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SIMULTANEOUS AND CONVERSE APPROXIMATION
THEOREMS IN WEIGHTED LEBESGUE SPACES

YUNUS E. YILDIRIR AND DANIYAL M. ISRAFILOV

(Communicated by J. Marshall Ash)

Abstract. In this paper we deal with the simultaneous and converse approximation by trigono-
metric polynomials of the functions in the Lebesgue spaces with weights satisfying so called
Muckenhoupt’s A, condition.

1. Introduction and the main results

Let T :=[—m,7|. A positive almost everywhere (a.e.), integrable function w: T —
[0,09] is called as a weight function. With any given weight w we associate the w-
weighted Lebesgue space LI (T) consisting of all measurable functions f on T such
that

1AW 2z ery = 1Wllo ey < o=

Let l<p<eoand 1/p+1/g=1. A weight function w belongs to the Mucken-
houpt class A,(T) if

1/p 1/q
ﬁ/w”(x)dx %/wfq(x)dx <c

1 1

with a finite constant ¢ independent of I, where I is any subinterval of T and ||
denotes the length of /.
For formulation of the new results we will begin with some required informations.
Let

fx) ~ 2 cpe™ = %0 + Z(akcoskx+bksinkx) (1)
k=—c0 k=1

and

Mg

flx) ~

k

(ag sinkx — by coskx)
1

Mathematics subject classification (2010): 41A10, 42A10.
Keywords and phrases: Best approximation,weighted Lebesgue space, mean modulus of smoothness,
fractional derivative.
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360 Y. E. YILDIRIR AND D. M. ISRAFILOV

be the Fourier and the conjugate Fourier series of f € L!(T), respectively. In addition,
we put

(axcoskx+bysinkx), n=1,2,....

che —EO

k=—n

lM=

By L}(T) we denote the class of L!(T) functions f for which the constant term
co in (1) equals zero. If o > 0, then a-th integral of f € L(l)(T) is defined as

Io(x,f) =Y, cx(ik) %™,
keZ*
where (ik)~%:=|k|”*e(-1/2)miasienk and 7% .= {+1,42,43,...}.
For o € (0,1) let

d
f(a)('x) = Ell—a(th)a

dr+l

()
FOt) (x) == <f(a)(x)> = mh_a(x’f)

if the right hand sides exist, where r € Z" := {1,2,3,...} [14, p. 347].

By ¢, c¢(a,...) we denote the absolute constants or the constants whose values
depend only on the parameters given in their brackets.

Let x,r € R := (—o0,00), r € RT := (0,00) and let

Af) = X (D G e+ (r =), f € LY(T), 2)

where [C]] := W for k> 1, [C}] :==r for k=1 and [C}] := 1 for k =0.
Since [14, p. 14]

- r(r=1)..(r—k+1)
Gl = a gk’“’ keZ"

we have

and therefore AJf(x) is defined a.e. on R. Furthermore, the series in (2) converges
absolutely a.e. and A/ f(x) is measurable [16].

If r € Z", then the fractional difference A!f(x) coincides with usual forward
difference.

Now let

L () /|Af ()| dt, 1<p<oo
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for f € LL(T), w e Ap(T). Since the series in (2) converges absolutely a.e., we have
05f(x) <o ae. and using boundedness of the Hardy-Littlewood Maximal function
[13]in LL(T), w € A,(T), we get

|05 £ ()| 1 < elp.r) Ifllpp, < oo 3)

Hence, if r€ R* and w € A,(T), 1 < p <o, we can define the r-th mean modulus
of smoothness of a function f € L}(T) as

Q- (f h)p = ‘Z?fh”"gf(x)’

p .
Ly,

If r € Z*, then Q,(f,h);p coincides with Ky’s mean modulus of smoothness,
defined in [9].

REMARK 1. Let f, fi, f» € Li(T), w € Ap(T), 1 < p < eo. The r-th mean
modulus of smoothness Q,(f,h) o, re R™, has the following properties:

(i) Qr(f,h) 7 is non-negative and non-decreasing function of % > 0.

(ii) & (fi + /2, ')L{j, < (fi, ')L{j, +Q:(f2, ')L{L'

(iii) ;llii%g’(f’h)ﬂi =0.

The best approximation of f € L (T) in the class IT,, of trigonometric polynomi-
als of degree not exceeding » is defined by

Eu(f)yy = inf{Hf—TnHL;w{ T € Hn}.

A polynomial T,(x, ) := T,(x) of degree n is said to be a near best approximant
of fif
Hf_ T"HLa < C(p)E"(f)Laﬂ n= Oa 1,2,

Let W,',,(T), o >0, be the class of functions f € Li}(T) such that @ e b ().
Wy, (T), 1< p<eo, >0, becomes a Banach space with the norm

g cmy 2= 11, + [ 74

pw

P
Lw

In this paper we deal with the simultaneous and converse approximation by trigono-
metric polynomials of the functions in the Lebesgue spaces with weights satisfying
Muckenhoupt’s A, condition.

Our new results are the following.

THEOREM 1. Let f € Wi (T), o € Rj :=[0,0], 1 < p < oo, and w € A,(T).
If T, € 11, is a near best approximant of f, then

o

< CE(fM)p, n=0,1,2,....

Ly
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with a constant ¢ = ¢(p,a) > 0.

This simultaneous approximation theorem in case of & € Z" for Lebesgue spaces
LP(T), 1 < p < oo, was proved in [3]. Detailed information on simultaneous weighted
approximation can be found in the book [4].

THEOREM 2. If f € W) (T), r€R™, 1 < p < oo, and w € Ap(T), then

Q(f )y <ol £ . 0<h<m

)’
with a constant ¢ = c¢(p,r) > 0.

In case of r € Z*, for the usual nonweighted modulus of smoothness defined in
the Lebesgue spaces LP(T), 1 < p < oo, this inequality was proved in [11] and for the
general case r € RT was obtained in [2] (See also [16]). Incase of r€ ZT, w e AP(T),
1 < p < o, this inequality in the weighted Lebesgue spaces L% (T) was proved in [9].

THEOREM 3. Let f € LE(T), 1 < p <o, and w € A,(T). Then for a given
reRY, and y =min{2,p}

n Ly
Q(fom/(n+ 1)y < e | Sk + 1) EL(f)p
(n+1)"\ 5

with a constant ¢ independent of n and f.

In the space L”(T), 1 < p < oo, this inequality was proved in [16] without y. In
case of r € Z" in the spaces L(T), w € Ap(T), 1 < p < oo, this theorem was proved
in [9] without y. For the positive and even integer r this theorem in spaces L§(T),
w € A,(T), by using Butzer-Wehrens’s type modulus of smoothness was obtained in

[5]. The analogues of some classical theorems for best polynomial approximation in
weighted spaces with doubling weights were proved in [12].

THEOREM 4. Let f € Li(T), 1 < p <eo, and w € A,(T). If

oo

DKTE{ (£ <o
k=1

for o € (0,0) and y =min{2,p}, then f € W, (T) and the estimate

k=n+1

- 194%
Ey(f\")p <c n”‘En(f)Lg,+< > k"‘y‘lEZ(f)Lg) “4)

holds with a constant c independent of n and f.

In the space LP(T), 1 < p < oo, this inequality for o € Z™ was proved without y
in [15]. In case of o € Z*, in L(T), w € Ap(T), 1 < p < oo, an inequality of type
(4) was proved in [7].
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COROLLARY 1. Let f € LI(T), 1 < p <o, and w € A,(T) and r > 0. If

oo

Zk“V’IEZ(f)La, <o
k=1

for o € (0,0) and y =min{2,p}, then f € W, and for n=0,1,2,...

Q1) (n+1))p

" 1)y - 1y
C _ _
< ﬁ zk(a+r)y IEIZ—l (f)La + 2 et lE]){/(f)La
(n + ) k=1

k=n+1
with a constant ¢ independent of n and f.

In cases of &, r € Z" and o, r € RT, this corollary in the spaces L?(T), 1 <
p < oo, was proved without y in [18] (See also [15]) and in [17], respectively. For
the weighted Lebesgue spaces L%, (T), 1 < p <eo, when w € A,(T), and a, r € Z",

similar type inequality was obtained using generalized modulus of continuity for the
derivatives of f € LL(T) in [7].

2. Auxiliary results

LEMMA 1. Let we Ay(T) and r e RY, 1 < p <eo. If T, €11, n > 1, then there
exists a constant ¢ > 0 depends only on r and p such that

Q. (T )y < k' |1

, 0<h<m/n.
LP

W

Proof. Since

r [r] .. " ivx
AW x—?t = 2 <Zzsm§v> cye'™r,

veZy

rl - (r—=1[r .t [r] — i
A,HT,,( D (x—mt) =y <2ism—v> (iv) ey e
2 vEeZy 2
with Z := {£1,£2,43,...}, [r] = integer part of r, putting

t A\l 2 t r=l]
R Pl . \r—]r] [ 2l n< < 1]
0(z) = (215111 21) (i) ™", g(2) == (Z smzz> ) n<z<n g(0):=r""

we get

A=l (x— %r) = ¥ o(V)eve™, AT, <x— %r) = 3 o()g(v)eve™™.

VEZ;, veZy



364

Y. E. YILDIRIR AND D. M. ISRAFILOV

Taking into account the fact that [16]

Z)Z 2 dkeikn:z/n

uniformly in [—n,n], with

WAL

Consequently we get

S
/‘Ar |dt _ g/ deAtH ( [r])< 717+r []t> dt
0 k=—eo )i
hd 1 y k
< X ldid —/'Ai’]zf"[’” <-+—”+—r_[r]z> dr
anll o n 2
0 )24
and since [19, p. 103]
A[r] :/ /Tn(r —|—t1—|—...t[r])dl‘1...dt[r]
0
we find
Q, (T, h) p < sup 2 |di] /A[r] <+k_n+r—_[r}t) dt
8] <hk=—o0 n 2
Lk
S |t t k
= sup 2 |di| / /.../Tn(’) <-+—n+ i [r]t+t1+...t[,]) dty..dt,) | dt
18] <hk=co n 2
00 0 174
s l(S 1 %9 k
[ sup 2 ‘dk| —/ [r]// Tn(r) <'+—n+r_[r}l+ll+...l[r]) dll...dl[r]dl
101 <=0 606 0 0 " 2 »
Ly
. AL A L g
T or—
[r] sup 2 || m//{g/ T()<—|- +— 2 t+t .. t[]) dt}dtl...dt[r]
8| <hik=—co
0 0 0 L
i 1 y k
<c(p,r)h" sup 2 EA _/ Tn(r) <.+_”+r—[r}t> dt
Bl<mZe |0 no 2
Ll
s
i 1
<c(p.sup 3l | e [ |du
8] <hk=—oo 19 in
T 174

k=—oco

dy >0, (=) g,

k=—oco

>0, d=d (k=1,2,...

( km
e
n

r—Ir
2

3

), we have
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On the other hand [16]

N jd] <2g(0)=2r"1 0<t<n/n
and for 0 <7 < 0 < h < 7/n we have

N |di| < 2g(0) =2n" .

k=—oco

Therefore the boundedness of Hardy-Littlewood maximal function in L{ (T) implies
that

(L )y, < clp,r)H | 17

i
By similar way for 0 < —h < 7/n, the same inequality also holds and the proof of
Lemma 1 is completed. [J

3. Proof of the main results

Proof of Theorem 1. We set

2n
W, (f) = Wlx, f) :== Fllzlsv(x,fy n=0,1,2,....
Since
Wa(-, £ ) = Wi (-, £),
we have
90 =m0 |, <|[£00-wl s, + [ T ),

Wi (o f) = T (W ()

L =L+L+5.

W

We denote by 7,7 (x, f) the best approximating polynomial of degree at most n to f in
LL(T). In this case, from the boundedness of in L (T) we have

I <00 =T ()|, + [ T ) = W)

< e(p)Ea(£D) g + W, T (1) = @)

L

i < c(p, a)En(f(a))L{i'

By [10, Theorem 1]

b < c(p,a)n® [T, (\Wa (£)) = Tu(, )
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and
L < c(p,a)2n)* W (s f) = T W (F) 2
< C(paa)(zn)aEn(Wn(f))L{i,'
Now we have

- Tn(:f)“La
=Wl Al + IWa () = FOMlp H1FC) = Tl Al

En(Wn(f))L{Z, < C(P)En(f)L{Z,7
[0 -5cn],

< e(p, Ef'Y) g + c(p)nEn(Wa(f)) g+ c(p)nEn( g
+ec(p, o) (2n)“En(Wa(f) 1z

< e(p, E(f') g + c(p, )n®En(f) .-

W

Since [1]

Euf)y < S22

(@)
o (n+1)aEn(f )Lw7 (5)

we obtain

0 < CEn(f(a))Lﬁ,

[0 -70)

and the proof is completed. [J

Proof of Theorem 2. Let T, € I, be the trigonometric polynomial of the best
approximation of f in L{(T) metric. By Remark 1 (ii), Lemma 1 and (3) we get

Qr(fyh)L{; < Qr(Tnah)L{; "‘Qr(f_ Tnah)L{j,

<c(p,r)h’ Tn(r)

o +c(p,r)En(f)p, 0<h<m/n.
Using (5), the direct inequality in [9, Theorem 2] and the inequality

Q(f,h)p < ch! Hf(l)

o feW (T),1=123,..,

given in [9, Theorem 1], we have

c(p.r) (1) c(p,7) ( (1) 27 )
E, < ——“—FE, S ————=9 ’
(f)La (l’l+ l)rf[r] (f )La (l’l—|— 1)"*["] 1 f n+1 )24

c(p,r) 2m \" Hf(r)
= (n_|_1)7*[r] n+1

LY
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On the other hand, by Theorem 1 we find

Tn(r) Tn(r) _ f(r)

<
Ly,

el

< c(p,r)En(f L”"‘Hf

L < p7 Hf
Choosing i with n/(n+ 1) <h < 7/n, (n=1,2,3,...), we obtain

Q. (f.h)p <clp,r)h” || £

Ly

and we are done. [

Proof of Theorem 3. Let S, be the n —th partial sum of the Fourier series of
f€LE(T), weAy(T) and let m € Z". Thanks to the Theorem of Hunt-Muckenhoupt-
Wheeden [6], we obtain that the best approximation by trigonometric polynomials in
LY(T) with w € A,(T) has the same order as deviation by the partial sum of the Fourier
series. It means that for ¢ € L,

@ = Su(@)l 12 < cEn(@)1p

with a positive constant ¢ independent on ¢ and n.
By Remark 1 (ii) and (3)

Q(f,m/(n+1))p < Qe(f — Som, 7/ (n+1)) p + (S, 1/ (n+1))
S e(pyr)Exn (f) g +Qr(Soms 7/ (n+1))

and by Lemma 1,

Qr(Szm,n/(n—i-l))Lz‘;Sc(p,r)(T) H S n+1>2"

P’

Since
Sg"?( - z { 2v+l g/) (.X)} I

we have

. (6)

g 50,54

Applying the weighted version of Littlewood-Paley’s theorem [8] and following the
method used in [7], we obtain for 1 < p <2

T\ ;
Q(Sam,7w/(n+1))p < c(p,r) (n—-i-l> HSE)

LY

m—1 " " m—1 2Vl
PCHMOENAB)] Y Bl
v=0 74 v=0k=2V+1 Ji4
m—1 v+l 2 %
<c| Y| Y KB (x)
v=0 [k=2"+1 I74
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m—1 ov+l p
<c 2 2 ker,r(x)
v=0 ||k=2V+1 L(A:
p
(2 [DEEERE]

where By ,(x) is the r —th derivative of (a;coskx+ bysinkx), and for p > 2

m—1 ") " m—1 2V*1
3 [ —stw) Y Y KB
v=0 j24 v=0k=2V+1 2
m—1 v+l 2 %
<c 2 2 ker,r(x)
k=2V+1 L{:f
m 1| 2vt! 2
2 kerJ(x)
k=2V+1 )24

Consequently, we have

<=

5[50 - 500

v=0

(2 [$010) = 5%

Lw’

Hence, by [10, Theorem 1], we get

HS2V+I Sg’)('x) LP g

<7

Then from (6) we have

and

elsr=s

P g C(p7r>E0(f)La,'

T r m—1
Qr(Szm,ﬂ/(n+ 1))L5 é c(p,r) <m) LP + (22 (v+1) FYEV

It is easily seen that

2V
2(V+1)rVE%’v(f)La<c(r) D .“W_IEZ(f)L{Z,v v=1,2,3,...

u=2v-141

¥
g

1

Y .
) v

c(pr)2Y" ||Sqva1 (x) = Sav (0) |, < e(p, )2 Eav (f)

(7



SIMULTANEOUS AND CONVERSE APPROXIMATION THEOREMS 369

Therefore,

Q, (S /(n+1))

1
- m—=1 2V v
<o (75) { B+ 2B+ S 3 W e
nt v=0p=2v-141
1
U Zm yr—1 Y !
< E
o) (35 S Bl + HZIM o

B

rof2m—1 %
v (57) ( ) <v+1>Y”E5<f>La,> .

v=0

If we choose 2" < n+1<2""! then

(S, (n 4 1)y < ST (i(w l)y"lEﬁ(fha) ;

Taking also the relation

B (g < Epr (g < (01 (2 (vt 1>Y”E5<f>a;>
v=0

into account we obtain the required inequality of Theorem 3. [J

Proof of Theorem 4. If T, is the best approximating polynomial of f, then by [10,
Theorem 1]

|74 142, < el cor ™ B

and hence by this inequality, (7) and hypothesis of Theorem 4 we have
S, W ~ Tl = 3 [Toms ~Tonlig + 3 |1~
m=1 m=1

=3

c(p,a) ¥, 20V By (f) 10

P
Ly,

m=1
oo 2'71 1

O‘)z 2 i Ei(f)z
m:ljzzm—url

oo

(p,o) 3,1 Ej(f)yg < o=

J=2
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Therefore

21 H T2m+l - T2m ||W’,05W(T) < oo,
m=

which implies that {7o»} is a Cauchy sequence in W,(T). Since Tpm — f in the
Banach space Li;(T), we have f € Wy, (T).
It is clear that

Ed(f), < H Flo) _g, @) y

oo

by [Szkﬂf(a) - Szkf(a)}

< HSzmﬂf(a) — Suf'
k=m-+2

)5 +

W

Ly

By [10, Theorem 1]

H52m+2f(a) _ Snf(a)

m+2
o < a2 g (),

< c(p,a)(n+1)“En(f)pr

for 2" < n < 2m+1,
On the other hand, following the method given in the proof of Theorem 3, we get

1

¥
) , y=min{p,2}

oo

by [Szkﬂf(a) —Szkf(a>]

k=m+2

Y

P
k=2 Luy

<c< Y s -5t
Ly
Since by [10, Theorem 1]

55,0 = 84 )

174 < C(pva)zka HS2/‘+1 ()C) _S2k(x)||L{i, < C(p7 a)zka+lE2k(f)L{4’,7
we get

=

> [Szkﬂf (@ — Sy f (a)}

k=m+2

1

oo Y

<C< 2 2Yka+lE;/k(f)La> )
Ly

k=m+2

Therefore, we have

oo

by [Szkﬂf(a) - Szkf(a)}

k=m+2

1
oo Y
< c( > kE] (f)a;)
Lk

k=n+1

for 2™ < n < 2™*1. This completes the proof. [
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