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 Approximation theorems in weighted Lorentz spaces

 Yunus E. Yildirir and Daniyal M. Israfilov

 ABSTRACT. In this paper we deal with the converse and simultaneous approximation problems
 of functions possessing derivatives of positive orders by trigonometric polynomials in the weighted
 Lorentz spaces with weights satisfying the so called Muckenhoupt's Ap condition.

 1. Introduction and main results

 Let T = [ - 7T, 7t] and w : T -» [0, oo] be an almost everywhere positive, inte-
 grable function. Let f^(t) be a decreasing rearrangement of / : T -» [0, oo] with
 respect to the Borei measure

 e

 i.e.,

 /¿(0 = inf {t > 0 : w (x 6 T : |/(z)| > r) < t} .

 Let 1 < p, s < oo and let ( T) be a weighted Lorentz space, i.e., the set of all
 measurable functions for which

 II/ILł* = (/"(*))* ^ Y j <°°'
 where

 t

 r(t) = -tj f*(u)du.
 o

 If p = s, LJf ( T) is the weighted Lebesgue space L£,(T) [5, p.20].
 The weights w used in the paper are those which belong to the Muckenhoupt

 class Ap( T), i.e., they satisfy the condition

 sup |ļ| J w(x)dx J wl~p> (rr)cřxj <00, p' =
 where the supremum is taken with respect to all the intervals I with length < 2i r
 and 'I' denotes the length of I.
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 Approximation theorems in weighted Lorentz spaces 109

 Let
 OO OO

 (1.1) /0*0 ~ y, Cķelkx = ļf + yi(Qfc cos kx + bķ sin kx)
 k- - oo k = l

 and
 OO

 / ( X ) ~ sin kx - bk cos kx)
 k= i

 be the Fourier and the conjugate Fourier series of / G Ll(T)f respectively.
 In addition, we put

 n n

 Sn(x,/) := ckexkx = ^ cos kx + bk sin kx), n = 1,2,....
 k - - n k - 1

 By Lq(T) we denote the class of Ll (T) functions / for which the constant term
 co in (1.1) equals zero. If a > 0, then a - th integral of f e Lq(T) is defined as

 Ia(x,f) := £cfc(t*)-aeite,
 kez*

 where (ik)~a := |fc|"a e(-i/2)™asign fc and Z* := {±1, ±2, ±3, ...} .
 For a G (0, 1) let

 /(a)(x) := Łh-a{xj)'

 f(a+r'x) := (/(a)(x))( ) = ¿rpr/i-a(®,/)
 if the right hand sides exist, where r G Z+ := {1, 2, 3, ...} [15, p. 347].

 By c, c(a, ...) we denote the constants, which can be different in different place,
 such that they are absolute or depend only on the parameters given in their brack-
 ets.

 Let X, t G M := (- oo, oo), r G := (0, oo) and let

 (1.2) Artf(x) := ¿(-1 )k[Cl]f(x + (r - k)t), f € Ll{ T),
 fc= 0

 where [C£] := -
 for k = 0.

 Since [15, p. 14]

 ra-|-(,-"irt+"|žgā. ***♦
 we have

 oo

 £ra<o°'
 k=0

 and therefore A rtf{x) is defined a.e. on M. Furthermore, the series in (1.2) con-
 verges absolutely a.e. and A 'f(x) is measurable [17].

 If r G Z+, then the fractional difference A¿/(x) coincides with usual forward
 difference.
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 110 Y. E. Yildirir and D. M. Israřilov

 Now let
 <5

 <7 ¡/(s) := y 'A¡f(x)'dt,
 O

 for / G L£f(T), 1 < p, s < oo, w G ^4P(T). Since the series in (1.2) converges
 absolutely a.e., we have cr¿f(x) < oo a.e. and using boundedness of the Hardy-
 Littlewood Maximal function [3, Th. 3] in L£f(T), w G AP(T), we get

 (1.3) 'Wsf(x)h% ^ c''fh^ <
 Hence, if r G and w G AP(T), 1 < p, s < oo, we can define the r-th mean

 modulus of smoothness of a function / G LJf( T) as

 (1.4) tor(f,h)LP> := sup ||aJ/(a:)||Lp- .

 Remark 1.1. Let /, /1, /2 € L£f(T), io G ^P(T), 1 < p, s < 00. The r-th mean
 modulus of smoothness Or(/, h)Lp ? , r G M+, has the following properties:

 ( i ) Ctr(f, h )Lpjs is non-negative and non-decreasing function of h > 0.
 (ii) nr(/i +/2,-)l^ < ^r(/l,-)LPs +^r(/2,-)LPs-
 (m) limfŻr(/, w = 0. w

 The best approximation of / € LJf (T) in the class īln of trigonometric polyno-
 mials of degree not exceeding n is defined by

 En(f)L Ps = inf {II/ - Tn||Lp. : Tn e 77n} .

 A polynomial Tn(x, f) := Tn(x) of degree n is said to be a near best approximant
 of / if

 II/ ~ Tn II LZf ^cEn{f)LZ?> n = 0,1,2,....

 Let H 'ř" U!(T), a > 0, be the class of functions / € ¿{"(T) such that /("' s L'"(T).
 W°tW(T), 1 < p, s < oo, a > 0, becomes a Banach space with the norm

 ^^wps, w(T) := II/IIlł- + II/(0£)IILS,s-

 In this paper we deal with the converse and simultaneous approximation prob-
 lems of functions possessing derivatives of positive orders by trigonometric poly-
 nomials in the weighted Lorentz spaces L^( T) with weights satisfying so called
 Muckenhoupťs Ap condition.

 Our new results are the following

 Theorem 1.1. Let 1 < p < oo and l<s<2 or p>2 and s > 2. Then for a given
 f G LJf(T), w G Ap( T), and r G R+ we have

 ( n '

 ūr(f, 7r/ (n + l))iŁ. < í + ír-'EÜf)^ j , n = 0, 1, 2, ...
 wíř/z positive constant c independent ofn, where 7 = min(s, 2).

 In case of r G this result was proved in [10]. In the space LP(T), 1 < p < 00,
 using the usual modulus of smoothness, it was obtained in [17] without 7. In case
 of r G Z+ in the spaces (T), w e Ap (T) , 1 < p < 00, this theorem was proved
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 Approximation theorems in weighted Lorentz spaces 111

 in [12] without 7. In case of r G Z+, Theorem 1 without 7 in term of Butzer-
 Wehrens's type modulus of smoothness in the spaces Lvw (T), w G AP(T), 1 < p <
 00, and in the weighted Orlicz spaces was obtained in [6] and [8], respectively.
 Note that the above defined modulus of smoothness is more general than Butzer-
 Wehrens's type modulus of smoothness and in special case, when r G Z+ is even,
 it coincides with Butzer-Wehrens's type modulus of smoothness.

 Theorem 1.2. Let 1 < p < 00 and '<s<2orp>2 and s > 2. Let w G AP(T) and
 f G LPf(T). Assume that

 00

 < 00

 k= 1

 for some a G (0, 00) and 7 = min(s, 2). Then f e WgStW(T) and for n = 0,1, 2, ... the
 estimate

 (1.5) En(f^)Lr¿ < C |n"£n(/)LP* +(ç k^-lEļ{f)L ļ
 holds with a constant c independent of n and f.

 In case of a e Z+ this result was obtained in [10]. In the space Lp( T), 1 < p <
 00, this inequality for a € Z+ was proved without 7 in [16]. In case of a G Z+, in
 LOT,™ G AP(T),1 < p < 00, an inequality of type (1.5) was proved in [9].

 Corollary 1.1. Let 1 < p < 00 and l<s<2orp>2 and s > 2. Let w e AP(T) and
 f G LJf(T). I/

 00

 < «D

 k=l

 for a G (0, 00) and 7 = min(s, 2), then f G Wgs^w and

 ūr(f<-a),TT/(n+ 1))ŁP.

 wftfe a constant c independent ofn = 1,2,... and /.

 In cases of a, r G Z+ and a, r G 1R+, this corollary in the spaces LP(T), 1 < p <
 00, was proved without 7 in [19] (See also [16]) and in [18], respectively. In the
 weighted Lebesgue spaces Lvw (T), 1 < p < 00, when w G Ap( T), and a, r G Z+,
 similar type estimation was obtained for the Butzer-Wehrens's type modulus of
 smoothness of in [9].

 The simultaneous approximation theorem in the weighted Lorentz space L£f (T)
 can be formulated as following.

 Theorem 1.3. Let f G W^tU,(T), a G Rq := [0, 00], 1 < p, 5 < 00, and w G AP(T).
 If Tn G II n is a near best approximant of f, then

 |/(a)-^a)| I I <c£n(/(Q)k-, n = 0, 1, 2, .... I I L/w

 with a constant c > 0 independent ofn and /.
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 112 Y. E. Yildirir and D. M. Israfilov

 In case of a G Z+, this theorem in the Lebesgue spaces LP(T), 1 < p < oo, was
 proved in [4],
 We prove also the following inequality of Jackson type in the weighted Lorentz

 space LJf(T).

 Theorem 1.4. Iff G r G M+, 1 < p, s < oo, and w G Ap( T), ř/íen

 nr(f,h)Lr? <chr''M' Il II 0< h<1T Il II Lw

 with a constant c independent of h and f.

 This Theorem in case of r G K+ in the Lebesgue spaces Lp( T), 1 < p < oo, was
 obtained in [2] (See also [17]), and in case of r G Z+, in the weighted Lebesgue
 spaces LP ( T) with w G Ap( T) and 1 < p < oo, was proved in [12].

 2. Auxiliary results

 Lemma 2.1. Let w G Ap( T) and r G 1 < p, 5 < oo. IfTn G 77n,n > 1, ř/tčn ¿/zere
 exists a constant c > 0 depending only on r, p and s such that

 ūr(Tn,h)Lp» < chr ||^nr)||Lp.s » 0 < h < ir/n.

 Proof Since

 A rtTn(x-^-t'= (2i sin ^u' cvetvx,

 A lMr~lr]) (x - Çt) = g (2żsin W cveil/x
 with Z* := {±1, ±2, ±3, ...} , [r] = integer part of r, putting

 <P(Z) :=^2isin|^ (żz)r_M , g(z) := 0 sin , -n < z < n, g(0) := ir_M,
 we get

 A[Mr~[r]) (x- Ģi) = rtTn (x- MA = JTrtvMvfoe™.
 ^ ' I/GZ; ^ ' I/€Z;

 Taking into account the fact that [17]
 oo

 g(z) = dkeiknz/n
 k - - oo

 uniformly in [-n,n] , with d0 > 0, (-I)**1 dk > 0, d_k = dk (k = 1,2, ...) , we
 have

 A rrn(.) = ¿ ^AMr^-M) r + ti + Ldń A .
 k = - oo '
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 Approximation theorems in weighted Lorentz spaces 1 13

 Consequently we get

 ì j 'A¡Tn(-)'dt = -5ļ fc=-oo ¿ dkA[Mr-[r]) (• + k-ļ + !^í) dt 0 Lps o fc=-oo LP-s

 < k £ w lļķ'Ti-^( + ki+r-^t)'āt k - oc g L¡p¿
 and since [20, p. 103]

 t t

 A[Mr~[r] )(•) = ¡...¡Tt^+h + ...tw)dí1...dí(r]
 0 o

 we find

 Îïr(T„,h)iL-< sup ¿ |4| j í'A[;]T^( I V + - n + r-^t) J dt l'K'Woo j 5{ I V n J LV
 oo S t t

 = '6'<hk=-oo sup oo |4| J-JtŅ ^ + r 2^t + ti + ...žļr]j dti...dt[r] dt '6'<hk=-oo 0 0 0 LPJ
 oo

 < h M sup 141
 l<S|<^fc=-oo

 X '¡Í^Í"¡ |T"r) (' + ír + !L2^í + Íl+ -í[rl)
 0 0 0 LP*

 oo

 < /i'r' sup y |4 1

 X ¿M /"'/ { ôj |T"r) (' + T + - 2^ + ^ + "í|rl) díl díl-dťH o o v o ) ļP?

 <c» sup £ Khi i/|rr( +^ + ^M«)|«f.
 « - - CO Q ^p.9

 oo • +

 <chWsup l'Ideo £ 141 J / M-) 1 («)|d« 1 l'Ideo HP* J 1 1
 ' + ~ Llf

 On the other hand [17]
 oo

 ļdfc| < 2^(0) = 2ť~^r' 0 < t < n/n
 fc= - oo
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 114 Y. E. Yildirir and D. M. Israfilov

 and forO<¿<¿</i< n/n we have
 oo

 J2 'dk'<2g(0) = 2hr-W.
 k - - oo

 Therefore the boundedness of Hardy-Littlewood maximal function in Lgf (T) im-
 plies that

 siT{Tn,h)Ll»<chr

 By similar way for 0 < -h < n/n, the same inequality also holds and the proof
 of Lemma 1 is completed. □

 Lemma 2.2. Let w G AP(T), 1 < p, s < oo. If Tn e IIn and a > 0, then there exists a
 constant c > 0 depending only on a, p and ssuch that

 Ha)|| ^<cna''Tn''Li..
 Proof. Since w e Ap( T), 1 < p, s < oo, we have [21, Chap. VI]

 ''Sn(f)''Lp? < c||/||Lps,

 ||/|U ^ cII/IIl--
 Now, following the method given in [13] we obtain the request result. □

 Definition 2.1. For / G LJf ( T), I < p,s < oo, S > 0 and r = 1, 2, 3, ..., the Peetre
 K- functional is defined as

 (2.6) K (6, /; LSf(T), T)) := gJ^{T) { II/ - SIL- + á ||s(r) |Ļ } ■
 Lemma 2.3. Let w e AP(T), I < p,s < oo. If f € LJf(T) and r = 1, 2, 3, then

 (i) the K-functional (2.6) and the modulus (1.4) are equivalent and
 ( ii ) there exists a constant c > 0 depending only on r, p and s such that

 En(f)i*f < cfìr(/, l/n)Lp».

 Proof (i) can be proved by the similar way to that of Theorem 1 in [12] and later
 (ii) is proved by standard way (see for example, [12], [8]). □

 3. Proofs of the main results

 Proof of Theorem 1. Let Sn be the n - th partial sum of the Fourier series of f e
 Lļj( T), w e Ap( T) and let m € Z+ . By Remark 1 (ii), (1.3) and [10, prop.3.4]

 ūr(f,7r/(n+ 1 ))Lp. < ūr(f - S2m,7r/(n+ 1))l£;s + ^r(S2™, 7r/(n 4- 1))lp*

 < c£2m (/) L£s + (¿>2m , Tl"/ + 1 ) ) £,£,*

 and by Lemma 1,

 ížr(52m, ?r/(n + 1))L^ < c |^™|Lp.s' n+1^2m.
 Since

 m - 1

 s£2(x) = 5{r)(x) + ^ {5^+1 (a:) - 5^'(x)} ,
 u=Q
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 Approximation theorems in weighted Lorentz spaces 1 15

 we have

 íir(52™,7r/(n+ 1))¿p»

 <"> s <^)r{K1L.+ I u=0 L )- ) I u=0 L )

 Following the method used in [10, Proof of Theorem 1] , we obtain
 m - 1

 "=° LZf

 /m - 1 ' y

 < c ( ||52-+i(x) . 7 = min(s,2).
 By Lemma 2, we get

 IkiU*) II - S^(')''tr. L < œ"r ll-W*) - ^(®)||ŁŁ. < c(p, r)2l/r+1 Eļv (f) Lps II '' L -w

 and

 KU -K-tf'U s «*</>«:•
 Then from (3.7) we have

 ūr(S2m,*/(n+ l))LZf < c (^ī)r jwk- + (E2{"+1)nff^(^)¿í?) I •
 It is easily seen that

 2"

 (3.8) 2^+1^EĻ(f)Lrj <c Y, M7r_1^(/)Ł-. f= 1,2,3,....
 fi=2L/~1 +1

 Therefore,

 nr(S2m,n/(n+ 1))LP.

 < c(;r^Ty|ii(/)«.+2rB1(/)I,t.+c^1 E •

 - c (^)' ļw>«r + ' I
 r /2Tn

 s '(ítt) r (E("+i)Tr"'E;(/)«-)
 If we choose 2m < n + 1 < 2m+1 , then

 iir(S2m,n/(n+ l))Llf < - ^ (f> + l)7r_1^(/)«,^ " •

This content downloaded from 193.255.189.6 on Mon, 02 Sep 2019 10:28:09 UTC
All use subject to https://about.jstor.org/terms



 116 Y. E. Yildirir and D. M. Israfilov

 Taking also the relation

 < **•»->(/)«? < (Í> + "
 into account we obtain the required inequality of Theorem 1. □

 Proof of Theorem 2. If Tn is the best approximating polynomial of /, then by Lemma
 2

 I tò. - T$ Il < c2(m+1>«£2~. (f)LP¿
 II II Liw

 and hence by this inequality, (3.8) and hypothesis of Theorem 2 we have
 oo oo

 yi ||^2m+l ~~ ^2™ ''w£s ^(T) = ||T2m + l - T2m''Lps
 m=l m = 1

 CO oo

 +¿||t2(:)+1-T2(s)||^s w < cYí2^aE2m(f)LZf m-l w m= 1

 oo 2m oo

 Xi j°"lEj(f)L% < c52ja~lE}(f)LZ? < °°-
 m=l 2m" 1 -f 1 i=2

 Therefore
 oo

 ^ ^ ||^ri2m + 1 - ^2m II W«s ^(T) ^ 00 '
 m= 1

 which implies that {T2™} is a Cauchy sequence in W^s w( T). Since T2m -> / in
 the Banach space LJf(T), we have / G W^|1i;(T). It is clear that

 En(f{a))LV<''fla)-Snf{a)' II I pB II I L/u) pB

 oo

 < |s2m+2/(a)-Sn/(a)|Ļs w + Y, [^+>/(a)-^/(Q)]
 w k=m+2 J^ps

 By Lemma 2

 II Il S2m+2/<«> -S„/M| II < c2{m+2)aEn(f)LV Il II

 < c(n+ l)Q£„(/)z,p;<
 for 2m < n < 2m+1.

 On the other hand, following the method used in [10, Proof of Theorem 1], we
 get

 / / ' ' 1 OO / / OO ' ' -y

 ¿ [S^/W-S^/W] <c £ -
 fc=m+ 2 £PS '/c=m+2 w /

 where 7 = min(s, 2). Since by Lemma 2

 IsJ&Or) - < c2ka ||52fc+i(a;) - S2*(*)||łp. < c2ka+1E2*(f)LPJ,
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 Approximation theorems in weighted Lorentz spaces 117

 we get

 oo /00 ' 7

 J2 [s2*+i/(a)-S2*/(a)] <c E 2 lka+1EĻ(f)LZf'
 /c=ra+2 'fc=m+2 /

 Therefore, we have

 00 /00 ' 7

 E [s2*+./(Q)-S2*/(a)] <c £ k^-lE2(f)LZ''
 k-m-'- 2 'fc==n+l /

 for 2 m < n < 2m+1. This completes the proof. □

 Proof of Theorem 3. We set

 1

 wn(f) -Wn(x,f) := - n H- 1 r^5„(x,/), z ' n = 0,l,2,... . n H- 1 z '
 v-n

 Since

 Wn(-J^) = Wļa';f),
 we have

 I I /(a)(0 -Tia)(-,/) I I < |/(a)(-) I - ^n(-,/(a))|Ls I Lé + I I JL/u; I I • Lé xv

 + W„ (/)) - TtH;f)''Lpj + ''w!?';f) - T^(;Wn (/))||^ =: /1+/2+/3.
 Let Tn(x , /) be the best approximating polynomial of degree at most n to / in
 Lgf (T). From the boundedness of Wn in L£f ( T) we have

 /l < ||/(a)(") -Tn(-,/(a))||^ + ||Tn(-,/(a>) -Wn(-J[a))''Lļf

 < cEn(fia))LU + ''wn(;Tn(f{a)) - f{a))''LPJ < cEMM)lV
 and by Lemma 2

 h<cna ''Tn(;Wn(f))-Tn(;f)'yws
 and

 /3 < c(2n)a''Wn(-J)-Tn(;Wn(f))''LPJ
 < c(2n)aEn(Wn(f))L*¿ ■

 Taking into account that

 lirn(-,wn(/))-r„(.,/)||Łp.

 < cEn(Wn(f))Lp° + cEn(f)Lp? + cEn(f)Lp°

 and

 En(Wn(f))Li, < cEn(f)LPf,
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 118 Y. E. Yildirir and D. M. Israfilov

 we get

 ''f{a}(-)-Tna)(-J)''LZ,
 < cEn{fM)Lç + cnaEn(Wn(f))LPj + cna En(f) Lpf + c(2n)a En(Wn(f)) iŁ-

 < cEn(f(a))L*J+™aEn(f)LV

 Since [1]

 (3.9) EM)LV < 7-^7yiEn(f{Q))LZ?, (n+1) (n+1)

 we conclude that

 ||/W(.)-T^)(.)||l1,s <cEn{f{a))L>J

 and the proof is completed. □

 Proof of Theorem 4. Let Tn e Iīn be the trigonometric polynomial of the best ap-
 proximation of / in L£f (T) metric. By Remark 1 (ii), Lemma 1 and (1.3) we get

 ^r(/, h)Lp « < Qr(Tn , h)LPf -f ilr(f - Tn, h)LPf

 < chT ||t« ''Lpa + cEn(f)LPi', 0 <h< ir/n.

 Using (3.9), Lemma 3 (ii) and the inequality

 n,{f,h)LV ^ ||/(I)IL- ' T), ¿=1,2,3,...,
 which can be showed using the judgements given in [12, Theorem 1], we have

 ~ < ~ (n+l)r-(rl V«+l/ II IIje-S* "

 On the other hand, by Theorem 3 we find

 ibIU s lhr)-'iŁ!,+ll'wIU
 < ^(/(r))^ + ||/(r)||^<c||/(r)||¿r.

 Choosing h with 7r/(n + 1) < h < n/n , (n = 1, 2, 3, ...) , we obtain

 <cfcr||/(r)||iŁ.

 and we are done. □
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