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ABSTRACT. We prove some direct and converse theorems of trigonometric ap-
proximation in weighted Orlicz spaces with weights satisfying so called Mucken-
houpt’s Aj, condition.
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1. Introduction

A function ® is called Young function if ® is even, continuous, nonnegative
in R, increasing on (0, co0) such that

® (0) =0, Ih_}rrolo d(x) = oco.

A Young function ® said to satisfy Ag condition (® € As) if there is a constant
c1 > 0 such that
¢ (22) < 1P(z) for all x e€R.

Two Young functions ® and ®; are said to be equivalent (we shall write
® ~ @) if there are c2,c3 > 0 such that
Dy (cox) < O(x) < Py (c32), forall z > 0.

A nonnegative function M : [0, 00) — [0, 00) is said to be quasiconvez if there
exist a convex Young function ® and a constant ¢4 > 1 such that

O(x) < M(z) < P (cszx), forall >0
holds.

Let T := [—7,7w]. A function w: T" — [0,00] will be called weight if w is
measurable and almost everywhere (a.e.) positive.

2010 Mathematics Subject Classification: Primary 41A25, 41A27; Secondary 42A10,
46E30.

Keywords: direct theorem, inverse theorem, Orlicz space, Muckenhoupt weight, modulus of
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A 27-periodic weight function w belongs to the Muckenhoupt class A,, p > 1,
if

p—1
1 / 1 / ~1/(p-1)
sup w(x)dz w p z) dz <C
RS AV (@)

with a finite constant C independent of J, where J is any subinterval of T.

Let M be a quasiconvex Young function. We denote by Lz, (T) the class of
Lebesgue measurable functions f: T — C satisfying the condition

/M |f(z (x)dz < oco.

The linear span of the weighted Orlicz class Ly, (T), denoted by Lz (T),
becomes a normed space with the Orlicz norm

1Lz, = sup {:Ef F@)g(@) w(@)de [ 3T (lgl)w(z) do < 1}

T

where M () := sup (zy — M(x)), y > 0, is the complementary function of M.
x>0
If M is quasiconvex and M is its complementary function, then Young’s
inequality holds

zy < M(z) + M(y), z,y > 0. (1.1)
For a quasiconvex function M we define the indice p(M) of M as
1
=1inf{p: p >0, MP is quasiconvex
p(M) { }
and
/ p(M)
p (M) .= .
A p(M) =1

If w € Ay(nr), then it can be easily seen that Ly, (T) € L' (T) and Ly, (T)
becomes a Banach space with the Orlicz norm. The Banach space Lz, (T) is
called weighted Orlicz space.

We define the Luzemburg functional as

1£1l(ar), = inf {7’ >0: [M ('f(f)l) w(z)dz < 1}.
T
There exist [8, p. 23] constants ¢, C' > 0 such that
¢ ”fH(M),w < ||f||Mw <c ||f||(M),u.)

Throughout this work by ¢, C,c1,ca,..., we denote the constants which are
different in different places.
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APPROXIMATION IN WEIGHTED ORLICZ SPACES

Detailed information about Orlicz spaces, defined with respect to the convex
Young function M, can be found in [17]. Orlicz spaces, considered in this work,
are investigated in the books [8] and [25].

Let M € Ay and MY is quasiconvex for some 6 € (0,1). For f € L, (T)
with w € Ap(ar), we define the shift operator

h
on(f) = (onf) (z) := 21]1/f(x—|—t) dt, O<h<m ze€T
—h

and the modulus of smoothness

Mw (f30) = sup H(I—Uh_)fH ) 0>0
O<hi<s 152 ' M,w

of order r =1,2,....
Let

En(f)Maw ::Tien; ||f_T||M’w7 fELM,w(T)7 ].<p<OO, n:071527"‘a

where .7, is the class of trigonometrical polynomials of degree not greater than n.
Let also

f(z) «~ Z cpel® = Z (ay, cos kx + by sin kx) (1.2)
k=—o00 k=0
and -
f(z) « Z (ay, sin kx — by, cos kx)
k=1

be the Fourier and the conjugate Fourier series of f € L' (T), respectively. In
addition, we put

n

Sy (x, f) == Z cpelf® = Z (ay cos kx + by sin kz) , n=0,1,2,....
k=—n k=0

By L} (T) we denote the class of L' (T) functions f for which the constant
term co in (1.2) equals zero. If a > 0, then ath integral of f € L{ (T) is defined

as
Lo (2, f) ~ > e (ik) ™% e*”,
keZ*
where

(ik) ™ = |k| @ e("1/Dmasienk  apnd Z* = {£1,42,43,...}.
It is known [28, V2, p. 134] that I, (z, f) € L* (T) and
I (z, f) = Z cr(ik)~@elh® a.e. on T.

keZx*
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For a € (0,1) let

d

Lio(z,f),

dxl (z, f)
dr+1

(r)
FEHD) () = (f(a)(x)) - deHIl,a (z, f)

f @) =

if the right hand sides exist, where r € Z* := {1,2,3,...}.

In this work we investigate the direct and inverse problems of approximation
theory in the weighted Orlicz spaces Ly, (T). In the literature many results on
such approximation problems have been obtained in weighted and nonweighted
Lebesque spaces. The corresponding results in the nonweighted Lebesgue spaces
LP (T), 1 < p < oo, can be found in the books [3] and [27]. The best approxima-
tion problems by trigonometric polynomials in weighted Lebesgue spaces with
weights belonging to the Muckenhoupt class A, (T) were investigated in [9] and
[18]. Detailed information on weighted polynomial approximation can be found
in the books [5] and [22].

For more general doubling weights, approximation by trigonometric polyno-
mials and other related problems in the weighted Lebesgue spaces were studied
in [2], [20], [19] and [21]. Some interesting results concerning best polynomial
approximation in weighted Lebesgue spaces were also proved in [4] and [6].

Direct problems in nonweighted Orlicz spaces, defined with respect to the
convex Young function M, were studied in [24], [7] and [26]. In the weighted case,
when the weighted Orlicz classes are defined as the subclass of the measurable
functions on T satisfying the condition

/M(|f(x)|w(x)) dr < oo,
T

some direct and inverse theorems of approximation theory were obtained in [13].

Some generalizations of these results to the weighted Lebesgue and Orlicz
spaces defined on the various sets of complex plane, were proved in [15], [16],
[10], [11] and [12].

Since every convex function is quasiconvex, the Orlicz spaces considered by
us in this work are more general than the Orlicz spaces studied in the above
mentioned works. Therefore, the results obtained in this paper are new also in
the nonweighted cases.

604

Brought to you by | Balikesir Universitesi
Authenticated
Download Date | 8/8/19 2:16 PM
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2. Main results

Let Wgr,, (T), a > 0, be the class of functions f € Lps, (T) such that
e Ly, (T). Wi .. (T) becomes a Banach space with the norm
Flhwg, oy = Nlaggs + 15 llas
Main results of this work are following.
THEOREM 1. Let M € Ay, MY is quasiconvex for some 0 € (0,1) and let
w € Apary- Then for every f € Wiy, (T), a > 0, the inequality

Cs
En(f)ate < aEn( <°‘>) , -0,1,2,...
(f)M, = (7’L+1) f M n

holds with some constant cs > 0 independent of n.

COROLLARY 1. Under the conditions of Theorem 1 the inequality

Ce
En(f)arw < alfNarw,  n=0,1,2,3,...
(flmw < (n+1) £ M| o,

holds with a constant cg > 0 independent of n.

THEOREM 2. Let M € Ay, MY is quasiconvex for some 0 € (0,1) and let
w € Apary. Then for f € Ly, (T) and for every natural number n the estimate

1
Ey(Fare < 2O : : -1,2,3,...
(f)M, > CTdipg W (f n+ 1) r

holds with a constant c; > 0 independent of n.

DEFINITION 1. Let D be unit disc in the complex plane and let T be the unit
circle. For a weight w given on T, we set

Hyw (D) :={f € H' (D) : f € Ly (T)}.
The class of functions Hyy,, (D) will be called weighted Hardy-Orlicz space.

The direct theorem of polynomial approximation in the space Hps,, (D) is
formulated as following.

THEOREM 3. Let M € Ay, MY is quasiconvex for some 0 € (0,1) and let
w € Apary- Then for f € Hyrw (D) and for every natural number n there exists
a constant cg > 0 independent of n such that

Hf(Z)—zn:ak(f)zk s(zgnm(f, ! ) Fot2.
k=0

n+1
where ax(f), k=0,1,2,3,..., are the Taylor coefficients of f at the origin.

M,w

The following inverse results hold.
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THEOREM 4. Let M € Ny, MY is quasiconver for some 6 € (0,1) and let
w € Apary. Then for f € Ly (T) and for every natural number n the estimate

T 1 o o
M,w (f;n> < n2r{E0(f)M7“’+;k Ek(f)Myw}, r=1,2,...
holds with a constant cg > 0 independent of n.

THEOREM 5. Under the conditions of Theorem 4 if

oo

> T E(f)arw < 00

k=0
for somer =1,2,3,..., then f € W]%/}’W (T).
In particular we have the following corollary.
COROLLARY 2. Under the conditions of Theorem 4 if

En(f)M,w:ﬁ(niﬁ), n=123,...,

for some B > 0, then for a given r =1,2,3,..., we have
ﬁ(éﬁ), r> [/2;
Mw (f,0) =1 O (6 log 5), r=p/%
ﬁ(é”), r<pf/2.

DEFINITION 2. Let 8> 0, r:=[3/2] + 1 and let
Lip 8 (M,w) := {f € Lo (T) : Qpy, (f.0) =0 (6°), 6>0}.
COROLLARY 3. Under the conditions of Theorem 4 if
Eo(f)mw =0 (n""), n=1,2,3,...,
for some B >0, then f € Lip 8 (M, w).
The following result gives a constructive description of the classes Lip 8 (M, w).

THEOREM 6. Let § > 0. Under the conditions of Theorem 4 the following
conditions are equivalent

(i) f€LipB(M,w)

(i) En(f)mw=0(n""), n=1,2,3,....
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APPROXIMATION IN WEIGHTED ORLICZ SPACES
3. Some auxiliary results

We need the following interpolation lemma that was proved in the more gen-
eral case in [8, Lemma 7.4.1, p. 310], for an additive opertor 7', mapping the
measure space (Y, Sp, vo) into measure space (Y1, S1,v1).

LEMMA 1. Let M be a quasiconver Young function and let 1 < r < p(M) <

p’(M) < 8 < oo. If there exist the comstants cig,c11 > 0 such that for all
feL +L®

dl/1 S 010)\_T/|f($)|r dl/(]
{yeYy: |Tf(z)|>1}
and

dl/1 S 011)\_S/|f($)|8 dl/(],
{yeyr: |Tf(z)|>N}
then

/M Tf dl/l < 612/M dl/(]

with a constant ¢ > 0.

LEMMA 2. Let M € Ay and MY is quasiconvex for some 6 € (0,1). If f €
Lo (T) with w € Apary, then there is a constant c13 > 0 such that

lonfllarw < csllfllare -
Proof. Using [8, Lemma 6.1.6 (1), (3), p. 215]; [8, Lemma 6.1.1 (1), (3), p. 211]

and M < M we have M ~ M. Then M € Ay because M € /A\,. On the other
hand since MY is quasiconvex for some @ € (0,1), by [8, Lemma 6.1.6, p. 215]

we have that M is quasiconvex, which implies that M is also quasiconvex. This
property together with the relation ]\7 € /A5 is equivalent to the quasiconvexity
of MP for some B € (0,1), by [8, Lemma 6.1.6, p. 215]. Therefore by definition
we have p'(M), p’(]\~4) < oo. Hence, we can choose the numbers r, s such

that p'(M) < s < 00, r < p(M) and w € A,. On the other hand from the
boundedness [23] of the operator oy, in L? (T,w), in case of w € A, (1 < p < 00),
implies that o, is weak types (r,7) and (s, s). Hence, choosing Yy = Y7 = T,
So = S1 = B (B is Borel g-algebra), dvg = dv; = w(x)dz and applying
Lemma 1 we have

[ M (o@Dt < e [ M(s@)w @) ds (3.1)
T T
for some constant c14 > 1.
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Since M is quasiconvex, we have
M (azx) < @ (aczx) < a® (czx) < aM (czx), ae€(0,1),

for some convex Young function ® and constant cs > 1. Using this inequality in
(3.1) for f:= f/A, A > 0, we obtain the inequality

/M ’Uh (CS%)(@‘ W(x)de/M<f(x)>w(x)dx,

T T

>

which implies that
lonfllanyw < escra Lf 1l ary -

The last relation is equivalent to the required inequality
”UthM,w < Ci15 Hf”Mw
with some constant c¢i5 > 0. [
By the similar way we have the following result.
LeMmMA 3. Under the conditions of Lemma 2 we have
) 1 llare < cr6l1F 1l a0
() 15 C Al < 7 1 1lar0
From this Lemma we obtain the estimations:
1f = Sn G Pl pre < 18En(f)arw, (3.2)
E, (f)M’W < c19En(f) M -

COROLLARY 4. Let M € Ay and MY is quasiconvex for some 6 € (0,1). If
J € Ly (T) with w € Apary, then

li - =0

hg{ﬁ I f Uhf“M,w J
lim 8) =0, =1,2,3,...,
Jim @y, (£,6) r

and

M (f:0) < c2o [ fllpre
with some constant cog > 0 independent of f.

Remark 1. The modulus of smoothness 2}, (f,0) has the following properties:
(i) Q. (f,0) is non-negative and non-decreasing function of § > 0.

(i) Qs (fr+ f2,) < Qo (f15) + Qo (F2,0)-

The proof of the following result is similar to that of Lemma 2.
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LEMMA 4. Let M € Ay and MY is quasiconvex for some 0 € (0,1). If f €
L o(T) with w € Apary, then

||K"l ("f)HM,w SCQl ||f”M,w7 77/20,1,2,3,..,’

where

Koo, f)i= |\ S0 f) + 81 (@ )+ 4 5 2. ).

LEMMA 5. Let M € Ay and MY is quasiconver for some 0 € (0,1). Ifw €
Ap(M); then

HT,Y)HMW < coon” ||Tn||M’w, T,€ %, r=1,2,3,...
Proof. Since [1, p. 99]

1
T!(z) = /Tn (x + u)nsinnuF,_1(u) du,
7r
T

where

1 1 g
F,(u):= ntl Z<2 +Zcosgu>
k=0 Jj=1
being Fejer’s kernel, we get
T3 ()] < 20Ky (2, |Thl) -

Now, taking into account Lemma 4 we conclude the required result. O

LEMMA 6. Let M € /Ay and MY is quasiconvex for some 6 € (0,1). If f €
Lo (T) with w € Apary, then

M (f50) < casd® QL (f,6), r=1,2,3,...

with some constant cag > 0.

Proof. We follow the procedure used in the proof of [13, Lemma 5]. Putting

T

g(@) =[] —on) f(z)

=2

we have

(I —on)g(x) = H(I —on;) f(2)
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and
r hy
1
[0 s =y, [ (o) -G +)a
=1 “ha
hl t u
1
——8h1///g”(:1;+5) ds dudt.
0 0 —u
Therefore
r 1 hi1t u
H(I— on,) f () = sup{f I [ ] g (z+s) dsdudt’ |v(z)|w(z)da :
i=1 M,w 8h1 T'0 0 —u
[t Gotel ot do < 1}
T
hi t u
<! //2u“ ! /g"(;z:+s) dsH dudt
- 8h1 2u M,w
0 0 —u
hi t
c
<o [ [ 20l g duct = ol g
00
Since

we obtain that

7‘M,w (fa 5) S sup 024]7’% ||g”||M,w
0<h; <o
i=1,2,...,r

T

[T -on) /" (@)

=2

IN

2402 sup
0<h;<6

1=2,...,r

= 0245291;\4_’30 (f//,é)

M,w

and Lemma is proved. O

COROLLARY 5. Let M € Ay and MY is quasiconvex for some 6 € (0,1). If
J € Ly (T) with w € Apary, then, with some constant cas > 0,

1;\/[,44) (fa(s) §02562THf(2T)HM,w’ 7":1,2,3,,,,,
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DEFINITION 3. For f € Ly, (T), 6 >0 and r =1,2,3,..., the Peetre K-func-
tional is defined as

K(&ﬂLchm,W&Mmmy:gggﬁﬂmhu—gmmw+ﬂw“wa}-@3)
M,w

THEOREM 7. Let M € Ny and M? is quasiconvex for some 6 € (0,1). If f €
Lt (T) with w € Apary, then the K-functional K (8°7, f; L. (T), W37, (T))
and the modulus QY , (f,6), r =1,2,3,..., are equivalent.

Proof. If h € Wi, (T), then

M (£:0) < caollf = Bl + c2s0™ [V,
< e (52T7 fiLaw (T, WJQ\/IT,W (T)).

Putting
b u t
(Lsf)( ///f r+s)dsdtdu, =z €ET,
0 Zt
we have ,
d c
da2 L(Sf_ > (I—Ug)f
and hence ,
d=" i,
dz2r f_c%( —o5)",  r=1,23,....

On the other hand we find
d u
L6 Tar <3570 [ [ 20T lag detu < ez
0 0
Now let Af :=1— (I — LT)T. Then A5f € W3f,, (T) and

‘ d27‘

daz2r
r—1
Since I — L = (I — Ls) Y L}, we get
i=0

(I = L5) gllpre < cs2 |(I = Ls) gllps.e,

C3 C31 ~p
= 621 ||(I_J5> ||Mu.)S 62rQMw(f7 )

,w

< c30

d2r

M,w

0 u
< 303353//275 (1 = o¢) gllpr,, dtdu
0 0

< gy sup ||(1— Ut)gHM,w'
0<t<s
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Taking into account the equality

1f = A5 Fllare = I = L8)" fllar »

by a recursive procedure we obtain

I = A58l < coa sup [I(T=00) (= L) £l
0<t1 <0 7

<egs sup swp [(1=au) (1= au,) (1= 152 J
0<t1 <6 0<t2<d M,w
[[0-0u) ()

i=1

<---<c36 sup
0<t; <8
i=1,2, 7

= 0369?\4&0 (fv 5)

M,w

and the proof is completed. O

4. Proofs of the main results

Proof of Theorem 1. We set
Ag (z, f) := ay, coskx + by sin kx.

For given f € Ly, (T) and € > 0, by [14, Lemma 3] there exists a trigonometric
polynomial T such that

/M(|f(:1:) —T (2))w(z)dz < e
T

which by (1.1) implies that
1f =Tl <€
and hence we obtain
En(f)mw — 0, as n — 00.
On the other hand, from (3.2) we have
’ flx) — i (ay cos kx + by, sin kx) < c13E, (f)M’w

k=0 M,w
and therefore,
fl) =) Ay (x,f)
k=0
in ””Mw norm. For £ =1,2,3,... we find that
Ay (xaf) = aqpcosk (x—|— a27r _ a27r) 4 by sink (x—|— a27r B a27r>
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2I<:) +besink <x+ 22)}

+sin O;W [aksmk(x+ Qk) bkCOSk(x+ 2k>}

= A (x ,f) cos O;

am
= cos 9 [ak cosk (:I; +

< am

A (v 457 7) .
2k AT 2kz’f Sy
After simple computations we have

I ON )

and then
= Ag (z, f) +cos ZAk <x+ )—i—sm ZAk (x-f—(;z;f)
k=1

— A (2, f) +COS Zk ag, (x f( )) +sm ikiaAk (x,f(@) .
k=1

k=1

Therefore,

f(x) =Sy (z, f) = cos Ogr Z kla Ay (Zvyf(“)) +sin oz27r Z kla 4, (%f(a)) |

k=n+1 k=n+1
Since
i koA (, £©)
k=n+1
= 3 e [(Sk( f<a>) (@) (.)>_(5,H (_7f(a>>_f<a><.)ﬂ
k=n+1
=3 (= ) (i (D) = 1 )
k=n+1
—(n+ 1) (Eﬁl(-,f(a)> __f(a)()>
and
S ke (0 F@) = 3 (ko k1)) (S0 (7)) - 7 ()
k=n+1 k=n+1

— ()7 (S (5 ) = F (),
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we obtain

17 (2) =S (@, )l ar
< 2 () s () - 100,
L S, (.,f(co) _ @ (.)HMW
£ 3 (et s () -,

k=n+1
+(n+1)"s, (.,f(co) ) (.)H

+(n+1)"°

M,w

< 018{ i (’f’“ —(k+ 1)*“) Er(f)mw+ (n+1)""E, (ﬂ‘”)M’W]

k=n-+1

oo

ras| X (0= 04 )7) Bl (04 )7 (7))

k=n+1

Consequently
”f( ) n xaf)”ﬂfw

(
<csrEy ( ))

M,w

2 n+1(k *—(k+1)" >+(n—|—1)_0‘]

23y (k—a —(k+ 1)‘“) +(n+ 1)‘6“]

<o, (£) f; () e

= iml)aE" (f(a))

+ cas B, (f )

M,w

and Theorem is proved. O

Proof of Theorem 2. Forg € WJ%/[T’M (T) we have by Corollary 1, (3.3) and
Theorem 7

Ey(f)mw < En (f = Q)M,w + En(9)Mw

< car [If = gllga + 0+ D7 g,
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<cpK ((n + 1)721c i L (T), WJQ\/IT,W (T)>

1
< a3, (f; " 1)

as required. O

Proof of Theorem 3. Let Y pBel*® be the Fourier series of the function

k=—00

g € Hyr (D), and S, (9,0) := > Bre*® be its nth partial sum. Since g €

k=—n

H' (D), we have

B, = 0, for k£ < 0;
T an(f), for k> 0.

Therefore,

=I1f = Sn (fs Mlase - (4.1)

M,w

H -3 ()
k=0

If t} is the best approximating trigonometric polynomial for f in Ly, (T), then
from (4.1) we get

ECEDSEAE = I T O EAT ST
k=0 M,w
< E,.(f) < a5 f 1
c n w = c bl
< Caa M, 45807 nal
and the proof of theorem is completed. O

Proof of Theorem 4. By Remark 1 (ii), Corollary 4 and (3.2) we have

QTM,UJ (fa 5) < QTM,UJ (f — Tom+1, 5) + QTM,w (TQ’”-Fla 5) (42)
and
QTM’W (f - T2m+1 , 5) S C20 ||f - T2m+1 ”M,w S C46E2m+1 (f)M,w- (43)
By Corollary 5
7]4\4,0.) (T2m+1a 6) < 02562T TQ(E,T+)1

r 2r 2r 2r 2r
<ou{ 1 -4, o+ 3ot -7
’ i=1

< 04752T{E0(f)M,w + 2(i+1)2TE2i(f)M,w}

i=1

M,w}
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< c4762T{Eo(f>M,w + 2B (fme + )20 By (f>M,w}.

i=1
Applying here the inequality
27n
20D By (e <2 D KT EB(faw. i1 (44)
k=2-141

we get

-
Qg (Tamy1,6) < 04852T{E0(f)M,w + 2% B (f)ae +2') kQTlEk(f)M,w}
k=2

o
< 04952T{E0(f)M,w +)° k%_lEk(f)M,w}‘
k=1

(4.5)
Since
247‘ 2™ 9
Eymir(flaw < s, > T E(f) M
k=2m—141

choosing m as 2™ < n < 2™*! from (4.2)-(4.5) we get the required relation. [J

Proof of Theorem 5. If T}, is the best approximating trigonometric poly-
nomial of f, then we have

||T2m+1 - T27n M.w

< By (f)mw + Eom (f) v
(F)are < 2002 By (f) a o

A
[\
&
3

which by Lemma 5 implies that
HT(QT) -4 < 2" By (f) 5y

om+1 ,
,w

and hence by the inequality (4.4)

Z I Tom+1 — Tom

_ Z | Tams1 = Tom|l g0 + Z HTSQI e

W2r (T)

W

<

2 By (f) s+ 22 3 2 By (g

m=1

Mg

3
&

0 3 B B (),

)

m=1
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APPROXIMATION IN WEIGHTED ORLICZ SPACES

o) 2m
<2V ) Y PTE(Huw

m=1 j:2rn,,—1+1

0o
= C52 Z j2r_1Ej(f)M7w < 00.
m=2

Therefore,

o0
Z [Tom+r — T27"||W1%4”'1w(’]1‘) < 00,

m=1

which implies that {Tm } is a Cauchy sequence in W37 , (T). Since Tom — f in
Larw (T), we have f € Wif  (T). O
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