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The refined direct and converse inequalities
of trigonometric approximation in
weighted variable exponent Lebesgue spaces

Ramazan Akgiin and Vakhtang Kokilashvili

Abstract. Refined direct and converse theorems of trigonometric approximation are
proved in the variable exponent Lebesgue spaces with weights satisfying some Mucken-
houpt A,-condition. As a consequence, the refined versions of Marchaud and its converse
inequalities are obtained.

Keywords. Weighted fractional modulus of smoothness, direct theorem, converse theo-
rem, fractional derivative, variable exponent Lebesgue space.
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1 Introduction and auxiliary results
It is well known that sharp Jackson [51] and converse [50] inequalities1
1

ALY gl ()

n’
v=1

1 P [ e v
<op(f) = ”Z—,’”{Zv” 1EZ_l(f)p} (1

v=1

of trigonometric approximation for the classical Lebesgue space L?(T), with
1 < p < o0, hold with positive constants c1 (7, p) and ca(r, p). We define

En(f)p :=nf{|[f =Tlp: T € T},

where 7 is the class of trigonometric polynomials of degree not greater than #,
and f € LP(T). Also we set y := min{2, p}, r € N := {1,2,3,...} and
B := max{2, p}. Finally Ty, f(-) := f(-+ h), h € R, is a translation operator,

I We will denote by c1(---),ca(-+-), ..., ¢j(--+),... constants that are different on different
occurrences and absolute or dependent only on the parameters given in brackets.
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400 R. Akgiin and V. Kokilashvili

I is an identity operator,

wr(f.8)p :=sup{l(Tp = 1) fllp : 0 < h <8}

is the r-th modulus of smoothness of f and T := [0,2m). Inequalities like (1)
have wide applications in embedding theorems [39,47], in the study of absolute
convergent Fourier series [24,25,48], investigation of the properties of conjugate
functions [8] and characterizations of Lipschitz classes [31, 47,50, 51]. Using
weights satisfying the Muckenhoupt A,-condition (see the definition below) in-
equalities (1) also hold, in a certain form, for Lebesgue spaces L? (T, w) with
Ap-weights [1]:

Theorem A.Let 1 < p < oo, w € Ap and [ € LP(T,w). If n € N and
reRt = (0, 00), then there exist constants c3(r, p), c4(r, p) > 0 such that

1

v=1
1 cq(r, p) . - v
< Qr<f’ _)p . Z vIVTEY (f)pw
’ v=1

—

n

holds.

Here we used fractional weighted moduli of smoothness 2, ( f, -)p,o (cf. [3,7])
other than w,(f,-), because the translation operator 7}, is, in general, not con-
tinuous in weighted spaces, for example in weighted Lebesgue spaces L? (T , w),
in (weighted) variable exponent Lebesgue spaces. Variable exponent Lebesgue
spaces LP?™) and the corresponding Sobolev type spaces WP®) have wide ap-
plications in elasticity theory [52], fluid mechanics [40, 41], differential operators
[13,41], non-linear Dirichlet boundary value problems [33], non-standard growth
[34,52] and variational calculus [43]. The first article on L? ™) was [37] and later
the research was carried out for rather general modular spaces [36]. L? ™) is an ex-
ample of modular spaces [18,35] and Sharapudinov [45] obtained the topological
properties of L?™) . Furthermore, if p* := ess sup,cr p(x) < oo, then LPX) jsa
particular case of Musielak—Orlicz spaces [35]. In subsequent years various math-
ematicians investigated the main properties of spaces L? ), e.g. [15,33,42,45].
In LP®™) there is a rich theory of boundedness of integral transforms of various
type; see [12,26,43,46]. For p(x) == p,1 < p < oo, LP™) coincides with
the Lebesgue space L (T') and basic problems of trigonometric approximation in
LP(T) are well known. For a complete treatise of polynomial approximation we
refer to the books [9, 11,32, 38,44,49]. Approximation by algebraic polynomials

Brought to you by | UAB-SA
Authenticated | rakgun@balikesir.edu.tr author's copy
Download Date | 9/24/12 4:31 PM



Trigonometric approximation 401

and rational functions in Lebesgue spaces, Orlicz spaces, symmetric spaces and
their weighted versions in sufficiently smooth complex domains and curves was
investigated in [4-6, 19, 20,22]. In harmonic and Fourier analysis some of the
operators (for example a partial sum operator of Fourier series, a conjugate opera-
tor, differentiation operator, translation operator Ty, i € R) have been extensively
used to prove direct and converse type approximation inequalities. Since L? (x)
is not translation invariant [33], using Butzer—Wehrens type moduli of smooth-
ness (see [10, 14, 16, 30]), Israfilov, Kokilashvili and Samko [21] obtained direct
and converse trigonometric approximation theorems in weighted variable expo-
nent Lebesgue spaces L5"”.

In the present paper we investigate the approximation properties of a trigono-
metric system in Lf,('). We consider the fractional order moduli of smoothness
and obtain the improved direct and converse theorems of trigonometric polyno-
mial approximation in LZ(').

A function w : T — [0, 00] will be called a weight if @ is measurable and
almost everywhere (a.e.) positive. For a weight @ we denote by L?(T, w) the
weighted Lebesgue space of 27 periodic measurable functions f : T — C such
that fw'/P € LP(T), where C is a complex plane. We set | flpw = ||fa)1/p||p
for f € L?(T,w).

Let J be the class of Lebesgue measurable functions p(x) : T — (1, o0) such
that 1 < px := essinfyer p(x) < p* < oco. We define the class ng(r') of 27
periodic measurable functions f : T — C satisfying

nT+c
/ | £ ()PP dx < oo

—m+c

for any real number ¢ and p € P.
The class Lgy(r') is a Banach space [33] with the norm

1A r.p0) == gg%{/T‘%)p(X)dx < 1}.

Letw : T — [0,00] be a 27 periodic weight. We will denote by Lf,(') the
class of Lebesgue measurable functions f : T — C satisfying of € ng(r'). The
weighted Lebesgue space with variable exponent Lf,(') is a Banach space with the

norm || f 5,0 := l@f | 7,p()-
For given p € J the class of weights w satisfying the condition [17]

0”4, = Sup lo” 1) | — 5 1.0 1p0) <

|B|PB
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402 R. Akgiin and V. Kokilashvili

will be denoted by A4,.). Here

1 1 -1
= — d
PB (|B| /B p(x) x)

and B is the class of all balls in 7.
The variable exponent p(x) is said to satisfy the local log-Hdolder continuity
condition if there exists a positive constant c¢5 such that

Cs5
X <
Pl = e 1 =)

|p(x1) — forall x;1,x, € T. 2)
We will denote by IPi)g the class of all p € P satisfying (2).
Let f € Lf,(') and

x+h/2

Ay f(x) = %/ | fOdi xeT,

be Steklov’s mean operator. If p € J’i’g, then it was proved in [17] that the Hardy—

Littlewood maximal operator M is bounded in Lg(') if and only if w € Aj(,.

Therefore if p € f‘i)g and w € Aj(,, then A, is bounded in Lf,('). Using these
facts and setting x, 7 € T, 0 < r we define, via binomial expansion, that

op f(x) := (I —Ap)" f(x)

o0 k r 1 h/2 h/2
=Z(—1) i —k/ . f(x+uy+---+ug)duy---dug,
k=0 h

—h/2” —h/2

where f € Lf;('), (,rc) = w fork > 1, (]) :==r and ((r)) = 1.
Since the binomial coefficients satisfy

r ce(r)
‘(k) < W, k € N,
we get
00
3 (k) .
k=0

: plog
and therefore if p € P

constant ¢7(r, p) such that

, W € Ap(.) and f € Lf)('), then there is a positive

log fllpere = c7(r P fllpew < 00 ©)
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Trigonometric approximation 403

holds. For 0 < r, we can now define the fractional moduli of smoothness of index
rfor p € J’i)g, weAyand f e L(ﬁ(') as

[r]
[1¢ = Au)or

i=1

9 8 2 07
p(),w

Qr(f, S)p(-),a) ‘= sup
0<h;,t<6

where Q0o(f.68)p(),0 = | flpe),0s

0
H(I—Ahi)ot’f =off forO<r<I;

i=1

and [r] denotes the integer part of the real number r.

We have by (3) that if p € !Pi’g, w € Apyand f € Lf,('), then there exists a
positive constant cg(r, p) such that

Qr(f.8)pe0 < cs(r, DI lpe) -

Remark 1. The modulus of smoothness 2, ( f,8)p(),w. " € R, has the following
properties for p € J’j:g, w € Apyand f € Lf)('):

(i) 27(f.0)p(),0 is a non-negative and non-decreasing function of § > 0,
(ii) Qr(fl + f2» ‘)p(-),w = Qr(fl’ ‘)p(-),w + Qr(fZ’ ')p(-),a)’
(i) limg_o+ (£, 8)p().0 = 0.

Ifpe !Pj:g and w € Ap(,), then wP™) e LY(T). This implies that the set
of trigonometric polynomials is dense in Lf,('); cf. [27]. Therefore approximation
problems make sense in Lg('). On the other hand, if p € ﬂ’i’g and w € Ap(,, then
Lg(') C LY(T), where p’(x) := p(x)/(p(x) — 1) is the conjugate exponent of
p(x).

For a given f € L1(T), let

o0

+ Z(ak(f)COSkx+bk(f) sinkx) = Z cx(felkx (4
k=1

k=—00

_ao(f)

Fo) ~ =

be the Fourier series of f with c;(f) = %(ak(f) —ibr(f)). We set

L(l)(T) = {f € LIY(T) : co(f) = 0 for the series in (4)}.
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404 R. Akgiin and V. Kokilashvili

Leta € R™ be given. We define the fractional derivative of a function f € Lé(T )
as

o
f@) = > alf)ik)%e™
k=—o00
provided the right-hand side exists, where (ik)® := |k|¥e(l/Dmiasignk 44 the

principal value. We will say that a function f € Lf,(') has fractional derivative of
degree @ € R if there exists a function g € Lf)(') such that its Fourier coefficients
satisfy cx(g) = cx(f)(ik)%. In that case we will write @ = g.

Let Wp() o P € P, a >0, be the class of functions f € Lf,(') such that @)

is an element of L2 O Then W“() becomes a Banach space with the norm

I lwe . =1 lpero + 1 Qlpew-

PO
For f € Lf,(') we set
En(f)porw = f = Tlpeyw: T € Tn}
The following approximation theorems were proved in [2]:

Theorem B. If p € J "log w™Po € A(p(.)),for some po € (1, px) and f € LEO,
Po

then there is a positive constant co(r, p) such that

1
En(Fp0w < e p)(fnmg)
holds for r € Rtandn =0,1,2,3,...

Theorem C. Under the conditions of Theorem B there exists a positive constant
c10(r, p) such that the inequality

1 _ ¢ p) cro(r. p)

Qr(f’ m)p(-),w (n + 1)’

Z( + D" E ()pye

holds forr e RT andn =0,1,2,3,...

Theorem D. Under the conditions of Theorem B if

o0

> VT EN (e < 0

v=1
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Trigonometric approximation 405

for some a € (0,00), then [ € W% ) and there is a positive constant c11(c, p)
such that

En(f(a))p(-),a) <c(a, p) ((” + l)aEn(f)p(«),w + Z Va_lEv(f)pC),w)

v=n+1

holds for r eRtandn=0,1,2,3,...

Theorem E. Under the conditions of Theorem B if r € R and

o0

Z Va_lEv(f)pC),w <0

for some o > 0, then there exists a positive constant c12(«, r, p) such that

o ! oatr—
(1 1) 00 Ec”(a’r’p)(( + 1) Z(‘“L D T EN(po

Z Va_l E, (f)p(-),a))

v=n-+1
holds, wheren = 0,1,2,3, ...

These inequalities are not the best possible ones, and in the present paper we
investigate the improvements of Theorems B-E.

We need the following Marcinkiewicz multiplier and Littlewood—Paley type
theorems:

Theorem F ([29]). Let a sequence {A,} of real numbers satisfy

2Mm—1

Aul < 4, Yo =l =4 )
M=2m_1

forall w,m € N, where A does not depend on . and m. Under the conditions of

Theorem B there is a function F € Lf,(') such that the series Y pe_oo A kCre'®*
is a Fourier series for F and

10,0 < 1341 flp0),0

holds with a positive constant c¢13 not depending on f.
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406 R. Akgiin and V. Kokilashvili

Theorem G ([29]). Under the conditions of Theorem B there are constants
c14(r, p), c15(r, p) > 0 such that

614(19)‘ (Z |AM|2) <| D ce™
U=V p(~),a) |U«‘=2U_1 p(-),a)

e 2

< c15(p) ‘(Z |AM|2) . (©)

nw=v (),

where
21 —1 _
Ay = Au(x, f) = Z cye'Vx.
[v]=2#1-1

Theorem H ([23]). The space Lf)(‘) is g-concave, i.e., for 0 < f; € Lf)('), i =
1,2,3,...,n € N the (generalized Minkowski) inequality

(> 1t} = ad (X 47)

i=1 i=1

p(),w

holds if and only if p(x) < q a.e.

Proposition 1. If p € {Pi’g and ™ P0 € A(M), for some po € (1, px), then
20

w € Ap(.).

Proof. Using the Extrapolation Theorem 3.2 of [29] we obtain that the Hardy—

Littlewood maximal operator M is bounded in Lf)('). This implies that w € Ap(.;
cf. [17]. i

The following weighted fractional Bernstein inequality holds.

Lemma A ([2]). If p € !Pj:g, w PO e A(M), for some po € (1, px) andn € N,
20

then there exists a constant c17(a, p) > 0 such that the inequality

1T 0.0 < c17(@ PN Thllpe).0

holds for a € RY.
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Trigonometric approximation 407

Lemma 1. Let 1 < px < 2. Then for an arbitrary system of functions {¢; (x)};"zl,

()

Proof. The result follows from

m % m pT*i - 7
DPx* Px
()1, 1(z) ()
j=1 /=1 =
1 m 1
Dx
P () - G) -
j=1

D 0

@j € Lf,’,(') we have

(Z losI22, a,)

p(')sw

r(),w r(),w p(),w

Lemma 2. Let px > 2. Then for an arbitrary system of functions {p; (x)};-"zl,

| (,.iwf)l

=1

@ € L2 we have

(_Z o120, a,) |

p(),w

Proof. We have

(2)

p(-),w "T

- (z ) = (Llolo.) - o
j=1 J=1

2 Main results
The following theorem is an improvement of Theorem B.

Theorem 1. If p € .5, w70 € A(p())/forsome po€(l,ps),neN, reRT,

B1 := max(2, p*) and f € Lf,(), then there is a positive constant c1g(r, p) such

that .

1 (&, A1 1
_ Bir—1 B
n2r {;V Ey (f)p(-),w} < c1s(r, p)S2r (f ) O

holds.
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408 R. Akgiin and V. Kokilashvili

Remark 2. Since E,(f)p(),0 | 0 we have

1

c(r. p) [+ - B
En(Pporo = — 5 {Z"zﬂ” 1E§1(f)p(‘),a)}
v=1

and therefore the inequality in Theorem 1 is an improvement of the inequality in
Theorem B.

a,b
By A < B we mean that there exists a constant ¢ > 0 depending only on the

parameters a, b such that A < c¢B.

Proof of Theorem 1. Let r € RT, B; = max(2, p*), n € N, and suppose that
the number m € N satisfies 2 < n < 2™%1, Using En(f)p().0 + 0 and the
Littlewood—Paley type inequality (6) we have

1
| n B Bl
= e | B (Do)
v=1

IA

1 m+1 2V-—1 BIT
2p1r—1
s X T Do)

v=1 |y|=2v"1

I/\

m+1 il
{Z PR (g

m+1 00 B1 L
21 {Z | Y iux }Bl
— cpe
= "
n ' v=1 |M|=2‘)_1 P('):w
m+1 Bi L
rgp ir { Z 22uﬂ1r (Z |AM|2) }ﬁl
n v=1 r(),®
m+1 4yr X B A
2 B1
|AM|2) } .
-{ZlGez )]

We assume 1 = 2. Then 2 > p* and

p4vr )
(5 > 1 )

1
}2
()@ ’
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Trigonometric approximation 409

By Theorem H, Lf,’,(') is 2-concave [23] and we obtain

m+1 y4vr 00
(XX 1a,7)

v=1 =

r,p
2
Jnr\

)

r(),w

Using Abel’s transformation, (a + b)l/2 <al/?2 4 p1/2 (fora,b € R* U{0}) and
Minkowski’s inequality, we get

rp 24vr 24r(m+1) 00 %
VAR H( 1Al + g > |AM|2)

n=m-+1 p('):w
m  ~4vr L 4r(m+1) 00 1
2 2 2 2
<|(XZrmae) | (B i)
=1 " (), u=m+1 ()0
M H2vr ©
<[> =5 1A + Y 18l
v=1 " ORI it PO
m 2vV—1 221),« ) [ele] )
XY Bl > |
V=1 |y|=2v—1 n ()0 |l=2m ()0
Since rp
17C) = SnC DMpero = En(f)pe)o
we have
m o 2"—1  opr lly27 I
2 P 2 (7) Sm iwx
J"yr < Z Z |M|2r sin% r(1 I3 ) |CM€ |
v=1 |M|=2v—l (1 — T) n (),
+ Exm—1(f)p()0
and by Theorem B,
[ (T b !
Ty < | )" sin & r(l_ =3 ) e +Qr(ﬁ ;) o
=1 H (1= =) n LOK e

n

Now we define

TG forl <|u|<2"—-1,v=1,...,m,
hy = |2:|n;: for 2™ < |u| <n,

0 for |u| > n
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and

N

r

(4)

— 1 o— forl < |u| <n,
sm& r - -
Ap =13 (1- %")
0 for || > n.

Hence, for |u| = 1,2,3,..., {h,} satisfies (5) with A = 227 and {A,,} satisfies
(5) with A = (1 —sin 1)7". Therefore taking

271 22vr (| |)2r M

sin &
Z |H|2r _sin )r (1 122 ) |C emx|

lul=1 n

p(),w

i’l

we get

Z h AM< - ) et

lul= PO
and, using Theorem F twice, we have
2 P > - sin
Ji S ( ) |cpe |
mr S (1 —sin 1) |2: ’,f P00
p 2r
< m”([ —01/n) flp)o
22 [r] ]
= m”(l —Ul/n) e —Ul/n)r d f”p(-),a)
22r [r] ]
< [1¢ 0w =01 f
(1 —sinl)” 0<hl t<7 i ().
bl 1
(1),
n/p@)w

Therefore
J2 X Q ( ,—) .
wr o PO

Now, we assume 1 = p*. Then 2 < p* and

B, TP m+1 p4vr )
Jn,lr < {Z ( 4r Z|AM|)

1

~N

p* 1
}p*
()@
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The p*-concavity of Lz(') (see Theorem H) and (a + b)?"/2 > a(P"/2) 4 p(P*/2)
(fora,b € R* U {0}) imply that

m+1 ,~4yy 00 p_ L
r.p 2 2\ r*
T (Z( w2 18uP) )
v=1 n nw=v (),
< |Am)
4
y=1 ner nw=v (),
Proceeding as above (see (7)) we conclude
Jh rgp Qr(f l)
T "n/pO)e
as desired. O

We have also an improvement of the inverse Theorem C.

Theorem 2. If p € P, w70 € A(pery for some po € (1, ps), n € N, r € RY,
Po

y1 := min{2, px«} and f € Lf,('), then there is a positive constant c19(r, p) such

that
1
Qr(ﬁ ’_Z)p(.)’w - c19(r p) {Z -1 gn 1(f)p()w}

1

holds.

Remark 3. Since x? is convex for y; = min{2, ps}, we have
(vv2r—1Ev (f)p(-),a))yl _ ((V _ l)vzr_lEv(f)p(),w)yl
v Y1 v—1
E(E:u””Etho@) —(}ju”*Ebeo@)
n=1 n=1

Summing the last inequality with v = 1,2, 3, ... we find

Y1

n

AT E(pow)” = (0= DT E(N)pr0) '}

v=1

Z{(Z 12 E L (F)po, w)yl - (vil Mzr_lEM(f)p(.),w)Y1}

=1 =1
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and hence

n 1/v1 n
{Eszw*EﬂﬂbeM} S22 VT (Mo
v=1

v=1

The last inequality implies that the inequality in Theorem 2 is better than the in-
equality in Theorem C. Furthermore, in some cases, the inequalities in Theorems
1 and 2 give more precise results: If

1
En(fpw = n2r n €N,

then from Theorems B and C we have

1 1 1
00 (1) = el
At pOw  n2 S
and from Theorems 1 and 2
c 15 1 C 17
Sloatf 28.(12), ., 2 e
n2r Ogn = fn ()0 — n3" Ogn

Proof of Theorem 2. As is well known,

[r]
G:,hl,hz,...,h[r]f = l_[(l _Uhi)(l _Ut)r_[r]f

i=1

has Fourier series

,
Ot oy S )

N i (1 B sir:tvt)r—[r](1 B siz;l)le) (1 B siil}l:[lrz][r])cveiu.

V=—00

and

Ot iy S ©)
= Ot gy SO = Sam=1 C PN 4 07 gy iy S2m=1 - )
From E,(f)p(),0 + 0 we have
107 by oy (SO = Szm=1 G ) lp.0

r.p r.p
< NFO = Sam=1CG Dlpere = Eam=1(f)pe),0

T, 1 n _
n2r {Z v 1E\1),1—1(f)p(~),w}

v=1

1
Y1

A
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On the other hand, from (6) we get

’

{Z |8M|2}

10y sy S2m=1 f)”p()w <

r()o
where
2K 1 . . .
sinvz\7—Ir] sinvhq sinvhp .
5, 1= - ) (1— (1= ) x|
- Z ( vt vh1> ( vh[ cve
[v|=2#-1

By Lemmas 1 and 2 we have that (cf. [28])

We estimate ||8,[5(.),- Since

m

(> ISMIZ}%

=1

{Z ||8M||p()a,}

p(),w

2 —1

18, p(). = H Z [|U|r(1 _ Sif)l;)t)r—[r](l _ sn:}l:lfn)

v|=20-1 .
(T[]

’

p(),w

using Abel’s transformation we get

212 . . .
sinvz\r=Ir] sinvhy sin v,
Sullp)w < (1 - 1— (1=
” ,U«HP(),CO = |v|=22;1’_] v ( vt ) ( Uhl ) ( Uh[r] )
sin(v 4+ 1)¢\r—[r] sin(v + 1)hy
- (- ——T2 My Ut
o+ 17 (v—i-l)t) ( (v+1)h1)
i Dh ” 1 ,
“(1_811’1(1)4‘ ) [7'])‘ Z _rlclellJC|
(v + Dhpy | =n—1 |7 ()0
sin(2* — 1)t \r—Irl sin(2* — 1)l
-1 - —— ] - —
+’( r( 2 — 1y ) Q2" — iy )
in(2* — 1)h e T
(1_M)‘ Z _r|cletlx| )
(2r - 1)h[r] || =211 I p(),®
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We have
M1 rp | 2K —1
ilx i ilx
Z W|Cl€ | <W Z e’
|l|=2#—1 r()w |l|=21—1 r(),®
| 2M—1
ilx
= ey > ae
|I|=2#—1 r(),w
rp 1
=< Sur Eru1_1(f)pw
and, similarly,
v
1 . rp 1
I
Z W|Cl€lx| o <2WE2M*1—1(f)p,w-
p()w

j1|=20-1

Since x" (1 — ¥2X)" js non-decreasing and (1 — #2%) < x? for x > 0, we obtain

_ 2M—2 -
rp y—ur ] sinvzy\r=Ir]
181cllper.0 < m[ 2, |on (-=0)
|v|=21—1
< (h )(1 sinvhl) (wh )(1 sinvh[r])
v _ <o (v _—
! iy ) Vi

- (v + l)t)"[’](l _ sinlv + 1)¢ 1)t)r_[r]

v+ e
x ((w+ D) (1 - %)
(U Uh[r])(l - %)H X Equ-1-1(f)pe).e
+ 27| = Dy (1 - —Si?z(i”__l)lt)’ )r_[r]
x (24 — 1)h1(1 - Sl?z(ii—_l)lzlfl)
sin(2% — 1)hpyg

(2" — l)h[r](l - )‘ X Eru-1_1(f)pO),0

(2% = Dhpy

Brought to you by | UAB-SA
Authenticated | rakgun@balikesir.edu.tr author's copy
Download Date | 9/24/12 4:31 PM



Trigonometric approximation 415

< o1 - I Doy s Dl

@ — 1) @ =D
sin(2* — 1)hy
(1S o

< 22247220 Rd By (f)p()o
and therefore
r,p _
18 llpre = 2272 IDRT o h2 i 1 (F)p).00
Then

||0:,h1 ok Szm—l (" f) Hp(~),w

m 1

r,p _ ﬂ
2 20 [’Dh%---hfr]{z 22KTY1 E;’;_l_l(f)p(-),w}
n=1

’ 1
2OV (2 ER (g0}

m 24—l 1

4
+12("[’Dh§--'h[2r]{z > 1)21""IE,’,"_l(f)p(‘),w}1

U=2 p=2u—2

2m—1_1 L
r,p _ - "
2 20 [’Dh%---h[z,]{ R IEZ‘_I(f)po),w} :

v=1
The last inequality implies that

1 e 1 (o= 5 71
— I E vir—1pvi
Qr(f’ n)p(-),w < n2r {v=lv Ev_l(f)p(.)’w} . )

As a corollary of Theorems 1 and 2 we have the following improvements of the
Marchaud inequality and its converse inequality.

Corollary 1. Under the conditions of Theorem B ifr,l e R, r <[, and0 <t <
1/2, then there exist positive constants cao(l, r, p), c21(l, 1, p) such that

ca0(l, 7, p)zZr{/tl[m]ﬂl d_u}ﬂll

uzr u
Qi (fu)py0 0 du | 71
u2r ] u

1
E Qr(ﬁ t)P(),a) E 021(17 r, p)lzr{/ [
t

hold.
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The following Theorem 3 and Corollary 2 are improved versions of Theorem D
and Theorem E, respectively.

Theorem 3. Under the conditions of Theorem B if

o0
D KT EY (f)p(yw < 00 (8)
k=1

for some o € RY, then f € W%

()0 Furthermore, for n € N there exists a
constant cpz(a, p) > 0 such that

En (f(a))p(),w

Sczz(a,p)(n“En(f)p(.>,w+{ > v“”‘lEZ%f)p(-),w}y')

v=n+1
holds.

As a corollary of Theorem 3 we have

Corollary 2. Under the conditions of Theorem B there exists a constant
ca3(a, 1, p) > 0 such that

1 1 (< vi
(@ E : v1@r+a)—1py
Qr(f 5 n)p(-),a) < C23(0l,r, P)(n2r (v=1v ! Evl(f)P('),w)

0 1
_ Y1
+( D v 1Ev“(f)p(-),w) )
v=n+1

holds forn € N and a,r € R™T.

Proof of Theorem 3. Let T,, be a polynomial of the class 7; such that we have
En(f)pe)o = If — Tullp().0 and set

Uo(x) :=Ti(x) — To(x); Up(x) =T (x) — Tho—1(x), v=1,2,3,...
Hence

N
Ton (x) = To(x) + Y_ Uy(x), N =0.12....

v=0
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For given € > 0, by (8) there exists n € N such that

o
DT EN (poe < & )

=27

From the fractional Bernstein inequality (Lemma A) we have

UL o0 < 27U lpore < 2" Ex1(f) eN
v pMe vip()o 2v—l p()wr VY .

On the other hand, it is easily seen that

av—1 1

o,p _ ”1
2" Ep1(fperew < { Yoo 1Eﬁl(f)p(-),w} . ov=2,3.4,...
u=2v"2+41

For the positive integers satisfying K < N, we have

N
TR0 -TWw = Y U®w. xeT,
v=K+1

and hence if K, N are large enough we obtain from (9)
1T () = T2 () p0

N
< Y U ®lpo.w
v=K+1

N
a’p
< Z 2" Eyo-1(f)p().0
v=K+1

pv—1

N
gp Z { Z Myla—lEzl(f)p(.)’w}

\J=K+1 M:z"*z

1
Y1

aN—1
1

1
o,p -1 Y1 o,p
< { E ure E}ll (f)p(.),a,} < e,
u=2K-141

Therefore {Tz(ff,)} is a Cauchy sequence in Lf,('). Then there exists ¢ € Lf,(')
satisfying
||T2(%) —¢lp)0 — 0 as N — oo.
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On the other hand, we have (cf. [2, Theorem 5])
IS — F @0 =0 as N — oo,

Then f@® = ¢ a.e. Therefore f € Wp"‘(.) »
We note that

En(f®)porw < 1F @ = S0 f @lper.0
< ||S2m+2f(a) - Snf(a)“p(-),a)

o0

D [Sorrt £ = Souc f @]

k=m+2

+ (10)

(),

By Lemma A we get for 2 < n < 2m+!1

a,p o,p
[Sam2 @ = S0 F @00 < 2™ FDE (e < 1%En()peyw- (1)

By (6) we find
[o,]
3 Syt f@ = Sy @)
k=m+2 ()
wplf S| A 24
< { Z Z (iv)%cye’v* }
k=m+2'|y|=2k+1 p(),w
and therefore
o0
D [Spr1 £ = S f @]
k=m+2 (),
a,p o0 2ft! Y1 L
s . Y1
< ( Z Z (iv)¥cye'* ) .
k=m+2"|v|=2k+1 p().o
Putting
2k+1 2k+1
6, := Z (iV)aneiUXZ Z vaZRe(cvei(”x‘Wﬂ/l)),
[v|=2K+1 v=2k41
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we have
2k +1

> v U (x)

v=2k+1

’

p(),w

”(S:Hp(-),w = ‘

where U, (x) = 2Re(c,e’"*T27/2)) Using Abel’s transformation we get

2k+1_1 v
185 p0e <= D W =@+D¥| > Ux)
v=2k+1 I=2k 41 r(),®
2k+1q
+H@FH| > U
=2k +1 PO
For 2k + 1 <v < 2kt! k € N we have
%
a’p
Z Ui (x) < Egx (f)p(~),w
1=2k+1 PO
and since
Dl a =1,
ORI
ave L 0<ua<l,
we obtain
* %P ko
185 1p()0 = 27 Egk—1()p(),0-
Therefore
o0
Y [Sarrr S =Sy f @]
k=m+2 PO
[oe) 1
o,p Y1
< { Y, 2kn Ezyk‘_l(f)p<.),w}
k=m+2
[o’e] 1
o,p y
< { > e lED (f)po,w} ' (12)
v=n+1
and using (10), (11) and (12) Theorem 3 is proved. O
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