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Polynomial approximation of functions in
weighted Lebesgue and Smirnov spaces with

nonstandard growth

Ramazan Akgün

Abstract. This work deals with basic approximation problems such as direct, inverse and
simultaneous theorems of trigonometric approximation of functions of weighted Lebesgue
spaces with a variable exponent on weights satisfying a variable Muckenhoupt Ap. �/ type
condition. Several applications of these results help us transfer the approximation results
for weighted variable Smirnov spaces of functions defined on sufficiently smooth finite
domains of complex plane C.

Keywords. Fractional derivatives, inverse theorems, Jackson theorems, Lebesgue spaces
with a variable exponent, weighted fractional moduli of smoothness.
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1 Introduction and main results

For functions of weighted Lebesgue spaces Lp.�/! with nonstandard growth, it was
proved in [25] that

En.f /p.�/;! � c�r

�
f;

1

nC 1

�
p.�/;!

; nC 1; r D 1; 2; 3; : : : ; (1.1)

and its weak inverse

�r

�
f;
1

n

�
p.�/;!

�
C

n2r

nX
�D0

.�C1/2r�1E�.f /p.�/;! ; n; r D 1; 2; 3; : : : ; (1.2)

holds provided the weight ! and the exponent p.�/ are such that the Hardy–Little-
wood maximal operator M is bounded on the space Lp.x/! , where

En.f /p.�/;! WD inf
T2Tn

kf � T kp.�/;! ; n D 0; 1; 2; : : : ; f 2 Lp.�/! ;
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204 R. Akgün

Tn is the class of trigonometric polynomials of degree not greater than n,

�r.f; ı/p.�/;! WD sup
0�hi�ı


rY
iD1

.I � �hi /f


p.�/;!

;

f 2 Lp.�/! ; ı � 0; r D 1; 2; 3; : : : ;

is the modulus of smoothness of degree r ([16]), I is the identity operator and

�hf .x/ WD
1

2h

Z xCh

x�h

f .t/dt for h 2 R and x 2 T WD Œ��; �� :

Inequalities (1.1), (1.2) and their several consequences were given in [25]. In the
recent papers [5] and [1] we considered the weighted fractional moduli of smooth-
ness, i.e., �r.f; �/p;! with r 2 .0;1/, to obtain inequalities of types (1.1) and
(1.2) in weighted Orlicz spaces. Fractional smoothness is not a new concept for
nonweighted Lebesgue spaces; Butzer [8], Taberski [45], Tikhonov–Simonov [44]
and Akgün–Israfilov [4] applied the fractional moduli of smoothness successfully
to solve approximation problems in Lebesgue and Smirnov spaces. As a conse-
quence of these facts, defining the weighted fractional moduli of smoothness ([1]),
in this work we consider basic approximation problems such as direct, inverse and
simultaneous theorems of trigonometric approximation of functions of weighted
Lebesgue spaces with variable exponent for weights satisfying a variable Mucken-
houpt condition Ap.�/. Several applications of these results help us to transfer ap-
proximation results for weighted Smirnov spaces of functions defined on a finite
domain with sufficiently smooth boundary.

Generalized Lebesgue spaces Lp.�/ with variable exponent (with nonstandard
growth) appeared first in [36] as an example of modular spaces ([17, 35]), and the
corresponding Sobolev type spaces have extensive applications in fluid mechan-
ics, differential operators ([12, 38]), elasticity theory, nonlinear Dirichlet bound-
ary value problems ([34]), nonstandard growth and variational calculus ([40]).
If p�.T / WD ess supx2T p.x/ < 1, then Lp.�/ is a particular case of Musielak–
Orlicz spaces [35]. For a constant p.x/ WD p, 1 < p <1, the corresponding gen-
eralized Lebesgue spaces Lp.�/ with nonstandard growth become classical Lebes-
gue spaces Lp having deep approximation results. The main properties of Lp.�/

are investigated in [42], [34], [39] and [14]. The boundedness of classical integral
transforms on Lp.x/ and weighted Lp.x/ is obtained in [32], [40], [10] and [43].

Let P .T / be the class of Lebesgue measurable functions p D p.x/ W T !

.1;1/ such that

1 < p�.T / WD ess infx2T p.x/ � p
� <1:
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Polynomial approximation of functions 205

We define a class Lp.�/2� of 2�-periodic measurable functions f W T ! C satisfy-
ing Z �Cc

��Cc

jf .x/jp.x/ dx <1

for any real number c and p 2 P .T /.
The class Lp.�/2� is a Banach space ([34]) with any of the following equivalent

norms:

kf kT ;p.�/ WD inf
˛>0

´Z
T

ˇ̌̌̌
f .x/

˛

ˇ̌̌̌p.x/
dx � 1

µ
and

kf k�T ;p.�/ WD sup
g2L

p0. �/
2�

²Z
T

jf .x/g.x/j dx W

Z
T

jg.x/jp
0.x/ dx � 1

³
; (1.3)

where p0.x/ WD p.x/=.p.x/ � 1/ is the conjugate exponent of p.x/.
Let ! W T ! Œ0;1� be a 2� periodic weight, i.e., a Lebesgue measurable and

a.e. positive function. Denote byLp.�/! the class of Lebesgue measurable functions
f W T ! C satisfying !f 2 Lp.�/2� . Weighted Lebesgue spaces with nonstandard
growth Lp.�/! are Banach spaces with the norm kf kp.�/;! WD k!f kT;p.�/.

For given p 2 P .T / the class of weights ! satisfying the condition ([11])!p.x/
Ap. �/

WD sup
B2B

1

jBjpB

!p.x/
L1.B/

 1

!p.x/


B;.p0.�/=p.�//

<1

is denoted by Ap.�/.T /. Here pB WD . 1
jBj

R
B

1
p.x/

dx/�1 and B is the class of all
balls in T .

The variable exponent p.x/ is said to satisfy the local log-Hölder continuity
condition if

jp.x1/ � p.x2/j �
c

log.e C 1= jx1 � x2j/
for all x1; x2 2 T . (1.4)

We denote by P
log
˙
.T / the class of p 2 P .T / satisfying (1.4).

Let f 2 Lp.�/! and

Ahf .x/ WD
1

h

Z xCh=2

x�h=2

f .t/dt; x 2 T ;

be Steklov’s mean operator. For p 2 P
log
˙
.T / and f 2 Lp.�/! , it was proved in [11]

that

The Hardy–Littlewood maximal function M is bounded in Lp.�/!

if and only if ! 2 Ap.�/.T /.
(1.5)
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206 R. Akgün

Therefore if p 2 P
log
˙
.T / and ! 2 Ap.�/.T /, then Ah is bounded in Lp.�/! . Us-

ing these facts and setting x; h 2 T , 0 � r we define via binomial expansion, for
f 2 L

p.�/
! ,

�rhf .x/ WD .I �Ah/
rf .x/

D

1X
kD0

.�1/k

 
r

k

!
1

hk

Z h=2

�h=2

� � �

Z h=2

�h=2

f .x C u1C � � �Cuk/du1 � � � duk :

Since the binomial coefficients
�
r
k

�
satisfy ([41, p. 14]) 

r

k

!
�
c.r/

krC1
; k 2 ZC;

we get
1X
kD0

 
r

k

!
<1

and therefore �rhf p.�/;! � cf p.�/;! <1 (1.6)

provided p 2 P
log
˙
.T /, ! 2 Ap.�/.T / and f 2 Lp.�/! .

For 0 � r we can now define ([48]) the fractional moduli of smoothness of the
index r for p 2 P

log
˙
.T /, ! 2 Ap.�/.T / and f 2 Lp.�/! as

�r.f; ı/p.�/;! WD sup
0<hi ;t�ı


Œr�Y
iD1

.I �Ahi /�
r�Œr�
t f


p.�/;!

; ı � 0,

where �0.f; ı/p.�/;! WD kf kp.�/;! ,
Q0
iD1.I �Ahi /�

r
t f WD �

r
t f for 0 < r < 1,

and Œr� denotes the integer part of the nonnegative real number r .
We have by (1.6) that

�r.f; ı/p.�/;! � c kf kp.�/;!

where p 2 P
log
˙
.T /, ! 2 Ap.�/.T /, f 2 L

p.�/
! and the constant c > 0 depends

only on r and p.

Remark 1.1. The modulus of smoothness�r.f; ı/p.�/;! , r 2 RC, has the follow-
ing properties for p 2 P

log
˙
.T /, ! 2 Ap.�/.T / and f 2 Lp.�/! :

(i) �r.f; ı/p.�/;! is a nonnegative and nondecreasing function of ı � 0,

(ii) �r.f1 C f2; �/p.�/;! � �r.f1; �/p.�/;! C�r.f2; �/p.�/;! ,

(iii) limı!0C �r.f; ı/p.�/;! D 0.
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Polynomial approximation of functions 207

If p 2 P
log
˙
.T / and ! 2 Ap.�/.T /, then !p.x/ 2 L1.T /. This implies that the

set of trigonometric polynomials is dense inLp.�/! ([32]). Therefore approximation
problems make sense in Lp.�/! . On the other hand, if p 2 P

log
˙
.T / and ! 2 Ap.�/,

then Lp.�/! � L1.T /.
For given f 2 L1.T /, let

f .x/ v
a0

2
C

1X
kD1

.ak cos kx C bk sin kx/ D
1X

kD�1

ck.f /e
ikx (1.7)

and

Qf .x/ v
1X
kD1

.ak sin kx � bk cos kx/

be respectively the Fourier and the conjugate Fourier series of f . We set

L10.T / WD
®
f 2 L1.T / W c0.f / D 0 for the series in (1.7)

¯
.

Let ˛ 2 RC be given. We define the fractional derivative of a function f 2 L10.T /
as

f .˛/.x/ WD

1X
kD�1

ck.f /.ik/
˛eikx

provided the right-hand side, where .ik/˛ WD jkj˛ e.1=2/�i˛ signk , exists as prin-
cipal value. We say that a function f 2 Lp.�/! has the fractional derivative of de-
gree ˛ 2 RC if there exists a function g 2 Lp.�/! such that its Fourier coefficients
satisfy ck.g/ D ck.f /.ik/˛. In that case, we write f .˛/ D g.

For p 2 P .T / and ˛ > 0, let W ˛
p.�/;!

be the class of functions f 2 Lp.�/! such
that f .˛/ 2 Lp.�/! . Then W ˛

p.�/;!
becomes a Banach space with the norm

kf kW ˛
p. �/;!

WD kf kp.�/;! C kf
.˛/
kp.�/;! .

The main results of this work are as follows.

Theorem 1.2. If p 2 P
log
˙
.T /,

!�p0 2 A
.p. �/
p0
/0
.T / for some p0 2 .1; p�.T //;

˛ 2 RC and f 2 W ˛
p.�/;!

, then for every n D 0; 1; 2; 3; : : : there exists a constant
c > 0 independent of n such that

En.f /p.�/;! �
c

.nC 1/˛
En.f

.˛//p.�/;!

holds.
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208 R. Akgün

Corollary 1.3. Under the conditions of Theorem 1.2,

En.f /p.�/;! �
c

.nC 1/˛

f .˛/
p.�/;!

with a constant c > 0 independent of n.

Theorem 1.4. If p 2 P
log
˙
.T /,

!�p0 2 A
.p. �/
p0
/0
.T / for some p0 2 .1; p�.T //

and f 2 Lp.�/! , then there exists a constant c > 0 dependent only on r and p such
that

En.f /p.�/;! � c �r

�
f;

1

nC 1

�
p.�/;!

holds for r 2 RC and n D 0; 1; 2; 3; : : : .

The following inverse theorem of trigonometric approximation holds.

Theorem 1.5. Under the conditions of Theorem 1.4, the inequality

�r.f;
1

nC 1
/p.�/;! �

c

.nC 1/r

nX
�D0

.� C 1/r�1E�.f /p.�/;!

holds for r 2 RC and n D 0; 1; 2; 3; : : : , where the constant c > 0 depends only
on r and p.

Corollary 1.6. Under the conditions of Theorem 1.4, if the condition

En.f /p.�/;! D O.n�� /; n D 1; 2; : : : ;

is satisfied for some � > 0, then

�r.f; ı/p.�/;! D

8̂<̂
:

O.ı� /; r > �;

O.ı� jlog.1=ı/j/; r D �;

O.ır/; r < �;

holds for r 2 RC.

Definition 1.7. For 0 < � < r we set

Lip �.r; p.�/; !/ WD
°
f 2 Lp.�/! W �r.f; ı/p.�/;! D O.ı� /, ı > 0

±
:

Corollary 1.8. Under the conditions of Theorem 1.4, if 0 < � < r and

En.f /p.�/;! D O.n�� / for n D 1; 2; : : : ;

then f 2 Lip �.r; p.�/; !/.
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Polynomial approximation of functions 209

Corollary 1.9. Under the conditions of Theorem 1.4, if 0 < � < r , then the fol-
lowing conditions are equivalent:

(a) f 2 Lip �.r; p.�/; !/.

(b) En.f /p.�/;! D O.n�� /, n D 1; 2; : : : .

Theorem 1.10. Under the conditions of Theorem 1.4, if
1X
�D1

�˛�1E�.f /p.�/;! <1

for some ˛ 2 .0;1/, then f 2 W ˛
p.�/;!

and

En.f
.˛//p.�/;! � c

�
.nC 1/˛En.f /p.�/;! C

1X
�DnC1

�˛�1E�.f /p.�/;!

�
hold, where the constant c > 0 depends only on ˛ and p.

The latter theorem gives rise to

Corollary 1.11. Under the conditions of Theorem 1.4, if r 2 .0;1/ and
1X
�D1

�˛�1E�.f /p.�/;! <1

for some ˛ > 0, then there exists a constant c > 0 depending only on ˛, r and p
such that

�r

�
f .˛/;

1

nC 1

�
p.�/;!

�
c

.nC 1/r

nX
�D0

.� C 1/˛Cr�1E�.f /p.�/;!

C c

1X
�DnC1

�˛�1E�.f /p.�/;!

holds.

The following simultaneous approximation theorem is valid.

Theorem 1.12. If p 2 P
log
˙
.T /,

!�p0 2 A
.p. �/
p0
/0
.T / for some p0 2 .1; p�.T //;

˛ 2 Œ0;1/, and f 2 W ˛
p.�/;!

, then there exist T 2 Tn, n D 1; 2; 3; : : : , and a con-
stant c > 0 depending only on ˛ and p such thatf .˛/ � T .˛/

p.�/;!
� cEn.f

.˛//p.�/;!

holds.
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210 R. Akgün

Theorem 1.13. If p 2 P
log
˙
.T /,

!�p0 2 A
.p. �/
p0
/0
.T / for some p0 2 .1; p�/;

f belongs to the Hardy space Hp.�/ with a variable exponent on the unit circum-
ference D and r 2 RC, then there exists a constant c > 0 independent of n such
thatf .z/ �

nX
kD0

�k.f /z
k


p.�/;!

� c�r

�
f;

1

nC 1

�
p.�/;!

; n D 0; 1; 2; : : : ;

where �k.f /, k D 0; 1; 2; 3; : : : , are the Taylor coefficients of f at the origin.

2 Some auxiliary results

We begin with

Lemma A ([27]). For ˛ 2 RC we suppose that

(i) a1 C a2 C � � � C an C � � �

and

(ii) a1 C 2˛a2 C � � � C n˛an C � � �

are two series in the Banach space .B; k�k/. Let

Rh˛in WD

nX
kD0

�
1 �

�
k

nC 1

�˛�
ak

and

Rh˛i�n WD

nX
kD0

�
1 �

�
k

nC 1

�˛�
k˛ak

for n D 1; 2; : : : . Then Rh˛i�n

 � c; n D 1; 2; : : : ;

for some c > 0 if and only if there exists R 2 B such thatRh˛in �R � C

n˛
;

where c and C are constants depending only on each other.
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Polynomial approximation of functions 211

Putting Ak.x/ WD ck.f /eikx in (1.7), we define

Sn.f / WD Sn.x; f / WD

nX
kD0

.Ak.x/C A�k.x//

D
a0

2
C

nX
kD1

.ak cos kx C bk sin kx/; n D 0; 1; 2; : : : ;

Rh˛in .f; x/ WD

nX
kD0

�
1 �

�
k

nC 1

�˛�
.Ak.x/C A�k.x//

and

‚h˛im WD
1

1 �
�
mC1
2mC1

�˛Rh˛i2m � 1�
2mC1
mC1

�˛
� 1

Rh˛im for m D 1; 2; 3; : : : : (2.1)

Lemma 2.1. Under the conditions of Theorem 1.4, there are constants c; C > 0

such that
k Qf kp.�/;! � c kf kp.�/;! (2.2)

and
kSn. � ; f /kp.�/;! � C kf kp.�/;! for n D 1; 2; : : : (2.3)

hold.

Proof. Let S�.f / WD S�.f; x/ WD supk�0 jSk.f; x/j. Then using Theorem 4.16
of [33] we obtain

kSn. � ; f /kp.�/;! � kS�.f /kp.�/;! � C kf kp.�/;! .

For (2.2) we use extrapolation Theorem 3.2 of [33]. For any p > 1 we have ([18])

k Qf kp;! � c kf kp;!

and [33, Theorem 3.2, (3.3)] is satisfied for p D p0 D q0 and q.x/D p.x/. There-
fore (2.2) holds,

k Qf kp.�/;! � c kf kp.�/;! .

Remark 2.2. Under the conditions of Theorem 1.4, it can be easily seen from (2.2)
and (2.3) that there exists a constant c > 0 such that

kf � Sn. � ; f /kp.�/;! � cEn.f /p.�/;! � En.
Qf /p.�/;! .
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212 R. Akgün

Under the conditions of Theorem 1.4, using (2.3) and the Abel transform, we get

kRh˛in .f; x/kp.�/;! � c kf kp.�/;! for n D 1; 2; 3; : : : ; x 2 T ; f 2 Lp.�/!

(2.4)
and therefore (2.1) and (2.4) imply

k‚h˛im .f; x/kp.�/;! � c kf kp.�/;! for m D 1; 2; 3; : : : ; x 2 T ; f 2 Lp.�/! .

From the property

‚h˛im .f /.x/ D
1P2m

kDmC1 Œ.k C 1/
˛ � k˛�

2mX
kDmC1

�
.k C 1/˛ � k˛

�
Sk.x; f /

for x 2 T ; f 2 L1

it follows that
‚h˛im .Tm/ D Tm; (2.5)

where Tm 2 Tm for m D 1; 2; 3; : : : .

Lemma 2.3. Under the conditions of Theorem 1.4, if Tn 2 Tn and ˛ 2 RC, then
there exists a constant c > 0 independent of n such that

kT .˛/n kp.�/;! � cn
˛
kTnkp.�/;!

holds.

Proof. Without loss of generality one can assume that kTnkp.�/;! D 1. Since

Tn D

nX
kD0

.Ak.x/C A�k.x//;
QTn

n˛
D

nX
kD1

�
.Ak.x/ � A�k.x//=n

˛
�

and
T
.˛/
n

.in/˛
D

nX
kD1

k˛
�
.Ak.x/ � A�k.x//=n

˛
�
;

we have by (2.4) and (2.2) thatRh˛im �
QTn

n˛

�
p.�/;!

�
c

n˛
k QTnkp.�/;! �

c

n˛
kTnkp.�/;! D

c

n˛

and by Lemma A Rh˛im �
T
.˛/
n

.in/˛

�
p.�/;!

� c.

AUTHOR’S COPY | AUTORENEXEMPLAR 

AUTHOR’S COPY | AUTORENEXEMPLAR 



Polynomial approximation of functions 213

Hence by (2.5)

kT .˛/n kp.�/;! D n
˛

‚h˛im �
T
.˛/
n

.in/˛

�
p.�/;!

� cn˛ kTnkp.�/;! .

A general case follows immediately from this.

Lemma 2.4. If p 2 P
log
˙
.T /, ! 2 Ap.�/.T / and f 2 W 2

p.�/;!
, then there exists a

constant c > 0 such that for r D 1; 2; 3; : : : and ı � 0

�r.f; ı/p.�/;! � cı
2�r�1.f

00; ı/p.�/;!

holds.

Proof. Putting

g.x/ WD

rY
iD2

.I �Ahi /f .x/;

we have

.I �Ah1/g.x/ D

rY
iD1

.I �Ahi /f .x/

and
rY
iD1

.I �Ahi /f .x/ D
1

h1

Z h1=2

�h1=2

.g.x/ � g.x C t //dt

D �
1

2h1

Z h1=2

0

Z 2t

0

Z u=2

�u=2

g00.x C s/ds du dt .

Therefore from (1.3)
rY
iD1

.I �Ahi /f .x/


p.�/;!

�
c

2h1
sup

g02L
p0. �/
2�

´Z
T

ˇ̌̌̌Z h1=2

0

Z 2t

0

Z u=2

�u=2

g00.x C s/dsdudt

ˇ̌̌̌
!.x/ jg0.x/j dx WZ

T

jg0.x/j
p0.x/ dx � 1

³
�

c

2h1

Z h1=2

0

Z 2t

0

u

 1u
Z u=2

�u=2

g00.x C s/ds


p.�/;!

dudt

�
c

2h1

Z h1=2

0

Z 2t

0

u
g00

p.�/;!
dudt D Ch21

g00
p.�/;!

.
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Since

g00.x/ D

rY
iD2

.I �Ahi /f
00.x/,

we obtain

�r.f; ı/p.�/;! � C sup
0<hi�ı
iD1;2;:::;r

h21
g00

p.�/;!

D cı2 sup
0<hi�ı
iD2;3;:::;r


rY
iD2

.I �Ahi /f
00.x/


p.�/;!

D cı2 sup
0<hj�ı

jD1;2;:::;r�1


r�1Y
jD1

.I �Ahj /f
00.x/


p.�/;!

D Cı2�r�1.f
00; ı/p.�/;!

and Lemma 2.4 is proved.

Corollary 2.5. If p 2 P
log
˙
.T /, ! 2 Ap.�/.T /, r D 1; 2; 3; : : : , and f 2 W 2r

p.�/;!
,

then there exists a constant c > 0 depending only on r and p such that

�r.f; ı/p.�/;! � cı
2r
kf .2r/kp.�/;!

holds for ı � 0.

Lemma 2.6. If p 2 P
log
˙
.T /, ! 2 Ap.�/.T /, nD 0; 1; 2; : : : , Tn 2 Tn and r 2RC,

then there exists a constant c > 0 depending only on r and p such that

�r

�
Tn;

1

nC 1

�
p.�/;!

�
c

.nC 1/r

T .r/n


p.�/;!

holds.

Proof. First we prove that if 0 < ˛ < ˇ, ˛; ˇ 2 RC, then

�ˇ .f; �/p.�/;! � c�˛.f; �/p.�/;! . (2.6)

It is easily seen that if ˛ � ˇ, ˛; ˇ 2 ZC, then

�ˇ .f; �/p.�/;! � c.˛; ˇ; p/�˛.f; �/p.�/;! . (2.7)
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Now, we assume that 0 < ˛ < ˇ < 1. In that case, putting

ˆ.x/ WD �˛h f .x/

we have

�
ˇ�˛

h
ˆ.x/

D

1X
jD0

.�1/j

 
ˇ � ˛

j

!
1

hj

Z h=2

�h=2

� � �

Z h=2

�h=2

ˆ.x C u1 C � � � C uj /du1 � � � duj

D

1X
jD0

.�1/j

 
ˇ � ˛

j

!
1

hj

Z h=2

�h=2

� � �

Z h=2

�h=2

�

"
1X
kD0

.�1/k

 
˛

k

!
1

hk

Z h=2

�h=2

� � �

Z h=2

�h=2

f .x C u1 C � � � C uj

C ujC1 C � � � C ujCk/du1 � � � dujdujC1 � � � dujCk

#

D

1X
jD0

1X
kD0

.�1/jCk

 
ˇ � ˛

j

! 
˛

k

!

�

"
1

hjCk

Z h=2

�h=2

� � �

Z h=2

�h=2

f .x C u1 C � � � C ujCk/du1 � � � dujCk

#

D

1X
�D0

.�1/�

 
ˇ

�

!
1

h�

Z h=2

�h=2

� � �

Z h=2

�h=2

f .x C u1 C � � � C u�/du1 � � � du�

D �
ˇ

h
f .x/ a.e.

Then by (1.6)�ˇ
h
f . �/


p.�/;!

D
�ˇ�˛
h

ˆ. �/

p.�/;!

� c
�˛h f . �/p.�/;!

and
�ˇ .f; �/p.�/;! � c�˛.f; �/p.�/;! . (2.8)

We note that if r1; r2 2 ZC, ˛1; ˇ1 2 .0; 1/, taking ˛ WD r1 C ˛1, ˇ WD r2 C ˇ1
for the remaining cases r1 D r2, ˛1 < ˇ1 or r1 < r2, ˛1 D ˇ1 or r1 < r2,
˛1 < ˇ1, it can be easily obtained from (2.7) and (2.8) that the required inequality
(2.6) holds.
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Using (2.6), Corollary 2.5 and Lemma 2.3, we get

�r

�
Tn;

1

nC 1

�
p.�/;!

� c�Œr�

�
Tn;

1

nC 1

�
p.�/;!

� c

�
1

nC 1

�2Œr�T .2Œr�/n


p.�/;!

�
c

.nC 1/2Œr�
.nC 1/Œr��.r�Œr�/

T .r/n


p.�/;!

D
c

.nC 1/r

T .r/n


p.�/;!

which is the required result.

Definition 2.7. For p 2 P .T /, f 2 Lp.�/! , ı > 0 and r D 1; 2; 3; : : : the Peetre
K-functional is defined as

K.ı; f ILp.�/! ; W r
p.�/;!/ WD inf

g2W r
p. �/;!

°f � g
p.�/;!

C ı
g.r/

p.�/;!

±
. (2.9)

Theorem 2.8. If p 2 P
log
˙
.T /, ! 2 Ap.�/.T /, r D 1; 2; 3; : : : , and f 2 Lp.�/! , then

K.ı2r ; f IL
p.�/
2� ; W 2r

p.�/;!
/in .2.9/ and the modulus �r.f; ı/p.�/;! are equivalent.

Proof. If h 2 W 2r
p.�/;!

, then we have by Corollary 2.5 and (2.9) that

�r.f; ı/p.�/;! � c kf � hkp.�/;! C cı
2r
kh.2r/kp.�/;!

� cK.ı2r ; f ILp.�/! ; W 2r
p.�/;!/.

Putting

.Lıf /.x/ WD 3ı
�3

Z ı=2

0

Z 2t

0

Z u=2

�u=2

g00.x C s/ds du dt for x 2 T ;

we have
d2

dx2
Lıf D

c

ı2
.I �Aı/f

and hence
d2r

dx2r
Lrıf D

c

ı2r
.I �Aı/

r for r D 1; 2; 3; : : : :

On the other hand, we find

kLıf kp.�/;! � 3ı
�3

Z ı

0

Z 2t

0

u kAuf kp.�/;! dudt � c kf kp.�/;! .
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Now, let F r
ı
WD I � .I � Lr

ı
/r . Then F r

ı
f 2 W 2r

p.�/;!
and d2rdx2r

F rı f


p.�/;!

� c

 d2rdx2r
Lrıf


p.�/;!

D
c

ı2r
k.I �Aı/

rf kp.�/;!

�
c

ı2r
�r.f; ı/p.�/;! .

Since

I � Lrı D .I � Lı/

r�1X
jD0

L
j

ı
;

we get .I � Lrı/gp.�/;! � c k.I � Lı/gkp.�/;!
� 3cı�3

Z ı

0

Z 2t

0

u k.I �Au/gkp.�/;! dudt

� c sup
0<u�ı

k.I �Au/gkp.�/;! .

Taking into accountf � F rı f p.�/;! D .I � Lrı/rf p.�/;! ;
by a recursive procedure we obtainf � F rı f p.�/;! � c sup

0<t1�ı

.I �At1/.I � L
r
ı/
r�1f


p.�/;!

� c sup
0<t1�ı

sup
0<t2�ı

.I �At1/.I �At2/.I � L
r
ı/
r�2f


p.�/;!

:::

� C sup
0<ti�ı
iD1;2;:::;r


rY
iD1

.I �Ati /f .�/


p.�/;!

D C�r.f; ı/p.�/;!

and the proof is completed.

3 Proofs of the main results

Proof of Theorem 1.2. First of all we note that by (1.5) and Theorem 3.2 of [33],
the condition

“!�p0 2 A
.p. �/
p0
/0
.T / for some p0 2 .1; p�.T //”
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implies that ! 2 Ap.�/.T /. We set Ak.x; f / WD ak cos kx C bk sin kx. Since the
set of trigonometric polynomials is dense in Lp.�/! , for given f 2 Lp.�/! we have

En.f /p.�/;! ! 0 as n!1.

By the first inequality in Remark 2.2 we have

f .x/ D

1X
kD0

Ak.x; f /

in k�kp.�/;! norm. For k D 1; 2; 3; : : : we know that

Ak.x; f / D ak cos k
�
x C

˛�

2
�
˛�

2

�
C bk sin k

�
x C

˛�

2
�
˛�

2

�
D Ak

�
x C

˛�

2k
; f

�
cos

˛�

2
C Ak

�
x C

˛�

2k
; Qf

�
sin

˛�

2

and

Ak

�
x; f .˛/

�
D k˛Ak

�
x C

˛�

2k
; f

�
.

Therefore
1X
kD0

Ak.x; f / D A0.x; f /C cos
˛�

2

1X
kD1

Ak

�
x C

˛�

2k
; f

�

C sin
˛�

2

1X
kD1

Ak

�
x C

˛�

2k
; Qf

�

D A0.x; f /C cos
˛�

2

1X
kD1

k�˛Ak.x; f
.˛//

C sin
˛�

2

1X
kD1

k�˛Ak.x; Qf
.˛//

and hence

f .x/ � Sn.x; f / D cos
˛�

2

1X
kDnC1

1

k˛
Ak.x; f

.˛//

C sin
˛�

2

1X
kDnC1

1

k˛
Ak.x; Qf

.˛//.
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Since
1X

kDnC1

k�˛Ak.x; f
.˛//

D

1X
kDnC1

k�˛
h
.Sk. � ; f

.˛// � f .˛/.�// � .Sk�1. � ; f
.˛// � f .˛/.�//

i

D

1X
kDnC1

.k�˛ � .k C 1/�˛/.Sk. � ; f
.˛// � f .˛/.�//

� .nC 1/�˛.Sn. � ; f
.˛// � f .˛/.�//

and
1X

kDnC1

k�˛Ak.x; Qf
.˛// D

1X
kDnC1

.k�˛ � .k C 1/�˛/.Sk. � ; Qf
.˛// � Qf .˛/.�//

� .nC 1/�˛.Sn. � ; Qf
.˛// � Qf .˛/.�//;

we obtain

kf .�/ � Sn. � ; f /kp.�/;!

�

1X
kDnC1

.k�˛ � .k C 1/�˛/
Sk. � ; f .˛// � f .˛/.�/

p.�/;!

C .nC 1/�˛
Sn. � ; f .˛// � f .˛/.�/

p.�/;!

C

1X
kDnC1

.k�˛ � .k C 1/�˛/
Sk. � ; Qf .˛// � Qf .˛/.�/

p.�/;!

C .nC 1/�˛
Sn. � ; Qf .˛// � Qf .˛/.�/

p.�/;!

� c

� 1X
kDnC1

.k�˛ � .k C 1/�˛/Ek.f
.˛//p.�/;!

C .nC 1/�˛En.f
.˛//p.�/;!

�
C c

� 1X
kDnC1

.k�˛ � .k C 1/�˛/Ek. Qf
.˛//p.�/;!

C .nC 1/�˛En. Qf
.˛//p.�/;!

�
.
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Consequently, from the equivalence in Remark 2.2 we have

kf .�/ � Sn. � ; f /kp.�/;!

� c

"
1X

kDnC1

.k�˛ � .k C 1/�˛/C .nC 1/�˛

#

�

°
Ek.f

.˛//p.�/;! CEn. Qf
.˛//p.�/;!

±
� cEn.f

.˛//p.�/;!

"
1X

kDnC1

.k�˛ � .k C 1/�˛/C .nC 1/�˛

#

�
c

.nC 1/˛
En.f

.˛//p.�/;!

and Theorem 1.2 is proved.

Proof of Theorem 1.4. First we give the proof for r 2 ZC. In case g 2 W 2r
p.�/;!

we have by Corollary 2.5, (2.9) and Theorem 2.8 that

En.f /p.�/;! � En.f � g/p.�/;! CEn.g/p.�/;!

� c
h
kf � gkp.�/;! C .nC 1/

�2r
kg.2r/kp.�/;!

i
� cK..nC 1/�2r ; f ILp.�/! ; W 2r

p.�/;!/

� c�r

�
f;

1

nC 1

�
p.�/;!

as required for any r 2 ZC. Therefore by the last inequality and (2.6) we get

En.f /p.�/;! � c�Œr�C1

�
f;

1

nC 1

�
p.�/;!

� c�r

�
f;

1

nC 1

�
p.�/;!

; n D 0; 1; 2; 3; : : : ;

and the assertion follows for general r > 0.

Proof of Theorem 1.5. Let Tn 2 Tn be the best approximating polynomial of the
function f 2 Lp.�/! and let m 2 ZC. Then by Remark 1.1 (ii)

�r

�
f;

1

nC 1

�
p.�/;!

� �r

�
f � T2m ;

1

nC 1

�
p.�/;!

C�r

�
T2m ;

1

nC 1

�
p.�/;!

� cE2m.f /p.�/;! C�r

�
T2m ;

1

nC 1

�
p.�/;!

.
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By Lemma 2.6 we have

�r

�
T2m ;

1

nC 1

�
p.�/;!

� c

�
1

nC 1

�rT .r/2m


p.�/;!

.

Since

T
.r/
2m .�/ D T

.r/
1 .�/C

m�1X
�D0

°
T
.r/

2�C1
.�/ � T

.r/
2� .�/

±
;

we get

�r

�
T2m ;

1

nC 1

�
p.�/;!

�
c

.nC 1/r

²T .r/1


p.�/;!

C

m�1X
�D0

T .r/
2�C1
� T

.r/
2�


p.�/;!

³
.

Lemma 2.3 givesT .r/
2�C1

� T
.r/
2�


p.�/;!

� c2�r
T2�C1 � T2�p.�/;!

� c2�rC1E2� .f /p.�/;!

and T .r/1


p.�/;!

D
T .r/1 � T

.r/
0


p.�/;!

� cE0.f /p.�/;! .

Hence

�r

�
T2m ;

1

nC 1

�
p.�/;!

�
c

.nC 1/r

²
E0.f /p.�/;! C

m�1X
�D0

2.�C1/rE2� .f /p.�/;!

³
.

It is easy to see that

2.�C1/rE2� .f /p.�/;! � c
�

2�X
�D2��1C1

�r�1E�.f /p.�/;! , � D 1; 2; 3; : : : ;

where

c� D

´
2rC1; 0 < r < 1;

22r ; r � 1:
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Therefore

�r

�
T2m ;

1

nC 1

�
p.�/;!

�
c

.nC 1/r

²
E0.f /p.�/;! C 2

rE1.f /p.�/;!

C c

mX
�D1

2�X
�D2��1C1

�r�1E�.f /p.�/;!

³

�
c

.nC 1/r

²
E0.f /p.�/;! C

2mX
�D1

�r�1E�.f /p.�/;!

³

�
c

.nC 1/r

2m�1X
�D0

.� C 1/r�1E�.f /p.�/;! .

If we choose 2m � nC 1 � 2mC1, then

�r

�
T2m ;

1

nC 1

�
p.�/;!

�
c

.nC 1/r

nX
�D0

.� C 1/r�1E�.f /p.�/;! ,

E2m.f /p.�/;! � E2m�1.f /p.�/;!

�
c

.nC 1/r

nX
�D0

.� C 1/r�1E�.f /p.�/;! .

the last two inequalities complete the proof.

Proof of Theorem 1.10. For the polynomial Tn of the best trigonometric approxi-
mation for f 2 Lp.�/! we haveT2iC1 � T2ip.�/;! � 2E2i .f /p.�/;!
and from Lemma 2.3 it follows thatT .˛/

2iC1
� T

.˛/

2i


p.�/;!

� c2.iC1/˛E2i .f /p.�/;! .

Hence
1X
iD1

T2iC1 � T2iW ˛
p. �/;!

D

1X
iD1

T .˛/
2iC1
� T

.˛/

2i


p.�/;!

C

1X
iD1

T2iC1 � T2ip.�/;!
� c

1X
mD2

m˛�1Em.f /p.�/;! <1.
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Therefore T2iC1 � T2iW ˛
p. �/;!

! 0 as i !1.

This means that ¹T2i º is a Cauchy sequence in Lp.�/! . Since T2i ! f in Lp.�/! and
W ˛
p.�/;!

is a Banach space, we obtain f 2 W ˛
p.�/;!

.
On the other hand, sincef .˛/ � Sn.f .˛//p.�/;! � S2mC2.f .˛// � Sn.f .˛//p.�/;!

C

1X
kDmC2

S2kC1.f .˛// � S2k .f .˛//p.�/;! ;
we have for 2m < n < 2mC1S2mC2.f .˛// � Sn.f .˛//p.�/;! � c2.mC2/˛En.f /p.�/;!

� c.nC 1/˛En.f /p.�/;! .

Thus, we find

1X
kDmC2

S2kC1.f .˛// � S2k .f .˛//p.�/;!
� c

1X
kDmC2

2.kC1/˛E2k .f /p.�/;!

� c

1X
kDmC2

2kX
�D2k�1C1

�˛�1E�.f /p.�/;!

D c

1X
�D2mC1C1

�˛�1E�.f /p.�/;!

� c

1X
�DnC1

�˛�1E�.f /p.�/;!

and Theorem 1.10 is proved.

Proof of Theorem 1.12. In the case of ˛ D 0 the result follows from Remark 2.2
and the property Sn.f / 2 Tn:

kf � Sn.f /kp.�/;! � cEn.f /p.�/;! .
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224 R. Akgün

For ˛ > 0 we set

Wn.f / WD Wn.x; f / WD
1

nC 1

2nX
�Dn

S�.x; f / for n D 0; 1; 2; : : : :

Since
Wn. � ; f

.˛// D W .˛/
n . � ; f /;

we havef .˛/.�/ � S .˛/n . � ; f /

p.�/;!

�
f .˛/.�/ �Wn. � ; f .˛//p.�/;!

C
S .˛/n . � ; Wn.f // � S

.˛/
n . � ; f /


p.�/;!

C
W .˛/

n . � ; f / � S .˛/n . � ; Wn.f //

p.�/;!

DW I1 C I2 C I3.

In this case, from the boundedness of the operator Sn inLp.�/! we obtain the bound-
edness of the operator Wn in Lp.�/! and there holds

I1 �
f .˛/.�/ � Sn. � ; f .˛//p.�/;! C Sn. � ; f .˛// �Wn. � ; f .˛//p.�/;!
� cEn.f

.˛//p.�/;! C
Wn. � ; Sn.f .˛// � f .˛//p.�/;!

� cEn.f
.˛//p.�/;! .

From Lemma 2.3 we get

I2 � cn
˛
Sn. � ; Wn.f // � Sn. � ; f /p.�/;!

and

I3 � c.2n/
˛
Wn. � ; f / � Sn. � ; Wn.f //p.�/;! � c.2n/˛En.Wn.f //p.�/;! .

Now we haveSn. � ; Wn.f // � Sn. � ; f /p.�/;! � Sn. � ; Wn.f // �Wn. � ; f /p.�/;!
C
Wn. � ; f / � f .�/p.�/;!

C
f .�/ � Sn. � ; f /p.�/;!

� cEn.Wn.f //p.�/;! C cEn.f /p.�/;!

C cEn.f /p.�/;! .
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Since
En.Wn.f //p.�/;! � cEn.f /p.�/;! ;

we getf .˛/.�/ � S .˛/n . � ; f /

p.�/;!

� cEn.f
.˛//p.�/;! C cn

˛En.Wn.f //p.�/;!

C cn˛En.f /p.�/;!

C c.2n/˛En.Wn.f //p.�/;!

� cEn.f
.˛//p.�/;! C Cn

˛En.f /p.�/;! .

Since by Theorem 1.2

En.f /p.�/;! �
c

.nC 1/˛
En.f

.˛//p.�/;! ;

we obtain f .˛/.�/ � S .˛/n . � ; f /

p.�/;!

� cEn.f
.˛//p.�/;!

and the proof is completed.

Proof of Theorem 1.13. Let
P1
kD�1 ck.g/e

ik� be the Fourier series of the bound-
ary function g of f 2 Hp.�/.D/, and Sn.g; �/ WD

Pn
kD�n ck.g/e

ik� be its nth
partial sum. Since g 2 H 1.D/, we have ([13, p. 38])

ck.g/ D

´
0 for k < 0;
�k.f / for k � 0.

Therefore f .z/ �
nX
kD0

�k.f /z
k


p.�/;!

D kg � Sn.g; �/kp.�/;! (3.1)

If t�n is the best approximating trigonometric polynomial for g in Lp.�/! , then from
(2.3), (3.1) and Theorem 1.4 we getf .z/ �

nX
kD0

�k.f /z
k


p.�/;!

�
g � t�np.�/;! C Sn.g � t�n ; �/p.�/;!
� cEn.g/p.�/;! D cEn.f /p.�/;!

� c�r

�
f;

1

nC 1

�
p.�/;!

and the proof of Theorem 1.13 is completed.

Some of the above results can be extended to the complex case.
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226 R. Akgün

4 Polynomial approximation in E
p.�/
! .G0/

Let G0 and G1 be, respectively, the bounded and the unbounded components of a
closed rectifiable curve � of the complex plane C. Without loss of generality we
may assume that 0 2 G0. Let w D '.z/ and w D '1.z/ be the conformal map-
pings ofG1 andG0 onto the complement D1 of D, normalized by the conditions

'.1/ D1, lim
z!1

'.z/=z > 0

and
'1.0/ D1, lim

z!0
z'1.z/ > 0,

respectively. We denote by  and  1, the inverse mappings of ' and '1, respec-
tively.

Denote by P .�/ the class of Lebesgue measurable functions p D p.z/ W � !
.1;1/ with 1 < p�.�/ WD ess infz2� p.z/ � p�.�/ WD ess supz2� p.z/ <1.

Let p 2 P .�/ be a bounded measurable function and let ! W � ! Œ0;1� be a
weight with

j¹t 2 � W !.t/ D 0ºj D 0:

For these p and ! we denote by Lp.�/! .�/ the class of functions f W � ! C for
which Z

�

jf .z/!.z/jp.z/ jdzj <1.

The space Lp.�/! .�/ is a Banach space with the norm

kf k�;p.�/;! WD inf
˛>0

´Z
�

ˇ̌̌̌
f .z/!.z/

˛

ˇ̌̌̌p.z/
jdzj � 1

µ
.

If p and ! are as above, the set of bounded rational functions defined on � is dense
in Lp.�/! .�/ (cf. [31]). If 1 < p�.�/ � p.z/ � p�.�/ <1 for z 2 � and ! � 1,
then the space Lp.�/! .�/ coincides with²

f W

ˇ̌̌̌Z
�

f .z/g.z/dz

ˇ̌̌̌
<1 for all g 2 Lp

0.�/
! .�/

³
;

where p0.z/ WD p.z/=.p.z/ � 1/ is the conjugate exponent of p.z/.
We define for p 2 P .�/ and a weight !

Ep.�/! .G0/ WD
°
f 2 E1.G0/ W f 2 L

p.�/
! .�/

±
,

Ep.�/! .G1/ WD
°
f 2 E1.G1/ W f 2 L

p.�/
! .�/

±
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and
QEp.�/! .G1/ WD

°
f 2 Ep.�/! .G1/ W f .1/ D 0

±
;

where Ep.X/, 1 � p <1, is a Smirnov space of analytic functions defined on a
simply connected domain X � C. If p.z/ D p is constant, then Ep.�/! .X/ coin-
cides with a usual weighted Smirnov space on X .

Basic approximation problems in the spaces Ep.G0/ were proposed by several
mathematicians. Walsh and Russel [46] gave the results in Ep.G0/, 1 < p <1,
for polynomial approximation orders in the case of an analytic boundary. Al’per [6]
proved direct and inverse approximation theorems by algebraic polynomials in the
spaces Ep.G0/, 1 < p < 1, for a Dini smooth boundary. Kokilashvili [28] im-
proved Al’per’s direct and inverse results for algebraic polynomial approximation
and, assuming that the Cauchy singular integral operator is bounded (corners per-
mitted), he obtained the improved direct and inverse approximation theorems in
the Smirnov spaces Ep.G0/, 1 < p <1 ([30]). Andersson [7] proved that Koki-
lashvili’s results also hold in E1.G0/. When the boundary is a Carleson curve, the
approximation of functions of Ep.G0/, 1 < p < 1, by the partial sum of Faber
series was investigated by Israfilov in [19] and [9]. These results are generalized
to the Muckenhoupt weighted case in [20] and [21]. The approximation proper-
ties of Faber series in so-called weighted and nonweighted Smirnov–Orlicz spaces
are investigated in [29], [15], [26], [2], [3], [22], [4] and [23]. Most of the above
results use the partial sum of Faber series as approximation tool.

In this section we prove the main theorems of approximation, respectively, by
algebraic polynomials and rational functions in the weighted variable Smirnov
spaces Ep.�/! .G0/ and QEp.�/! .G1/.

A smooth Jordan curve � will be called Dini-smooth ([37]) if the function �.s/,
the angle between the tangent line and the positive real axis expressed as a function
of arc length s, has the modulus of continuity�.�; s/ satisfying the Dini conditionZ ı

0

�.�; s/

s
ds <1, ı > 0.

If � is Dini-smooth, then ([47])

0 < c <
ˇ̌
 0.w/

ˇ̌
< C <1, jwj � 1, (4.1)

with some constants c and C . Similar inequalities hold also for  01 and '01 in the
case of jwj D 1 and z 2 � , respectively.

Let P
log
˙
.�/ WD ¹p 2 P .�/ W p satisfies (1.4) with the replacements x1 ! z1,

x2 ! z2 and T ! �º.
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For given p 2 P .�/ the class of weights ! satisfying the condition!p.z/
Ap. �/.�/

WD sup
B2B.�/

1

jBjpB

!p.z/
L1.B/

 1

!p.z/


B;.p0.�/=p.�//

<1

is denoted by Ap.�/.�/. Here pB WD . 1jBj
R
B

1
p.z/
jdzj/�1 and

B.�/ WD ¹B.z; r/ \ � W B.z; r/ is a ball in C of radius r with z 2 �º :

For given f 2 Lp.�/! .�/ we define

f0.e
� / WD f . .e� //; f1.e

� / WD f . 1.e
� // for � 2 T

and
!0.e

� / WD !. .e� //; !1.e
� / WD !. 1.e

� // for � 2 T .

Remark 4.1. If � is Dini-smooth and f 2 Lp.�/! .�/, then

(i) the functions f0.e� /and f1.e� / belong to Lp.�/! ,

(ii) the conditions ! 2 Ap.�/.�/ and !0 2 Ap.�/.T / 3 !1 are equivalent,

(iii) the conditions p ı  ;p ı  1 2 P
log
˙
.T / and p 2 P

log
˙
.�/ are equivalent.

If p 2 P
log
˙
.�/ and ! 2 Ap.�/.�/, we define a degree r > 0 of the moduli of

smoothness of f 2 Lp.�/! .�/ as

�r.f; ı/�;p.�/;! WD �r.f
C
0 ; ı/T ;p.�/;!0 ; ı > 0;

Q�r.f; ı/�;p.�/;! WD �r.f
C
1 ; ı/T ;p.�/;!1 ;

where the functions f C0 .t/ and f C1 .t/ are the nontangential boundary values of the
functions

f C0 .w/ WD
1

2�i

Z
T

f0.t/

t � w
dt; f C1 .w/ WD

1

2�i

Z
T

f1.t/

t � w
dt; t 2 D.

We set

En.f /D;p.�/;! WD inf
P2Pn

kf � P kT ;p.�/;! ;

QEn.g/�;p.�/;! WD inf
R2Rn

kg �Rk�;p.�/;! ;

where f 2 Ep.�/! .D/, g 2 Ep.�/! .G1/, and Rn is the set of rational functions of
the form

Pn
kD0 akz

�k .
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Theorem 4.2. Let � be a Dini-smooth curve, p 2 P
log
˙
.�/,

!�p0 2 A
.p. �/
p0
/0
.�/ for some p0 2 .1; p�.�//;

r > 0 and f 2 Lp.�/! .�/. Then there is a constant c > 0 such that for any natural
number n

kf �Rn. � ; f /k�;p.�/;! � c

²
�r

�
f;

1

nC 1

�
�;p.�/;!

C Q�r

�
f;

1

nC 1

�
�;p.�/;!

³
;

where Rn. � ; f / is the nth partial sum of the Faber–Laurent series of f .

Corollary 4.3. Let � be a Dini-smooth curve, p 2 P
log
˙
.�/,

!�p0 2 A
.p. �/
p0
/0
.�/ for some p0 2 .1; p�.�//;

r > 0 and f 2 Ep.�/! .G0/. Then there is a constant c > 0 such that for any natural
number n

kf � Pn. � ; f /k�;p.�/;! � c �r

�
f;

1

nC 1

�
�;p.�/;!

;

where Pn. � ; f / is the nth partial sum of the Faber series of f .

Corollary 4.4. Let � be a Dini-smooth curve, p 2 P
log
˙
.�/,

!�p0 2 A
.p. �/
p0
/0
.�/ for some p0 2 .1; p�.�//;

r > 0 and f 2 QEp.�/! .G1/. Then there is a constant c > 0 such that for any nat-
ural number n

kf �Rn. � ; f /k�;p.�/;! � c
Q�r

�
f;

1

nC 1

�
�;p.�/;!

;

where Rn. � ; f / is as in Theorem 4.2.

Theorem 4.5. Under the conditions of Corollary 4.3, the inequality

�r

�
f;
1

n

�
�;p.�/;!

�
c

nr

²
E0.f /�;p.�/;! C

nX
kD1

kr�1Ek.f /�;p.�/;!

³
holds with a constant c > 0.
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Corollary 4.6. Under the conditions of Corollary 4.3, if

En.f /�;p.�/;! D O.n�˛/; ˛ > 0; n D 1; 2; 3; : : : ;

then

�r.f; ı/�;p.�/;! D

8̂<̂
:

O.ı˛/; r > ˛;

O.ı˛
ˇ̌
log 1

ı

ˇ̌
/; r D ˛;

O.ır/; r < ˛:

Definition 4.7. Let p 2 P
log
˙
.�/,

!�p0 2 A
.p. �/
p0
/0
.�/ for some p0 2 .1; p�.�//

and r 2 RC. If f 2 Ep.�/! .G0/, then for 0 < � < r we set

Lip �.r; �; p.�/; !/ WD
°
f 2 Ep.�/! .G0/ W �r.f; ı/�;p.�/;! D O.ı� /, ı > 0

±
and

fLip �.r; �; p.�/; !/ WD
°
f 2 QEp.�/! .G1/ W Q�r.f; ı/�;p.�/;! D O.ı� /

±
:

Corollary 4.8. Let p 2 P
log
˙
.�/,

!�p0 2 A
.p. �/
p0
/0
.�/ for some p0 2 .1; p�.�//

and r 2 RC. If f 2 Ep.�/! .G0/, 0 < � < r and En.f /�;p.�/;! D O.n�� / for
n D 1; 2; : : : , then f 2 Lip �.r; �; p.�/; !/.

By Corollary 4.3 and Corollary 4.6 we have the constructive characterization of
the classes Lip �.˛; �; p.�/; !/.

Corollary 4.9. Let p 2 P
log
˙
.�/,

!�p0 2 A
.p. �/
p0
/0
.�/ for some p0 2 .1; p�.�//;

0 < � < r and f 2 Ep.�/! .G0/. Then the following conditions are equivalent:

(a) f 2 Lip �.r; �; p.�/; !/.

(b) En.f /�;p.�/;! D O.n�� /, n D 1; 2; : : : .
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The inverse theorem for unbounded domains is formulated as follows.

Theorem 4.10. Under the conditions of Corollary 4.4, there is a constant c > 0

such that for every natural number n

Q�r

�
f;
1

n

�
�;p.�/;!

�
c

nr

²
QE0.f /�;p.�/;! C

nX
kD1

kr�1 QEk.f /�;p.�/;!

³
holds.

In a similar way as for Ep.�/! .G0/ we obtain the following corollaries.

Corollary 4.11. Under the conditions of Corollary 4.4, if

QEn.f /M;�;! D O.n�˛/; ˛ > 0; n D 1; 2; 3; : : : ;

then

Q�r.f; ı/�;p.�/;! D

8̂<̂
:

O.ı˛/; r > ˛;

O.ı˛
ˇ̌
log 1

ı

ˇ̌
/; r D ˛;

O.ır/; r < ˛:

Using Corollary 4.11 and Definition 2.7 we get

Corollary 4.12. Under the conditions of Corollary 4.4, if

QEn.f /�;p.�/;! D O.n�� /; � > 0; n D 1; 2; 3; : : : ;

then f 2 fLip �.r; �; p.�/; !/.

By Corollary 4.11 and 4.12 we have

Corollary 4.13. Let 0 < � < r and the conditions of Corollary 4.4 be fulfilled.
Then the following conditions are equivalent.

(a) f 2 fLip �.r; �; p.�/; !/,

(b) QEn.f /�;p.�/;! D O.n�� /, n D 1; 2; 3; : : : .

Remark 4.14. We note that the proof methods of these results are similar to those
of given in [23] and [1], and for the proofs we use the following facts:

(i) ([33]) If � is a Dini-smooth curve, p 2 P
log
˙
.�/, !�p0 2 A

.p. �/
p0
/0
.�/ for

some p0 2 .1; p�.�// and f 2 Lp.�/! .�/, then

kS�f kp.�/;! � c kf kp.�/;! ;

where S� is the Cauchy singular integral operator on � .

(ii) If p 2 P
log
˙
.T / and ! 2 Ap.�/.T /, then the class of continuous functions is

dense in the space Lp.�/! .
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