on convolution formulas for divisor functions can be
found in B. C. Berndt [2], J. W. L. Glaisher [7], H. Hahn [8], J. G. Huard
et al. [9], D. Kim et al. [11], G. Melfi [16] and K. S. Williams [25, 24, 26].
In particular, the problem of convolution sums of the divisor function oy(n)
and the theory of Eisenstein series has recently attracted considerable interest
with the emergence of quasimodular tools. For a similar work, see also [4]. In
connection with the classical Jacobi theta and FEuler functions, other aspects
of the function oy (n) are explored by Simsek in [19]. For some of the story of
the subject, and for selection of these articles, we mention [15] and [16], and
especially [9] and [25]. The study of convolution sums and their applications is
classic and they play an important role in number theory (see [4], [9], [25]).
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In this article we are trying to focus on the combinatoric convolution sums.
For positive integers [ and n, the combinatoric convolution sums

-1 n—1
21
(15) S (5,2 1) X omzeotalm2onina(n - mi2)
r=0 m=1

and

k—1 n—1

(1.6) > (ij’ 1) 3 Gt (e (n =)

s=

can be evaluated explicitly in terms of divisor functions and a sum involving
Bernoulli or Euler polynomials. We are motivated by Ramanujan’s recursion
formula for sums of the product of two Eisenstein series [2] and its proof, and
also the following identities ([10], [25]):

(1.7)
k—1 n—1
Ook—2s—1(M)02541(n — M)
s=0 (28 + 1 m=1
k
2k+3 k 1 2k+1
T Ak +2 202k+1(”)+ (g - n> U2k—1(n)+2k 1 Z < 2 >B2j0’2k+12j(n)a
j=2
(1.8)
-1 921 n—1 1
Z <2T + 1) Z O—;l—Qr—l(m)U;r+1(n - m) = 5 (0—514.1(”) - nJSl_l(n)) .
r=0 m=1

1.3. Main results

The aim of this article is to study two combinatoric convolution sums of the
analogous type (1.5) and (1.6) in [13]. Using these new formulas and addition
theorem of Bernoulli or Euler polynomials, we derive the explicit formulas for
the third and fourth-order convolution sums of divisor functions.

More precisely, we prove the following results.

Proposition 1. Let k > 1 and n > 2. Then

n—1

E=l o
Z Z Ook—25—1,1(M;2)02441,1(n — m; 2)
(25 + 1) =

s=0

1 22k d+1

— -9 B .

402k+1,0(na )+ 1 ;n 2k+1( 5 )
d odd
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In the following special cases the above formula in Proposition 1 is simple.
Then, for n odd we have

n—1

k—1
2k
(2k+1)5 (25—1—1) E Ook—25—1,1(M; 2)02541,1(n — m;2)
(19) s=0 m=1

d+1
=223 " By ).

2
d|n
If n = 2%, then
k—1 n—1
2k 1 .

;) (25 + 1) mz::l@k—zs_l,l(m; 2)02s41,1(n —m;2) = 10’2“1,0(2 ;2).

We set
!
m :L,Withal—i—---—i—ak:mandal,...,akeNU{O}.

A1y.v., Q) ai!l- - ay!

Corollary 2. Let n > 1 and q be an odd positive integer greater than 2. Then

Z o2n+1+ 2k qil Ook—t,1(m;2) 0¢.1(q —m;2)
%, 2n 41— 2, t, 2% — t T 91

1<k<n m=
1<t<2k, t odd

= Z P2n+1(d) — 01 (q)a
dlq

where P, (x) is the Legendre polynomial. If p is an odd positive prime integer,

then
> Py(d)=0i(g) (mod p).
dlq

In particular, if p and q are distinct odd positive prime integers, then we
have

(1.10) P,(¢)/g=1 (mod p).

Remark 3. (1) Many interesting results of the Legendre polynomial are in
[22, 23]. By (1.10), we give a finding method for a composite number. That is,
if Py(¢)/g # 1 (mod p), then we determine ¢ is a composite number.

(2) If p is an odd positive prime integer, then

_ 1 ~1)/2
—/ 2k X% Ook—2s-1,1(M;2), 02s111(p—m;2) el 2k
Z 25 +1 Z ( 92k—25—1 )( 922s+1 ) - Z J-

s=0 m=1 3=0

This is an analogous answer of (Question) in [12, p. 336].

Theorem 4. Let k and | be nonnegative integers. Then we have

(—1)” 2k +1
1.11 B;-(20+1)"=—-B [+1).
( ) j+r+§2k+1 2rtv \ j,mv ! ( * ) 2k+1( 1)
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Example 5. If p =2¢ + 1 is an odd prime, then

(1.12) S o11(m;2)o11 (2 +1—m;2) = Bs(g-i-l),

(1.13) S o11(m;2)o31 (2 +1—m;2) = Bs(g-i-l),
—1)" (2k v 1

(1.14) Yjirroaner T (ry) Bi - p° = =B (F0).

Proposition 6. Let k> 1 andn > 2. Then

k—1 n—1
(1.15) Z (252~k; 1) Z Tok—2s—1(M)02s41(n —m)

s=0
1. 1._ - 1
= — §U2k+1(n) + 50%(”) + nogg—1(n) — 3 dz:(—l)d_lE%(d +1).

Remark 7. (1) (1.15) is a generalization of [8, (4.4), (4.9)].

(2) The Proposition 1 and Proposition 6 can be compare to Theorem 3
and Theorem 4 in [13] as different formulas, respectively. Bernoulli, Euler
polynomials and the convolutions for divisor functions are studied by many
mathematicians independently. Our results (Propositions 1 and 4) give us
two good relations between Bernoulli-Euler polynomials and convolution sum
of divisor functions. For example, the well known basic properties (addition,
difference, symmetry formulas, ..., etc) of Bernoulli and Euler polynomials
give us a simple and useful computational technique for the third and fourth-
order convolution sum of divisor functions. In particular, it is a curious result
with respect to same pattern that a certain combinatoric of convolution sums
for (324, (1)~ 1d* 271 (32, (1) 'd?*T!) in Proposition 6 is represented
by a linear sum with respect to a Euler sum Zd‘n(—l)d_lEgk(d—i— 1) and three
divisor functions 3, (=1)4"'@**1~* with i = 0,1,2.

As applications of Proposition 1 and Proposition 6, we obtain the following
results.

Theorem 8. Let l,n,p,q € N with l,n,p greater than 1. Then

(a)
Z (a i c) 0a,1(m;2)op1(n —m;2)oc0(2¢;2)

a,b odd
1<m<n—1

2l72
= Z a[Biyi(a+d+1) — Biyi(a+4d)

alg.dlg

+(=1)! {Birr(a —d+1) = Biyi(a — d)}]

+ [ S (B o+ comat o))

dlq
aln,a odd
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_ %(0'1,1(71; 2) + Jl(g))gl,O(Zﬁ 2)'

) <a, i’ C) 0a,1(m;2)op1(n —m;2)07(2q)

a,b odd
1<m<n—1
2l72
=T a{B(a+d+1) - By(a+d)
d|q,%50dd

+(=1)!(Bia(a = d+ 1)+ Biyi(a - )}

=1 o o
= { Z By ( ;1 +d) + (—1)' By ( ;1 —d))}

- %(alﬁl(n; 2) + Ul(g))al*(Qq)'

5 (o)t - mii(o)

a,b odd
1<m<p—1

= S E ) ~ 25 1(0))
1 (_1)a+d 9
+3 Yo = —[@p+a—a){E(d+a)+ E(d—a+1)}

alp,dlq
+@2p—a—-®){E(d+a+1)+ E(d—a)}].

Theorem 9. Let m,p,q € N with greater than 1. Then

(1.16)
S (2" )our(:2)onp — 20w (3 2oar(a — 152)
a,b,c,d A ’ ’ B ’ ’
1<i<p—1
1<U'<q-1
a,b,c,d odd
22m—2 d + d/ d/ —d
— d + d)Bon, 1 d — d')Bay,
2 s (15 ) - (55
d|p,d’|q
d,d'odd

d+1 d+1
s (5 3 (55

g2m—2 d+d d —d
_m+1{B2m+2( 5 +1)—B2m+2( 5 )H
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+22m*2 Z 1|5 d+1+2d B d+1-2d
2m + 1 / 2m+1 2 2m+1 9
d|5.,d'|q

d’ odd
22m—2 d+1+2d d+1-—2d
d' | Bop, _— B, _—
+2m+1z {2+1< 5 )+ 2+1< 5 )]
d'|g.d|p
d odd

22m—3

> dd' {Bamsr(d+d +1) = Bymyr(d+d)
alg.ag

+Bomi1(d—d +1) — Bayy1(d — d)}

+2m+1

22m—2 d/ + 1
- 9 Bon,
Sy—— o1,0(p;2) Z 2 +1( 5 )
&|q,d" odd
d+1
to10(@2) Y Bnnt (—2 )
d|p,d odd
1
~3 {02m+1,0(¢;2)01,1(p:2) + 02m41,0(P: 2)01,1(q;2) }
1

~ 16 {o2m+1,0(0:2)01,0(¢;2) + 01,0(0; 2)02m+1,0(¢;2) } -

Example 10. Theorem 9 in the special case where p and ¢ are odd positive
prime integers, has the following nice and simple statement:

2
2 , < bm d> a1 (1;2)001(p = ;2)0e1(I'32)041(g — ;2)
1<I<p—1,1<1'<g—1

a,b,c,d odd

4m71

{(p + q)Bam+1 (2% + 1> + (p — ¢)Bam1 <%>

+1 +1
—2pBomi1 r- — 2qBom11 pr-
2 2
4m—1 p+yq q—p
_ Bomiz (B2 1) = Bypan [ L22) L
m—l—l{ 2 +2< 9 + 2m+2 5

Theorem 11. Let m,p,q € N with greater than 1. Then the triple convolution
sum

T om+1

2m ~ ~ ~ N\~ /
) , (a,b,c,d)aa(l)gb(p_Z)UC(Z )aa(q —1')
1<I<p—1,1<1"<¢g-1

a,b,c,d odd

= - i (G1(p) — 2p7-1(p)) (52m+1(q) — 02m(q) — 2qT2m—1(q)
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+ 3 ()T By (d' + 1))

d'|q

1 ~ _ N _
= 7 (1(a) = 295-1(a)) (02m+1(p) — G2m(p) — 2pT2m—1(p)
+) (=1 Ea( d+1))
dlp
1 12p+d—d?)(2q+d —d?)
- -1 d+d
T3 >, (1) [ 2dd’
dlp,d’|q
s A Bom(d +d' +1) + Eop(d + d') + Eam(d — d') + Ea(d — d' + 1)}

(2 +d ) (2q+d —d?
(2q+d —d?)

d/

(2p+ (1 +2d') — 3d?)
d
+ 2{FEami1(d+d +2) + FEappi1(d —d+1)

—(d+d +1)Egy,(d+d + 2)}}.

Eop(d—d') — Eop(d —d +1)

Observe that in the case p and ¢ odd prime numbers, the above formula is
very simple.
2. Proofs of first main results
To prove propositions and theorems, we need the following lemma.

Lemma 12. Ifn > 2 and k > 1, then
k—1 n—1

SZ <25 + 1) Z 02k —25— 1 U2s+1(n - m)
1 1 BQkH d+ 1
=3 2k+1(n)—§a2k(n)_n02k 1 +Z 1

Proof. From (1.7) we see that

(2.1)
k—1

Z (25+ 1> Z 02k—25—1(M)02541(n —m)

2k+3 k 1 2k+1
= MU%H(”)‘F(—— )U2k—1(n)+2k+1;( y )B2J02k+1 2;(n)

2k+1
2k+3 1 2k+1 .
- 4k+202k+1(”)+ <_”> ogk,l(n)qtﬁ ;:0 < i )(1)ijO—2k+lj (n)

(=]

(=2l =l
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k

1 2k +1 ,

"1 |2 (2j + 1) (=1)¥ " Baj10212;(n) + Booar41 (1)
i=0

+ (%; 1) B2U2k—1(n)) .

Using relation (1.1) and

1 1
(22) BO = 1, Bl = —5, 32 = 6, BQkJ’_l = ng+1(0) = 0, with k Z 1

we deduce that

k
2k +1 X

<2 i+ 1> (—1)¥*! Byj1109k—2;(n)
j=0 \

_ [(2k+1
o 1

(]

2%k +1

Bioak(n) = ook (n),
) 2

2k+1
Z 1 (Qk + 1) (_1)ijd2k+1—j
o 2k +1 = 7

B d+1)—-B 0 1
_ oy Bl ) Bun© | 1 g
In

i 2k+1 2k+1d

with & > 1. Combining (2.1), (2.2) and (2.3), we get this lemma. O

Remark 13. The lemma gives new light, to study higher combinatoric convo-
lution sums. In fact, we will use it to prove Proposition 6.

In the following proposition, we state a property of combinatoric convolution
sums for divisor functions, which will be used in our proofs.

Proposition 14 ([13, (12)]). For k,n € N and n > 2,

n—1

k-1 9%
Z (25 + 1) mzﬂdzk—%—m(m; 2)oos41,1(n —m;2)

s=0

k
1 2k + 1\ =~
= 92k—1 ™4 § Bok_2;09; )
U2k+1(2) 4k+2i70 % + 1 2k—2i02 +1,1(na )s

where By, == Y%_ (¥)21B; = 2¥ By (1/2).

J=0\j

Proof of Proposition 1. By (1.2) we obtain we obtain

k
1+4d 1-d. 1 2% + 1 1. i kit
24) B —)-—B —_—) = — Bi—21d+ v
@4) Bun () - Ban (159 2,@( ) Bat)
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We recall that

(2.5) B,(1—z) = (—1)"B,(z).
Using (2.4) and (2.5), we deduce that

d+1 2% + 1 pii1
(2.6) Bagt1 <—> 2%“ Z <21 n 1)sz 2id” .

Equating (2.6) and Proposition 14,

k—1 n—1

2k
; (23 + 1) mZ:1 O2k—25—1,1(M;2)02511,1(n —m;2)

1 22k d+1
4U2k+1,0(n, )+2k+1 z,; k41 ( 5 )

d odd

with k > 1. Tt is easily checked that oogx+1,0(n;2) = 0 with n odd. Thus we
obtain

d+1
27" Y Bapra(—5—)

2
dln
d odd
k—1 2%k n—1
= (2]{3 + 1) Z (28 + 1> Z_ 0'2]9,257111(771; 2)0’25+171(7’L — m; 2)

with n odd. If n = 2%, then > e Bopt1 (4= 441y — By, (1) = 0. This proves
the proposition. (I

Proof of Corollary 2. We recall [17, (2.6)] that

n

B (2n+ 2k +1)!
§P2n+1(295 -1 = kZ:O (2K)1(2k + 1)!(2n — 2k + 1)!

(2.7) Boajy1()

with n € N. Put d = 22 — 1. By (2.7) and (1.9), we derive that

2n + 1+ 2k)! Bojt1(4H)
Popyi(d) =2
2 Prnta(@ ZZ (2k)!1(2k)!(2n + 1 — 2k)! 2k +1
dlq d|q k= 0

- 2n + 1+ 2k
d+
2k, 2k, 2n+ 1 — 2k
d\q k=1
k— -1
: = O2k-25-1,1(M52) Tosi1,1(q — M5 2)
Z 25 +1 Z 22k72sfl 22s
s= =1

2n + 1+ 2k
=o1(q) + 1<;n <2k,2n+1 — 2k, t, Qk—t)
1<t<2k, t odd
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-1
K UZkft,l(m; 2) U2t,1(q ) 2)
D= = -

m=1

. . k .
It is easily checked that P,(1) = 1, 01(q) = 1+ ¢ and p|(2k1pf;§ft12k7t) with
p and ¢ distinct odd prime integers and 1 < k < (p — 1)/2. This proves the

corollary. 0

Proof of Theorem 4. For k = 0, by simple computation Theorem 4 holds. By
the same method in (2.3), we derive that

_9 Z Z 2k _ _92k+1 Z Zl%
d

1<t<d

d odd t even d odd
2k 2k4+1—j
1 2k + 1 d—1
- _ 22k+1 1) B | —=
Z 2k +1 Z( ) j J 2
S
2k 2k +1\ 2B,
— 1)+ i’ d— 1)2k+1-J
S (M) ) g e
jZO d|n
d odd
2k 2k+1—j
. 2k+1 2JB 2k+1*j k—+1—7G—
e (a0 e
= J 2k+1 o
d odd
2k X 2%+1—j .
L (2k+1\ 2B; 2k +1—j .
- Z(l)j“( j )Qk T < r )(1) T2kt (152)
j=0 r=0
2k 2k+1—j J+T+1 2%k 41 2k +1 _.7 QJB]
= Z Z j L b
with k > 1. Therefore, we get
1 22k d+1
- 2)+—— S B
402k+1,0(n, )+ 1 ; 2k+1( 5 )
d odd

= —0o2r+1,0(n;2)

4
2k 2k+1—j .
2k +1\ (2k+1—j\_.
I+7r . . .
rarey o 0 () () Bt
and
v v 2k+1 —r—uv
> Ban(l+1)== Y | > @@+1)(-1) <j,r,v)2 B;
2l+1|n 2+1|n \j+r+v=2k+1

We get the theorem. O
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Remark 15. (1.11) is an analogous result in [11, Question].

Lemma 16. Let k > 1 and n > 4. Then we obtain

k—1 n—
n—m
Z (25+1) ZU% 25— 1 025+1( 9 )
o 1 n 1 n BQkJrl d+1
= 202k+1(2) 202k(2) U2k 1( Jrz 11
Proof. To prove this lemma, we consider
k—1 n— n—m
SZ (2s+1) Z@k 25— 1 U2s+1( B )
k—1

E n
= Sz: (2s+1) Z 02k—25— 1 025+1(§ —m).

By Lemma 12, we have
k—1

— n—m
Z (25—1—1) ZU% 25— 1 025+1( 5 )
o 1 n 1 n BQkJ’_l d + 1
= §U2k+1(§)—502k(2)__0'2k 1 —I—Z Y] .
d| 3 O
Proof of Proposition 6. Let k > 1 and n > 2. Then we obtain
k1< > n—
Z Z 02k—25— 1 025+1(n - m)
= 2s+1
k—1 n—1
2k ) Z ( 2k—2s m
= Z Ook—2s—1(m) — 2 50-2]6—23—1(_))
s=0 (28 +1 m=1 2
x (UQSH(” —m) —22% 25y, ( ; m))
k—1 n—1
2k
= 2 (2S+1) Z O2k—25— 1(m)02s+1(7”b—m)
k—1 2% n—1 n—m
2 Z < > Z 228+10—2k*25*1(m)0—25+1( )
L—O 2s+1 = 2

k—1 2% n—1 m
+ ( ) mz::l 2%725710%—25—1(3)028+1(n —m)

n—1
2k m n—m
22k+2 9e_ o s .
+ ;) 2% + 1 mZ:Uzkz 1(2)U2+1( 5 )
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From Proposition 1, Lemma 12 and Lemma 16 we obtain that

k—1

(2.8) éz (23 N 1> "Z O2k—2s—1(M)T2541(n —m)

1 1
= — §O'Qk+1 (TL) + ing(n) + nO—Qkfl(n) — 2% 1 dg B2k+1(d + 1)
1 n 1 n n n Bop11(d+1)
22k%%1 - e e W (= TR\ P~
+ 202k+1(2) 20’2k(2) 5 02k 1(2) dgn %1
22k+1 d+ 1

n
+22 02k+1( )+ %1 E By ( 5 )
dln
d odd

1
= - §U2k+1(n) + o2k11,0(n;2) + §U2k(n) — 021,0(n; 2) + nogk—1(n)

—2nook—1,0(n;2) + T,

where
(2.9) T:= — 2k+1ZB2k+l d+1)
22k+1 d+ 1
+ Z Bapy1( )+ Z Bogt1(d+1)
2k+1 | 4= 2 =
d odd
22h+1 d+1
- B 1 B
2k+1 Z AT | dz e (75
d odd d Lgd
2k+1
_ 2k+ : Z Bojia(d+1) + ST dZﬂB%H(dJr 1)
d even 2
1 d+1
= T Z <B2k+1(d+1)22k+132k+1( 5 ))
a'bia
2“ - > (Bakpr(2d +1) = 2" By i (d + 1)) .
dl
It is well known that
(2.10) En(z) = (~1)"E, (1 — z)
and
2 nal T
(2.11) Bu(@) = — {Bn+1(z) —9 Bn+1(§)}.
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By (2.9), (2.10) and (2.11), we obtain

N[ —

(2.12) T=- ZE% —2d) — Y Ex(—d

d|n
d odd

= | Y Ear(2d+1) = > Ea(d+1)

dlﬂ d odd
:f—z )1 By (d + 1).
d|n

By the definition of o, we easily seen that

(2.13)  ok(n) = ok,1(n;2) — ok,0(n; 2) and ok (n) = ok1(n;2) + ok,0(n; 2).

From (2.8), (2.12) and (2.13) we obtain (1.15). O
Remark 17. Proposition 6 and Lemma 12 give us two curious formulas replace
os(n) (resp., Bsziin), Faulhaber sum) by —as(n) (resp., fEQ"T("), alternating

sum). See the table below.

Table 1. Convolution sums of divisor functions

PO G2 ) Son oak—ns—1(m)oass1(n—m) | = Loopi1(n) — Soak(n) — now—1(n)
+ 55T 2o Borr1(d +1)

25;11 (2§i1) Zﬁ;ﬂ Tak—2s—1(M)T2s41(n —m) = —%52k+1(n) + %521@ (n) + nook—1(n)
3 g ("D Eay(d + 1)

Corollary 18. Let n > 2. Then

k—1 n—1

(2.14) > ( 2k ) > Gok—2s-1(2m)F2s11(2n — 2m)

2s +1
1. ~ ~ L,
=5 [Ancag—1(2n) + o2 (2n) — Tok+1(2n)] — 102k+1(2n)

——Z )1 By (d + 1).
d|2n

Proof. Consider the combinatoric convolution sum

k—1 ok n—1
;) (25 + 1) Z Tok—2s—1(2m)02s+1(2n — 2m)
k—1 2n—1
= 2 <2$+1) Z Ook—2s—1(M)02s41(2n — m)
k—1 n

Z Z ng_25_1(2m— 1)025+1(2n—2m+ 1).
s= (25 + 1) m=1
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From [10, (15)] and Proposition 6, we obtain (2.14). O

Lemma 19. Letn >3, m > 2 and z,y € R. Then
(a)

(7]

2 n
n—(2k+1)
1 <2k+1>32k+1(x)y

(Bn(:r +y)— (—1)"Bp(z —y) — n(2x — l)yn_l) )

wl'_‘w

(b)
(%] m 1
> (57 ) Bl = 5 (Bule+ )+ (D" Enle = ) 4

k=1
Proof. This lemma follows from (1.2), (2.5) and (2.10). O
Proof of Theorem 8. (a) We note that
(2.15) ok0(2n;2) = 2k0k(n)

and

a1 (o) = ()2

By Proposition 1, (2.15) and (2.16), we obtain
Yar1(n, 29)

n—1

-1 I—c—1
= g 02172&2571,1(7”; 2)U2s+1,1(n — m; 2)
= <2c +1 2s+1 =

s=0
X 02c+1 0(2117 2)

-1
20+ 1\ |1 22lH1—2e—1 a+1
= n —2c ;2 91 9. 4 1 Bo— c

;(26+1) 102 2¢+1,0(n )+21—20+1 ; 21—2¢+1( 5 )

a odd

X 220+1020+1 (q)

Consider the second term of Yo;41(n, 2¢), we obtain

2
Yz(lle(” 29)
(21 + 1)! 1 a+1
— 92l+1 { Boy_oe _} .
Z (2c + D121 — 20)! a1 & Bamren (05 |oaen (@)
aac‘)Zd

921+1 = oryo a+1
= =7 A B —2c c i|

2+ 2 { (20+1) 2-2e+1(—5—)02e41(q)

aln c=0
a odd
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92+1 sy ) at1
- = B 9 d20+1 :|
20+ 2 2 {Z (Z(20+1) 2i-2e+1(—5~)
aln dlg \e=0
« odd
92l+1 L2042 a+1
_ Bc d2l—20+1 :|
20+ 2 {Z<Z(20+1) ze+1(——)
aln dlg \c=1
« odd
By Lemma 19, we get
2
}/2(l421(n’2q)
92l+1 1 a—+1 a+1
= (B _ B _
20+ 2 2 [Z{2< 2i2(—5 = +d) = B (5 d)>
aln - dlq
« odd
a+1 1
~(21+2)(— —?d”“}}
22 a+1 a+1
— B d) — B —d }
21+2[d|z 2142( 5 +d) a142( 5 ))
g,aln
« odd

-2%. o1,1(n;2)0241(q)-
From the binomial theorem we have
-1
24+ 1\ 91 et 2 x
(2.17) Z ( )x2l Zedly 2ol — 3 {(w+ )2+ — (2 — )21} — 2?1,

= 2c+1

and then we obtain
Y2(l1421(”72‘1) =221 3 af(a+d)? T —(a—d)?} 22 3 ad?t.

alg,dlg ol ,dlq

By the property of Bernoulli polynomial,

(2.18) Bn(x +1) — By(z) = na" ™,
we have
1) 22[—1
Yo (n,29) = g > a{Baujs(a+d+1) - Buya(a+d)
al3.dlg
7Bgl+2(04 —d+ 1) + Bgl+2(a — d)}
1 n
= 501(35)02141,0(2; 2).
Thus, we get
22[—1
YY2[+1(7’L, 2q) = T |nzd « {BQH_Q(Oé +d+ 1) — BQH_Q(CY + d)

al5.dlq

7Bgl+2(04 —d+ 1) + Bgl+2(a — d)}
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22 a+1 a+1
+21+2{ Z (le+2( 5 + d) — Boj4af 5 —d)>}

dlg,aln
« odd

1 n
= 5(011(1:2) + 01(5))o2141,0(24; 2).
Similarly, by Proposition 1, (2.15) and (2.16), we obtain

22[—2

ST a{Boti1(a+d+1) — Byyi(a+d)

alZ.d|q

Yoi(n,2q) :=

+Bop1(a —d+1) = Bayi (v — d)}

[ Z B21+1(0H2rl +d)+le+1(a;Ll d)>}

_ %( Ll(n; 2) 4+ Jl(g))Uzl,O(&]; 2).

(b) It is easily checked that o*(2N) = 2°¢*(N). Using the same method in
(a), this completes (b).
(c) First, we consider when [ is odd. By Proposition 6 and (2.16), we obtain

-1 l—c—1 p—1
20+1 2l—2¢ ~ ~
Usi+1(p, q) := E (26+1){ E (28+1) 021—20—25—1(m)02s+1(1?—m)}
s=0 1

c=0 m=
X 526+1(‘])
-1
201+1 ~ 1. 1.
- Cz:(:) (26+1) (pUQl—QC—l(p) + 5021—20(17) - 502l—2c+1(p)
1 a—1 ~
5 Z(*l) Eo_sc(a+1) | 02c41(9q).
alp
It is well known that
-1
20+ 1 . o 1
(2.19) Z (2C+ 1) gRetly2l-2c 5 ((z+ )2 4 (z — y)2H1) — 224
c=0
and
(2.20) 22" = E,(z+ 1) + E,(x).

From Lemma 19, (2.10), (2.19) and (2.20) we deduce that

li <2l K 1>P5212c1(p)5zc+1(q)

= 2c+1

1
= ff > DM B (d o+ 1) + Baga(d+ @) + Eapa (d — o +1)
alp,d|q
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+Ea41(d — )} — po—1(p)aa+1(q),

3 (501 )2z (a)

2c+1

(=) {Byp1(d + a + 1) + Ears1(d + @) + Ega(d —a + 1)

FBaa(d — )}~ 23w (@F0(p),

1 20+ 1 -
~3 Z ( >021 2¢+1(P)02¢+1(q)
c=0
1

- _ DT {Fy1(d+a+1)+ By (d+a) + By (d—a+ 1)

1_ ~
+Ea41(d = )} + 551(P)F2u41(a),

-1
1 21 + 1 a—1 ~
—QZ(W) S Bt 1) | o)
a|p
1., -
~1)* Y By 1 (d+ a+1) + Bypa(d — )} + 500(P)F21.41(a).
alp, dlq

By a routine calculation, we get

- > #[(QP +a—a®){Eyi(d+a) + Eyqi(d—a+1)}

Uzti1(p,q) = 3

alp
dlq

+ (20— a—a®){Baii(d+a+1) + B (d — a)}]

+ 57 (0151 (0) = 2710

Similarly, when [ is even, we have then the result. (]

Remark 20. In [14, Theorem 3] we recall that

> ()T comreimsimaazim)

a+b+c=21+1 mi+mot+mz=N
a,b,c odd m3 even

- (217?:72”]\] {o31,1(N) —2No3 (N)}

with N > 4 and [ € N. Theorem 8 are analogous results of this identity.
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3. Proof of second main results: Theorem 9 and Theorem 11

Before proving Theorem 9 we note some easy lemmas for convolution Bernou-
1li polynomials.

Lemma 21. Let m > 2. Then we have

(a)

m

Zl 2m\ Bag+1(2) Bam—2k+1(y)
2k 2k+1 2m —2k+1

k=

_

—(2z = 1)Bam+1(y) — (2y — 1) Bam+1(2)}
1

T {Bam+2(r +y) — Bamy2(y — )}

= (L= —y)Eam(z +y) + (= y)Eon(l -z +y)
- E2m($) - EQm(y) + E2m+1($ + y) + E2m+1(1 — T+ y)
Proof. (a) By [5, p. 158], we see that

i <m) Bit1 () Bm—k+1(y)

P k) k+1 m-—k+1
@ty =1) m+1 m+ 2
Bm+2($) Bm+2(y)

(m+1)(m+2)  (m+1)(m+2)

- m\ Br+1(x) Br—r+1(y)
z_:(_l)k(k) k++1 mfl:ﬂ

k=0
(3.2) - (- )Bm;:(f;z) +Bm;;12(j_/2*$)
Bini2(l — ) Biny2(y)

(m+1)(m+2)  (m+1)(m+2)

with m a positive integer. If we set m = 2m in (3.1) and (3.2), summing for
(3.1) and (3.2), the result follows. Using [5, p. 150] or [20, (20)], we see that

m

33) 3 (3 ) B Bnrls) =21 = 0 = DBan(o +3) + 2o + 1)
k=0
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Set x =1 — x in (3.3), and using (2.10), we get

" (m

Z <k> (—1)*Ep(2) Epm—r(y) = 2(z — y) Bam (1 — 2 + y) + 2E2m41(1 —z + ).
k=0

In a similar way, we get (b). O

Proof of Theorem 9. It is well known that

()
(2m)!

(3.4) T (@2s+ )12k — 25— D)I(25' + 1)!(2m — 2k — 25/ — 1)

- 2m
o \25+1,2k—25— 1,25 +1,2m — 2k —2s' — 1)

Nowifweset a=2s+1,b=2k—25s—1,c=2s+1,d=2m -2k —2s' -1
and (1.16) becomes
(3.5)

2m
S (2 ettt attzionsa 12

1<I<p—1,1<l'<q—1
a,b,c,d odd,a+b+c+d=2m

m—1 2n k—1 9% p—1
Z <2kz) {Z (23 + 1> 20%72571,1(1; 2)oosr1,1(p— 1 2)}
=1

k=1 s=0
m—k—1 qg—1
2m — 2k , ,
X { S,Z:O ( 99/ 41 ) l/ZlUQm—Qk—Qs’—l,l(l ;2)02011,1(q — 1 72)}-
Thus, from Proposition 1, we consider 4 terms in (3.5) below:
m— d'+1
e 3 & (2B () B (42)
e 2k 2k + 1 2m—2k+1
dlp,d’|q k=1
d,d’odd

m—1
2m
Co:=— :2)02m— :2),
2= 15 2 (%)0’2“170(?7 )o2m—2k+1,0(¢; 2)

171 90 . Bom—oki1 (dlg_l)
C3:=- 25— ;2
3 1 kgl <2kz) O2k+1,0(P; 2) ;‘ om—2k+1
- d’odqd
m—1 d+1
1 2m Bogy1 (47)
Cy:=- 22k m— ;2 : :
4 1 2 <2kz) 02 2k+1,0(Qa ) Ed‘p 2% + 1

d odd
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Now, first, we consider Cy. Set x = (d+1)/2 and y = (d' 4+ 1)/2 in Lemma
21. Then we have

(3.6)

22m72

d+d d —d
270 5 (i (4570) - (559

2
d|p,d’lq
d+1 d+1
—2dBam 41 ( ;r ) —2d'Boyy1 (%)}

d,d’odd
22m72 d+d/ d/fd
— Bo, 1| — Bson .
m+12{2+2<2+) 2+2<2>}
d|p,d’|q
d,d’odd

Second, we consider Cy. Using the binomial theorem, the equation (2.15) and
the difference formula of Bernoulli polynomials, then we obtain

m—1

2 — dd’ m
3 ( m)d%“d’2 A 5 —{(d+d)?" +(d—d)*"} —dd*" T - P
k=1

(3.7)
m—1
_ 2m 2m—2k+1
02 _ 22m 2 Z Z ( )d2k+1d/
d|%,d'| % k=1
:22m73 Z dd/{(d+d/)2m+(d7d/)2m72d/2m—2d2m}
d|L,d'| %
_ > dd {Bymir(d+d +1) = Bymyr(d+ d')+ Bamyr(d — d + 1)
2m+1 d‘ﬂ 2m+1 2m+1 2m+1
o

1
—Bomt1(d—d')}— 6 {o2m+1,0(0;2)01,0(¢;2)+01,0(P: 2)02m+1,0(¢;2) } -

To find a formula of C5, we need an addition formula of Bernoulli polynomials
n (1.2).

92m—1 = om+1 d+1
C3 = 2K+ By
P> z( )4 B (5

d| d'|q, k=1
d’ odd
92m~-1 = 2m+ 1 d+1
= d B J2mA1— (k1) |
2m + 1 D l <2k+1) 2’““< 2 >
d|5.d'lg, Lk=1
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Using the formula

m—1
2m +1 2m—41—(2k+1)
kz <2k: n 1>sz+1($)y

—_

=3 (Bam+1(z +y) + Bamy1(z —y) — (2m + 1)(2z — 1)y*" — 2Bsm 41 ()

we obtain
(3.8)
22m—2 d+1+2d d+1—2d
= B B — B R ——
C3 2m+1 Z d[ 2m+1( 5 )—f— 2m+1( 5 )}

|5.d'lq
d/ odd

22m72 d/ +1 1
S To10(p;2) > Boampa < 5 ) = g02m+1.0(P;2)01,1(45 2).

d’|q
d’ odd

Since C4 is a symmetric form of C3, we deduce

(3.9)
22m—2 d+1+2d d+1-—2d
M o e R |
d odd
22m—2 d+1 1
Baon, — | — =09m ;2 ;12).
- Jrl010 q;2 ; 2 +1( > ) & +1,0(q;2)01,1(p; 2)
dogd
Summing C; (i =1,...,4), we derive the theorem. O

Remark 22. For a positive n € N — {1}, let Sffyb(n) ="+ (a+b)* + (2a +
b)F + -+ (a(n — 1) + b)k. We recall [1, (11)] that

aF

310) sty = 755 (|Beats D) = B = [Bon ) - Bl ).

y (3.

—

0), (1.9) and Example 10, we have
~1

% )5 +1
( ) Z Ook—25—1,1(M;2)02s41,1(p —mM;2) = S2k (P )
m=1

%“

25 +1 2

5=

and

2m
Z (a, b,c, d) oa,1(l;2)0u1(p = 152)0c1(I';2)0a,1(p —1';2)

1<1,lI'<p—1
a,b,c,d odd
_ Pgom m P11 o
52 b(p+1)— SS,O(T)_ZS§,0+1(1)+1)

with p an odd prime integer.
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Proof of Theorem 11. By (3.4) and Proposition 6, we get
(3.11)

) (a, ZQ,TZ d) Fa(D)as(p — D)oe(l')aalg — ')

1<I<p—1,1<l/'<g—1
a,b,c,d odd
a+b+c+d=2m

k=1

m—k—1 o — Ok i |
( S/Z:o ( 25+ 1 >VZ102m 2k—25'—1 (' )0’25/+1(q_l)>
= Z ( ) __U2k+1( )+%52k(p) +p&2k_1(p)_% Z(_l)d_lEQk(d n 1)

X

-
1._ 1. -
( 502m— 2k+1(q) + §U2m—2k(Q) + qCom—2k-1(q)

1 /
75 Z(il)d _1E2m72k(dl + 1)
d'|q

We consider the sum

1 Z <2m> S (D)1 By (d + 1) Byy—ak(d' + 1)

d|p
d’|q

by Lemma 21(b) we have
=7 Z DAY (d+d +1)Eyn(d+d +2)+ (d— d)Egpn(d —d+1)

d|p
d’|q

—Eop(d+1)=Eop(d + 1)+ Eapy1(d +d + 2)+ Fapmir(d —d+1)}.

Here, we have

S DM By (d+1) = O (D)7 1) - O (- 1) Ban (d + 1))

;,“1; d'lq dlp
=G0(q) >_ (1) By (d + 1),
dlp
Hence,

42 D —(d+d + 1) By (d+d +2) + (d — d) By (d' — d + 1)

d|p
d’|q
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+Eomi1(d+d +2)+ Eypyr(d —d+1)}

L. d—1 1. d'—1 /
= 700(@) Y (=1 Eam(d+1) = 70(p) Y_(=1)* " Ea(d’ + 1),
dlp d'lq
By the same method in Theorem 8(c) and Theorem 9, we derive the following
15 terms in (3.11) below:

2m\ o ~
Dy = <2k>02k+1 P)02m—2k+1(q)

1mfl

P> (

%Z(—l)‘“d/dd’ {(d+d/)2m + (d— d/)2m}
d|p

d’|q

~ 1 o1 0071 (0) + Fams (07 ()}

S
'H'

4 Z< >‘72k+1 P)o2m—2k(q)

N — (_1)d+d d{(d—l—d/)Qm + (d_d/)Qm}

+ 1 o1 (0)F0(a) + 2 (051 (1))

m—1

1 2m\ .
Dy := — 5 z_: (Qk)q0’2k+1(17)02m—2k—1(Q)

_ q Z d+d’ d d+d/>2m (d* d/)?m}

d|p
d’|q

+ g {T2m+1(p)o-1(q) + o2m-1(q)o1(p)},

Ds:= -3 Z ( )U2k )T2m—2k+1(q)

— )P (d - d)P A (d - d)Pm

+ 7 {F2m11(9)00(p) + 2m(p)51 ()},

Dg := % > (227:) o2k (p)T2m—2k(q)
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— 1 (71>d+d’ {(d+d/)2m + (d*d/)Qm}

m—1
2m\ ~
D; = ( >q0'2k(p)0'2m—2k—1(Q)

1
2
- % Z(q)f“fl/% {(d+d)" + (d-d)"}

— 5 102m(p)o-1(q) + 72m-1(¢)00(P)} ,

)p52k1(p)52m2k+1(q)
=1

p 'd/ 1\ 2m /\2m
:—42(—1)d+d3{(d+d) +(d—d)*™}

d|p
d’|q

+ g {T2m+1(9)7-1(p) + o2m-1(P)T1(q)},

m—1
2m\ - ~
Dg = ( )pO'Qk_l(p)UQ’m—Qk(q)

1
2
= 22(71>d+d'$ {(d+d/>2m + (d*d/)Qm}

— 5 {02m(@)7-1(p) + T2m—-1(p)70(q)}

m—1
2m\ .
Dy = ( )pUQk—l(p)qUQm—Qk—l(Q)
k=1

P 1 m m
:_22(71)“‘1 —dd,{(d+d')2 +(d—d)*™}
d|p
d’|q

— pq{o2m-1(p)o-1(q) + Gam-1(q)o-1(p)} ,

m—1

1 2m I~

Dui:= 7 1 ( ) d§/| (=) ' Gopr1(p) Bam—ak(d + 1)
= q

(—1)d+d/d{Ezm(d +d +1)+ By (d —d+1)}
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- (27”) Z(_l)d/_152k(P)E2m—2k (d +1)
k=1

_ %ZH)M’ {(Bom(d +d + 1) + Eap(d —d+ 1)}

Digi= i <2m) D (1) By (d + 1)Fom—2k41(q)

dlp

_ é (1) @ {Bom(d+ d + 1) + Bam(d — d' + 1)}
d|p
d’|q
8@ YD B d 4 1) 4 o (050 (0)
d|p
1 2m . _
D15 = — Z 2 (2]{?) dzp(l)d EQk(d+ 1)0—2m72k(Q)
_ % (1) (B (d+d' +1) + Eap(d —d' +1)}
d|p
d’|q
+ 500 X (1) Bl 4 1) + Ban(50(0)
d|p
1" 2m . _
Dig == — 5 2 <2k> dzlp(l)d qEok(d 4+ 1)02m—2k—1(q)
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q did’ 1
= = I )M S Ban(@+ d 4 1)+ Ban(d —d + 1)}

d|p
d’|q

+ o 1(@) Yo () B (d 4+ 1) + Fam 1 (0)50(p) -
dlp

Summing D; (i =1,...,16), and then use (2.20), we derive the theorem. [
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3]
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(11]
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