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1. Introduction

The Grobner basis theory for commutative algebras was introduced by Buchberger [12] and provides a solution to the
reduction problem for commutative algebras. In [1], Bergman generalized the Grébner basis theory to associative algebras
by proving the Diamond Lemma. On the other hand, the parallel theory of Grébner bases was developed for Lie algebras by
Shirshov [25]. The key ingredient of the theory is the so-called Composition Lemma which characterizes the leading terms
of elements in the given ideal. In [2], Bokut noticed that Shirshov’s method also works for associative algebras. Hence, for
this reason, Shirshov’s theory for Lie algebras and their universal enveloping algebras is called the Grobner-Shirshov basis
theory. Grobner-Shirshov bases for finite dimensional simple Lie algebras were constructed explicitly in a series of papers
by Bokut and Klein [8-10]. Moreover, in [11], Bokut et al. defined the Grobner-Shirshov basis for some braid groups. In [16],
Grobner-Shirshov bases for HNN-extensions of groups and for alternating groups were considered. Furthermore, in [15,14],
Grobner-Shirshov bases for Schreier extensions of groups and for the Chinese monoid were defined, separately. Some other
recent papers about Grébner-Shirshov bases are, for instance, [3,4,7,6,22].

It is well known that the graph product is an operator which is mixing direct and free products. In fact the graph product
between two monoids whether free or direct can be determined by a simplicial graph (a graph with no loops). Considering
a monoid attached to each vertex of the graph, the associated graph product is the monoid generated by each of the vertex
monoids with the added relations that elements of adjacent vertex monoids commute. For more details on it, we may refer
to, for instance, [17,18].

One of the most useful tools for studying the concatenation product is the Schiitzenberger product of monoids which was
originally defined by Schiitzenberger [24] for two monoids, and extended by Straubing [26] for any number of monoids.
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The other most useful and important construction is Rees matrix semigroups. After Rees matrix semigroups were
introduced by Rees [23], they became a very important family of semigroups, especially in the study of structure theory
of completely (0)-simple semigroups (see for example [19]).

In this paper, we find Grobner-Shirshov bases for monoids and semigroups that are mentioned in above paragraphs.
In the light of this aim, sections are organized by including details and Grobner-Shirshov bases of these types of monoids
and semigroups as follows. First of all, we provide some background material about the Grobner-Shirshov basis and the
Composition-Diamond Lemma. Then in Sections 3-5, we study Grébner-Shirshov bases for graphs and Schiitzenberger
products of monoids, and for Rees matrix semigroups, respectively.

Throughout this paper, p; N p, denotes the intersection compositions of p; and p, polynomials. Additionally also u; and
u; denote the words which do not have the last generator and the first generator of the word u;, respectively.

2. Grobner-Shirshov bases and the Composition-Diamond Lemma

Let K be a field and K (X) be the free associative algebra over K generated by X. Denote X* the free monoid generated by
X, where the empty word is the identity which is denoted by 1. For a word w € X*, we denote the length of w by |w]|. Let
X* be a well ordered set. Then every nonzero polynomial f € K (X) has the leading word f. If the coefficient of f in f is equal
to 1, then f is called monic.

Definition 1. Let f and g be two monic polynomials in K (X). Then, there are two kinds of compositions.

1. If w is a word such that w = fb = ag for some a, b € X* with |[f| + |g| > |w]|, then the polynomial (f, g),, = fb — ag is
called the intersection composition of f and g with respect to w. The word w is called an ambiguity of the intersection.

2. If w = f = agb for some a, b € X*, then the polynomial (f, g),, = f — agb is called the inclusion composition of f and g
with respect to w. The word w is called an ambiguity of inclusion.

Definition 2. If g is monic, f = agb and « is the coefficient of the leading term f, then transformation f + f — «agb is
called an elimination of the leading word (ELW) of g in f.

Definition 3. Let S C K(X) with each s € S monic. Then the composition (f, g),, is called a trivial modulo (S, w) if
(f,8)w = > aasib;, where each o; € K, a;, b; € X*,s; € S and a;s;b; < w. If this is the case, then we write

(fv g)w =0 mOd(S, ll)).

In general, for p, q € K(X), we write

p=qmod(S, w)

which means that p — ¢ = ) aa;sib;, where each o; € K, a;, b; € X*,s; € S and a;s;b; < w.

Definition 4. We call the set S endowed with the well ordering < a Grébner-Shirshov basis for K(X | S) if any composition
(f, ) of polynomials in S is trivial in modulo S and the corresponding w.

A well ordered < on X* is monomial if for u, v € X*, we have
U<v= wuw; < wivwy,

for all wy, wy, € X*.

The following lemma was proved by Shirshov [25] for free Lie algebras (with deg-lex ordering) in 1962 (see also [5]).
In 1976, Bokut [2] specialized the Shirshov’s approach to associative algebras (see also [1]). Meanwhile, for commutative
polynomials, this lemma is known as the Buchberger’s Theorem (see [12,13]).

Lemma 5 (Composition-Diamond Lemma). Let K be a field,
A=K(X|S)=K(X)/Id(S)

and < a monomial ordering on X*, where Id(S) is the ideal of K{X) generated by S.Then the following statements are equivalent:
1. S is a Grébner-Shirshov basis.

2. f €ld(S) = f = asb forsomes € Sand a, b € X*.

3.Ir(S) ={ue X* |uz#asb,s €S,a,b € X*}is abasis of the algebra A = K(X | S).

If a subset S of K(X) is not a Grobner-Shirshov basis, then we can add to S all nontrivial compositions of polynomials of
S, and by continuing this process (maybe infinitely) many times, we eventually obtain a Grébner-Shirshov basis S<™. Such
a process is called the Shirshov algorithm.

If S is a set of “semigroup relations” (that is, the polynomials of the form u — v, where u, v € X*), then any nontrivial
composition will have the same form. As a result, the set S®™ also consists of semigroup relations.

Let M = sgp(X | S) be a semigroup presentation. Then S is a subset of K(X) and hence one can find a Grébner-Shirshov
basis S®™. The last set does not depend on K, and as mentioned before, it consists of semigroup relations. We will call S©™
a Grobner-Shirshov basis of M. This is the same as a Grébner-Shirshov basis of the semigroup algebra KM = K(X | S).IfS
is a Grobner-Shirshov basis of the semigroup M = sgp(X | S), then Irr(S) is a normal form for M.
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3. Grobner-Shirshov basis for the graph product of monoids

Let My, My, ..., M; (j > 4) be monoids presented by generators and relations
oM, = (X1 | Ra), vy, = (X2 | R2), .., om; = (X5 | Ry),
respectively, where Ry, R, ..., R; are Grobner-Shirshov bases for My, My, ..., M; with the deg-lex orders <y, on X}*
(1 <i <j). Here, we assume that the sets Xy, X, .. ., X; are disjoint and each X; is a well-ordered set.
Let
Ry =A{uy, = v,y = 1y, Uy, =1, b
Ry ={uz, = va,, Uy = w2y, ... Uy, = V2,
Ry = {uj, = vy, w = vy, oo Ujy = Vg ),
where my, my, ..., m; are positive integers and u;, (i < jandr < m;) are the leading terms of polynomials fui, = Uj, — V;,
in k(X;).

Then we have the graph product of monoids M; (1 < i < j), say M, presented by
om = (X1, X, ..., X | Ri,Ray ..., R, ), (1)

where " = {XiXi11 — Xit1X;, X1%j — Xjx1} (1 < i < J), and M;, Mi;4 are adjacent vertices of I, which is a simplicial graph
(a graph with no loops) with vertices labeled M1, Ms, ..., M; (see [17]).
Now let us order the set (X; U X, U - - - U X;)* with degree lexicographically by using the order

o x; > xpifi < k (x; € X, x, € Xp).

Now we give the main result of this section.

Theorem 6. A Grobner-Shirshov basis for M consists of the following relations:

u, =v, (1<i<), (2)
XiXiy1 = XX, X =Xx (1<i<j—1), (3)
XiWip2Xit1 = XipXiWipx (1 <i<j—2), (4)

where w1, € X[,.

Sketch of the proof. We need to prove that all compositions of relations (2)-(4) are trivial. To do that we must check all the
ambiguities in S, where S is the set of relations at g (see (1)), by considering the following cases;

1. Ambiguities which are from the leading words of polynomials in R; and R, for 1 < i, k < jandi # k,
2. Ambiguities which are from the leading words of polynomials in S’, by this process we get the relation (4),
3. Ambiguities which are from the leading words of polynomials in S’ and R; for 1 <i <.

Proof. 1.If we check leading words from R; and Ry for 1 < i, k < jand i # k, then we see that there are no any ambiguities
since the generator sets of these relation sets are different from each other. So we do not need to check the ambiguities
obtained by intersection compositions of leadings terms of polynomilas in R; and Ry.

2. We examine the intersection compositions of polynomials in the set S’ with each other. To do that, let
g1 = XiXip1 — Xip1X and g = Xiy1Xip2 — Xip2Xip1 €S
Then we have the ambiguity w = x;x;,1Xi;». Here a = x; and b = x;,,. Then we get

(&1, 82)w = &1b—ag
= (XiXir1 — Xip1X)Xip2 — Xi(Xip1Xiy2 — Xir2Xiy1)

XiXit1Xit2 — Xit1XiXit2 — XiXit1Xit2 + XiXit2Xit1

= XiXiy2Xit1 — Xip1XiXiy2

which is not trivial modulo S.
Now let hy = X;Xi12Xi+1 —Xi+1XiXi+2. If we consider the intersection composition of h; with g,, then we get the polynomial
h, = x,-xl-2+2x,-+1 — Xi11XiX{,,. By continuing this procedure, we obtain the following non-trivial polynomial

h = XwipaXip1 — Xipxiwi, (€({1,2,...,(—2)}),
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where wi, € X7 ,. Now let us consider the intersection composition of h with itself. Hence we obtain the ambiguity

W = XjWit2Xit1 Wir3Xir2 and thus we get

(h, h)y = XiwipaXip1 — Xip1XiWis2) WitsXipo — XiWip (Xip1 WipsXito — XipoXit1Wit3)

= XiWip2Xit1Wit3Xit2 — Xip1XiWit2 Wit3Xit2 — XiWit2Xip1 Wit3Xip2 + XiWitoXipoXit1Wit3

XiWit2Xi42Xit1Wit3 — Xip1XiWit2 Wit3Xi42
= Xi+1XiWit2Xip2 Wit3 — Xip1XiWit2 Wit3Xiy2

= Xi1XiWit2Wiy3Xit2 — Xip1XiWipa Wig3Xiy2 = 0.
At this stage, it remains to check intersection composition of g; with h, f;, with h and h with f,, .
g1Nh:w = XX 1Wi3Xiy2,
&1, My = (KiXip1 — X1 X)Wig3Xip2 — Xi(Xip1Wig3Xipa — Xip2Xip1Wiy3)
= XiXit1Wit+3Xit2 — Xit1XiWir3Xit2 — XiXit1 Wir3Xit2 + XiXip2Xit1Wit3
= XiXi2Xit1Wit3 — Xip1XjWi43Xi42 = Xjp1XiXj2Wit3 — Xip1XjWit3Xi42
= Xi+1XjWi3Xi+2 — Xit1XjWi4-3Xi42
fu, M w = Ui XiwigoXit1,

Fug» D = W, — Vi) WigaXip1 — Ui, (Wi 2Xip — Xi+1Xiwi+2)

Ui Wip2Xit1 — Vip Wit2Xip1 — U, wl+2xl+1 + ulrxl+1xlwl+2

ulrxl+lxlwl+2 — Vi, Wit2Xi41 = X1+1u1rxzwz+2 — Vi, Wit2Xit1
= Xip1lUi, Wiy2 — Vi Wig2Xip1 = Xip1Vi Witz — Xip1V;, Wir2 = 0.

RO fuy, @ W = XWiaXipa Uiz,

(h7fu,-,)w = (XiWip1Xip1 — Xip1XiWig2)Uig1, — XiWip2 (Uip1, — Vigr,)

XiWit1Xit1Uit1, — Xip1XiWipalipr, — XiWit2Uir1, + XiWipaVip1,

= XiWi2Vip1, — Xip1XiWipoUip1, = Vig1, XiWiy2 — Xip1Uip1, XjWig2

= Vip1,XiWiy2 — Vit1, XiWip2 = 0.

3. In this part of the proof we check the ambiguities obtained by intersection compositions of leading terms of polynomials
inS" and R; (1 < i < j). To do that let us suppose that g = x;X;11 — Xi11%; € s’ andfu =u;, —v;, €R;, (1 <i<j).Sothe
ambiguity obtained by the intersection composition of f,, with g is w = Ui XXt 1. Then we get

(Fug,» )w = Wi, — vi)Xip1 — Uy (XiXip1 — Xig1X;)
= Ui Xit1 — Vi Xit1 — uNiniXi+1 + uNini+1Xi
= UjpXip1 — Vi Xip1 — Ui Xip1 + Ui Xip1X;
= W, Xit1Xi — Vi Xi
= Xi+1ﬁf,-Xi — Xi+1Vj,
= Xit+1Ui, — Xi+1Vj, = 0.

Similarly, by checking the intersection composition of g by fuir , we obtain the triviality again.

The above procedure shows that there are no new polynomials by considering the relations R; and S’ to obtain a
Grobner-Shirshov basis for the graph product of monoids.

Finally, it remains to check compositions of including of polynomials (2)-(4). But it is clear.

Hence the proof. O

Remark 7. At the beginning of the Section 3, we take j > 4. The reason for this is that for the graph product of less than
four monoids, we get a direct product of monoids. So one can find a Grébner-Shirshov basis for this monoid consists of the
relations (2) and (3).

By using the Composition-Diamond Lemma, the normal form for the graph product of monoids can be given by the
following result.

Corollary 8 ([21]). Every element w of M has one of the normal forms wqw, - - - w,, where each of w; is an element of some
vertex monoid My (1 < k < j). Here we have the following:

1. Remove w; = 1.

2. Replace consecutive elements w; and w; in the same vertex monoid My, with the single element w;w;1.

3. For consecutive elements w; € M;, wit1 € Mi; and wy € My, wj € M; such that M;, M, and My, M; are adjacent monoids,
exchange wj, wiy1 and wy, wj.
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4. Grobner-Shirshov basis for the Schiitzenberger product of monoids

Let A and B be monoids. ForP C A x B, a € A, b € B, we define
aP = {(ac,d) | (c,d) € P}, Pb = {(c,db) | (c,d) € P}.

The Schiitzenberger product of Aand B, denoted by A¢B, is the set A x & (A x B) x Bwith multiplication (aq, Py, b1)(az, P, by) =
((11(12, P1b2 Ua Py, b]bz).

Let M, and M, be monoids presented by oy, = (X; | Ry) and pou, = (X, | Ry), respectively, where R; and R, are
Grobner-Shirshov bases for My and M, with the deg-lex order <y, on X;* (i = 1, 2).

The Schiitzenberger product of My and M, is presented by

2
EMioM,; = (Z | R1, Ry, Zwl,wZ = Zwy,wy» Zu)l,wzzw;,wé = Zw;_wézwl,wza
X1Zwq,wy = Zxqwi,wa X1 Zwy,wyX2 = X2Zwy woxy» X1X2 = X2X1>,
where x; € X;, wi, w; € M; (i € {1,2}) and Z = X1 UX; U {Zy;,w, | w1 € My, wy € My} (see [20]).
Now we order the set Z* with degree lexicographically by using the following orders:

X1 > X by the order <y, x; € X; (1 <i <2),

X1 > Zy,w, > X forallw; € M; (1 <i<2),

(wq, wy) > (waz wh) if wy > wj /or ui1 = w] fmd wy > wé,
Zw],wz > qu.wé lf ('LU], wz) > (w‘ls w2)| Wi, w[ € Mi (1 E 1 E 2)'

Now we can give the following theorem as another main result of this paper.

Theorem 9. A Grobner-Shirshov basis for My ¢ M, consists of the following polynomials:

I.U]—U1, 2.U2—U2,

2
3. Zwl,wz — Zwq,wy» 4. Zw1,wzzu/1,wé - Zu;%,wézun.wza
5. xlzwl,wz - Zx1w1,wlev 6. Zwl,wZXZ - XZZwl,wzxza

7.X1Xy — X2X1,
whereu; —v; € R (1 <i<2).

Proof. Let us consider all intersection compositions of 1-7 with each other. We need to prove that all these compositions
are trivial. These compositions are summarized in the following table.

inj w: ambiguity inj w: ambiguity
105 | U1X1Zw,,w, 406 | ZuyupZu,wyX2
1N7 | U1x1x, 5N3 | xizy ,,

304 | 73 w2, 504 | X1ZwywyZu) )
3N6 ZibeXz 5N6 X1Zwq,wy X2
4N3 Z"’l’“’Zzi)’l,wé 6N2 | ZyyuXoll
4N4 Zuy wy 2w, wh 2w wl TN2 | xxUp

It is seen that these compositions are trivial. Let us check one of them as follows.
1N5:w= U1X1Zwq,wy »
(f’ g)w = (ul - Ul)zw1,w2 - u](lewl,wz - lewi‘,wle)
= LLlZw],wZ — V1Zywqy,wy; — U1X1Zwq,wy + Lblewl.wle
= ullewl,wle - Ulzwl,wz = Zlﬁxlwl,wzulxl - Zv1w1,w2 U1
= Zu1w1,w2u] _Zv1w1,w2v1 =
Finally, it remains to check compositions of including of polynomials 1-7. But it is clear that there are no any compositions

of this type.
Hence the result. O

So under the relations which are actually Grobner-Shirshov bases for the Schiitzenberger product of monoids, we give a
normal form of words as follows:

Corollary 10 (/20]). Every element w of My ¢ M, has a unique representation uyzm, m,u1, where zy, m, € {Zw,w, | w1 €
My, wy € Ma}*, up € X5 and uy € Xi are irreducible words.
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5. Grobner-Shirshov basis for Rees matrix semigroup

Let A be a monoid, 0 be an element not belonging to A, and let I and A be index sets. Also let P = (p;i)aca.ict bea|A| x |1
matrix with entries from the set A U {0}. Then the Rees matrix semigroup M°[A; I, A; P]is the set (I x A x A) U {0} with the
multiplication

; ) (i1, @1Payiy G2, A2)  ifpoi, #0
A A) = 112 . 112
(i1, a1, A1) (2, @z, A2) :0 ifp;. =0
such that
0(i,a,A) = (i,a,A)0 =00 = 0.

We may refer the reader to [20] for more details about Rees matrix semigroups.
Theorem 11 ([20]). For amonoid A, let S = M°[A; I, A; P] be a Rees matrix semigroup, where P is a | A| x |I| matrix with entries

from A and p11 = 14. Also let (X|R) be a semigroup presentation for A, e € X* be a non-empty word representing the identity 1,
of AyandletY =X U{y;:iel— {1}}U{zy : A € A — {1}}. Then the presentation

(YR yie =y, eyi =p1i,zne = pu1, ez, = 2., 2y = pui(i € = {1}, 2 € A = {1})) (5)
defines S as a semigroup with zero.

We remark that, for the following result, we will assume |p;1| = |py1| = Ip1il = Ipyjl = 1and |pyil, Ipwil < 2, where
i,jel—{1}, A, ) € A — {1}. Additionally we will suppose that R is a Grébner-Shirshov basis for A with the deg-lex order
<4 on X*. We will order the set Y* with degree lexicographically by using the orders z;, z,y > xand y;, y; > x (x € X).

Theorem 12. A Grébner-Shirshov basis for S = MP°[A; I, A; P] consists of the relations given in the presentation (5) and the
following relations:

Yiyj = YiDij» 2)2)) = PrZy s P1i€ = P, €Px1 = Pa1, (6)
ZP1i = DPaii, epii = Diis D1i€ = DPai P1iYj = P1byj» (7)
ZyPi1 = Pr1Pu1, Z,Pxi = Pr1Puis Dxiyj = PaiP1j- (8)

Proof. As a usual way, we need to show that all compositions of relations in presentation (5) and equations from (6)-(8)
are trivial. To do that let us consider the following polynomials:

lLu—v, 2.yie — i, 3. eyi — pii»
4.z,e — pa1, 5.ez, —z, 6.2,Yi — Dai»

where u = v € R. Now we can check intersection compositions of these polynomials by the following table. In this table we
get new polynomials which are not trivial.

inj w: ambiguity | New polynomial | iNj w: ambiguity | New polynomial
2N3 Yiey; 7. Yi¥j — YiD1j 4N5 Z) ez, 10. Z)Z)) — DPa1Zy’
2N5 | yez, trivial 5N4 | eze 11.ep;1 — Pt
3N2 | eye 8. p1ie — P 5N6 | ezyi 12. epi — Pai
4N3 | zey 9. zpri—pyi | 6N2 | zyie 13. pyie — pai

Let us check one of the above compositions:

2N3:w = yey;,
(. 2w = (vie—y)y; — yi(ey; — pyj)
= Yyieyj — Yi¥j — Yi€yj + Yib1j = YiP1j — YiYj-
Since we have the order y; > x (x € X) we get the polynomial y;y; — yipsj.

Now we check intersection compositions of polynomials 7-13 with each other and 7-13 with 1-6. These compositions
which are trivial are summarized in the following tables, respectively.
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iNnj w: ambiguity | iNj w: ambiguity
707 | yiyyy 10N9 | zzypu
8N11 Dii€Pi1 12N13 ep,ié

8N12 | prepar 13N11 | piiepia

9N 8 Z,P1ie 13N12 Dai€Pari

702 | yiye 11N1 | eppu

8N 3 | puey; 12N1 | epu

8N5 | piez;, 13N 3 | pyey;

IN1 Z,p1id 13N5 | puiezy

10N4 | z;z;/e 10N6 | zyzyy;

Let us check any two of these above compositions:

8N 11: w = pyepa1,
(. 8w = (P1ie — pP1)Pr1 — P1i(epr1 — Pr1)
p1i€éPi1 — P1iPr1 — P1i€Pa1 + PP =0
13N5:w= Dai€Zy,
(. 8w = (prie — Pa)z — prilezy — zy)

= Dri€Zy — DPriZw — Pri€Zy + Prizy = 0.

Now we check intersection compositions of 1-6 with 7-13 with the following table.

inj w: ambiguity | New polynomial inj w: ambiguity | New polynomial
1N8 | upqe trivial 4N12 | ziepy; 16. z,pyi — Pr1Pwi
2N 11 | yeps trivial 5N9 €z, P1i trivial

2N12 | yiep;r trivial 5N10 | ezyzy trivial

3N7 | ey 14. p1y; — pubyj 6N7 | zYyy; 17. priyj — Paibyj
4N 11 | ziepai 15.z3py1 —Pr1Pin 1N13 ﬁpkie trivial

Let us check one of the compositions given above:

4N11: w = 2zepyi,

. 8w = (e —pr)pi1 — za(epy1 — Pu1)
= Z3ep,’1 — PaPaw1 — ZaePi1 + ZaPa1 = ZPi1 — PaaPa'1-

Now let us consider the polynomials 14-17 given in the above table and check their intersection compositions with each
other, with the polynomials 7-13 and with the polynomials 1-6. Among these compositions those which are trivial are
summarized in the following table.

inj w: ambiguity | iNj w: ambiguity
1Nn14 Epnyj‘ 14N7 | puyyy
1N17 up;.iy; 15N1 ZPw1lU
5N15 | ezypy1 16N1 | zpyiu
5N16 | ezypyi 14N2 | puyje

9N 14 2, P1iYj 16N13 Z, Dy i€
10N15 Z,Z,/ D1 16N17 Z,PviYj
10N16 Z,Z)/ Pari 17N2 Dariyjé

12N17 epyriYj 17 N7 DPriYiYi

Let us check one of the above compositions:
1N14:w= 'ﬁpliyj,
(8w = W—v)y;—Uuy; — pubp1y) _
= uy; — vyj — up1yj + Up1ipyj = up1iP1j — vy;
= upyj — vyj = vpyj — vpy = 0.
Finally, it remains to check compositions of including of polynomials (5)-(8). But it is clear since there are no compositions

of this type.
Hence the result. O
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In Theorem 12, we assumed that |p;1| = |py1] = |p1il = |psjl = 1and |psil, [pxil < 2. But, if we extend the inequalities
given for the lengths of the words p;,;, py/;, then we obtain a similar result (such that the its proof can be made quite similar
to the proof of Theorem 12) for a Grobner-Shirshov basis of S = M°[A; I, A; P] as in the following.

Theorem 13. Let S = MP°[A; I, A; P] be a Rees matrix semigroup, where A is a monoid, P is a |A| x |I| matrix with entries
from A (as given in Theorem 11). Let |py1| = Ipa1l = Ip1il = Ipyjl = 1 and |pyil, Ipxil > 2. Then a Grobner-Shirshov basis of
S = MP[A; I, A; P] consists of the relations given in the presentation (5) and the relations:

Yiyj = YiDvj» 22y = Pz, Pii€ = P1i, epr1 = Pa1s
Z,P1i = Pa1is D1iYj = DP1iPvjs Z;Pr'1 = PaP1, D».iYj = DPaiP1j-
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