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Approximation theorems in weighted Lorentz spaces

YUNUS E. YILDIRIR and DANIYAL M. ISRAFILOV

ABSTRACT. In this paper we deal with the converse and simultaneous approximation problems
of functions possessing derivatives of positive orders by trigonometric polynomials in the weighted
Lorentz spaces with weights satisfying the so called Muckenhoupt’s A, condition.

1. INTRODUCTION AND MAIN RESULTS

Let T = [-m, 7] and w : T — [0, 0] be an almost everywhere positive, inte-
grable function. Let f} (t) be a decreasing rearrangement of f : T — [0, o] with
respect to the Borel measure

w(e) = /w(x)da:,

ie.,
@) =inf{r>0:w(xeT:|f(z)|>7)<t}.
Let1 < p,s < oo and let L2*(T) be a weighted Lorentz space, i.e., the set of all
measurable functions for which
1/s
K s ﬁdt
Al = | [r@rag) <o
T

where

1 t
1) = [ fa(wdu.
t[

If p = s, LE%(T) is the weighted Lebesgue space L2 (T) [5, p.20].
The weights w used in the paper are those which belong to the Muckenhoupt
class A,(T), i.e., they satisfy the condition

p—-1

1 1 1-p' , P
sup IIl/w(:E)d:c |I|/w (z)dz < 00, p = p—)
I I

where the supremum is taken with respect to all the intervals I with length < 27
and |I| denotes the length of 1.
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Approximation theorems in weighted Lorentz spaces 109

Let
tkx _ 20 s
(1.1) f(z) k}_wcke =3 + ,;zl(ak coskzx + by sin kx)

and
flz)~ Z(a,c sin kz — by cos kx)

k=1
be the Fourier and the conjugate Fourier series of f € L!(T), respectively.
In addition, we put

Sn(z, f) = k;ncke““ = -(12—0 + ;(ak coskz + b sinkz), n=1,2,...
By L}(T) we denote the class of L!(T) functions f for which the constant term
co in (1.1) equals zero. If o > 0, then a — th integral of f € L}(T) is defined as

Ia(z,f) =Y ck(ik) e,
keZ*
where (ik) ™% := |k|~ e(-1/2)miasignk and 7* .= {+1, +£2,43,...}.
Fora € (0,1) let
d
f(a)(z) = %Il—a(l‘y f)7
(r) dr+t
Fo40(@) = (F90)) " = T heal@ )

if the right hand sides exist, where r € Z* := {1, 2,3, ...} [15, p. 347].

By ¢, ¢(a, ...) we denote the constants, which can be different in different place,
such that they are absolute or depend only on the parameters given in their brack-
ets.

Letz,t € R := (—o0,0), r € R* := (0, 00) and let

(1.2) A7 f(z) =Y (-D*CRlf (e + (r = k)t), feLY(T),
k=0
rir—1).(r—k+1)

where [C]] =
for k = 0.
Since [15, p. 14]

o fork > 1,[C{]:=rfork=1and [C}] =1

l[C&)l = kez*

r(r—1)..(r—k+1 c(r
=tk )

we have
S IICR < oo,
k=0

and therefore AJ f(z) is defined a.e. on R. Furthermore, the series in (1.2) con-
verges absolutely a.e. and Aj f(x) is measurable [17].

If r € Z*, then the fractional difference A7 f(z) coincides with usual forward
difference.
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110 Y. E. Yildirir and D. M. Israfilov
Now let

é
oif(e) = 3 [ 163 1@)
0

for f € LP*(T), 1 < p,s < oo, w € A,(T). Since the series in (1.2) converges
absolutely a.e., we have o} f(z) < co a.e. and using boundedness of the Hardy-
Littlewood Maximal function [3, Th. 3] in L2*(T), w € A,(T), we get

1.3) oz f(z)llzs < cllfllpey < oo

Hence, if r € R* and w € A,(T), 1 < p,s < oo, we can define the r-th mean
modulus of smoothness of a function f € L2*(T) as

(1.4) Q(f,h) 1z = sup o5 £(@)ll e -
l61<h

Remark 1.1. Let f, fi, fo € L2(T), w € Ap(T), 1 < p,s < oco. The r-th mean
modulus of smoothness Q,.(f, h) e, 7 € R*, has the following properties:

() Qr(f, h)Lee is non-negative and non-decreasing function of A > 0.

@) Q- (f1 + f2,-)eer < Qe(f1,)ee + Qe (f2, ) oe-

(559) Iim @ (f,h) g = 0.

The best approximation of f € L2°(T) in the class II,, of trigonometric polyno-
mials of degree not exceeding n is defined by
’

En(f)Lﬁ,’ = inf {”f - Tn”Lﬁf T, € Hn} .

A polynomial T, (z, f) := Tn(z) of degree n is said to be a near best approximant
of fif
If = Tallpes < cEn(f)res, n=0,1,2,....

Let W2 _(T), a > 0, be the class of functions f € L2*(T) such that f(®) € Lrs(T).

ps,w
Wosw(T), 1 <p,s <oo,a> 0, becomes a Banach space with the norm

1w, emy = I gz + 15 as-
In this paper we deal with the converse and simultaneous approximation prob-
lems of functions possessing derivatives of positive orders by trigonometric poly-
nomials in the weighted Lorentz spaces L2*(T) with weights satisfying so called
Muckenhoupt’s A, condition.
Our new results are the following

Theorem 1.1. Let 1 < p < coand 1 < s < 20rp > 2and s > 2. Then for a given
f € LP5(T), w € Ap(T), and r € R* we have

1/~
(Z(k+l)r“’ 1E7(f)Lps> , n=0,12,..

with a positive constant c independent of n, where vy = min(s, 2).

Q(f,m/(n+ 1))Lﬂ, = (n+ l)r

In case of r € Z* this result was proved in [10]. In the space LP(T), 1 < p < oo,
using the usual modulus of smoothness, it was obtained in [17] without 4. In case
of r € Z% in the spaces L2 (T), w € A,(T), 1 < p < o0, this theorem was proved
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Approximation theorems in weighted Lorentz spaces m

in [12] without v. In case of » € Z*,Theorem 1 without « in term of Butzer-
Wehrens’s type modulus of smoothness in the spaces L? (T), w € A,(T),1 <p <
00, and in the weighted Orlicz spaces was obtained in [6] and [8], respectively.
Note that the above defined modulus of smoothness is more general than Butzer-
Wehrens's type modulus of smoothness and in special case, when r € Z* is even,
it coincides with Butzer-Wehrens’s type modulus of smoothness. .

Theorem 1.2. Let 1 <p<ooandl <s<2o0rp>2ands>2. Letwe Ay(T)and
f € L?(T). Assume that

[e o]

D KTEL(f)Ler < o0

k=1
for some € (0, 00) and v = min(s, 2). Then f € Wy, ,(T) and forn = 0,1,2, ... the
estimate

oo 1/')‘
(15)  Eu(f®)pee Sc{"aEnU)Las* ( > k""lEZ(fm’) }

=n+1
holds with a constant c independent of n and f.

In case of @ € Z* this result was obtained in [10]. In the space LP(T), 1 < p <
o0, this inequality for a € Z+ was proved without v in [16]. In case of & € Z*, in
L? (T), w € Ap(T), 1 < p < o0, an inequality of type (1.5) was proved in [9].

Corollary 1.1. Letl1 <p<ooand1 <s<2o0orp>2ands> 2. Let w e A,(T)and
fe L (). If

> kY E)(f) e < 00
k=1
for @ € (0,00) and v = min(s, 2), then f € W, ,, and

Q) m/(n+ 1))z

—T ik‘“*“"lE" ) 1M+ f: kYL EY(f) "
(n+1)" CLg—\J)LE . % (f)Les

k=1 =n+1
with a constant c independent of n = 1,2, ... and f.

In cases of a, 7 € Z* and «, r € R™, this corollary in the spaces LP(T),1 < p <
00, was proved without v in [19] (See also [16]) and in [18], respectively. In the
weighted Lebesgue spaces L% (T), 1 < p < oo, when w € A,(T),and o, 7 € Z7,
similar type estimation was obtained for the Butzer-Wehrens’s type modulus of
smoothness of f(®) in [9].

The simultaneous approximation theorem in the weighted Lorentz space L%’ (T)
can be formulated as following.

Theorem 1.3. Let f € W ,(T), @ € Rf :=[0,00],1 < p, s < 00, and w € A,(T).
IfT,. € II,, is a near best approximant of f, then
”f(“) =T, < cBalf g, n=0,1,2,....

with a constant ¢ > 0 independent of n and f.
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112 Y. E. Yildirir and D. M. Israfilov

In case of & € Z*, this theorem in the Lebesgue spaces LP(T), 1 < p < oo, was
proved in [4].

We prove also the following inequality of Jackson type in the weighted Lorentz
space LP*(T).

Theorem 14. If f € W) (T), 7 € R*, 1 < p,s < o0, and w € A,(T), then

Q- (f, h) e < ch™ || £

pe? O<h<m
LEs

with a constant c independent of h and f.

This Theorem in case of r € R* in the Lebesgue spaces L?(T), 1 < p < oo, was
obtained in [2] (See also [17]), and in case of r € Z™, in the weighted Lebesgue
spaces LE (T) withw € A,(T) and 1 < p < oo, was proved in [12].

2. AUXILIARY RESULTS

Lemma 2.1. Let w € A,(T)andr e R*, 1 < p,s < o00. If T}, € II,,n > 1, then there
exists a constant ¢ > 0 depending only on r, p and s such that

Qr(Tna h)Lﬂ” <ch”

")
|,

, 0O<h<7/n.

Proof. Since

r [7‘] — LS t " ive
AtTn<m 2t -—Z 2zsm2l/ c,evr,

vez:
AE']T(’_H) (.’E - lll_t> = Z <2i sin El/) i (iu)r—[r] e eiv®
" 2 vezy, 2
with Z} := {+1,+£2,£3, ...}, [r] = integer part of r, putting

t [r] 2 t r=[r]
p(z) = (21' sin Ez) (iz)r_[r] , 9(2) = (; sin 52) ,—n < z < n,g(0) =t

we get
[r] (r—[r [1]_ _ T T [T] - iwvx
AT (x -3 t) = Z e(v)e, e, AT T, (x - 7t = Z e(v)gv)e, s,
VvEZLY, vezZy,
Taking into account the fact that [17]
g(Z) — Z dkeik‘lrz/n
k=—o00

uniformly in [-n,n], with dy > 0, (=1)**'dy > 0,d_x = dx (k=1,2,...), we
have

- " k -
NT()= Y diITe=tD (.+77r+ r 2[r]t).

k=—o00
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Approximation theorems in weighted Lorentz spaces 113

Consequently we get

1 17 & k 7]
- T (. = = (Mptr=tel) (L 57 L T 1T]
é/lAtTn()ldt = 5/ > dnTS ll>(+n+ 5 t) dt
0 Les o lk=—00 Les
> 1 k [r]
(rlp(r=1rD) Tzl
< — B P
< D ldk 5/‘AtTn (+n+ 5 t)‘dt
k=—oc0 0 ps
and since [20, p. 103]
t t
A,[:T]Tflr_[rl)(') = /.../T,(lr)(' +t + ...t[r])dtl‘..dt[,.]
0 0

we find

Qr (T, h)pee < sup D di]
18|<h

J
L N e A el
6/lA‘T" +n+ 2tdt
0

="k=—00

Ly
o 1 6 |t t & [ ]
=sup ) |dl 3/ /.../T,(f) ( + % + ¥t+ ty + ...t[,]) dt, ...t} | dt
1BIShk=—co olo o LE?
< hldsup |dk|
|5|$hk=z_oo
) ) ) 5 6 L ]
" T r—|r
a/m// T (-+7+ Sttt +...t[,]>‘ dty...dtdt
0 0o o Ly
< hllsup |dk|
|6|£h,c=z_:°°

]
TT(LT) ( + I%r + = [r]t +t + ...t[r]>

2
é
5
4
0

dt} dtl...dt[,.]

(") ('+ L T_—[r]t)‘dt
n 2

S
LY

oo
< chl su d
< lélsphk;wl k|

L
- g km g rolrls
1
<chsup 3 ldil / T (u)]
wls'wk;w s J
.+1_:|' Lﬁ,s

On the other hand [17]

o0

> ldkl <29(0) =2t 0<t<m/n

k=—o00
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114 Y. E. Yildirir and D. M. Israfilov
and for0 <t < < h < w/n we have

> ldel < 2g(0) = 2h771,
k=—0c0
Therefore the boundedness of Hardy-Littlewood maximal function in LE(T) im-
plies that

Q- (T, h)pps < ch™ | TV

Ly
By similar way for 0 < —h < 7/n, the same inequality also holds and the proof
of Lemma 1 is completed. : a

Lemma 2.2. Let w € Ap(T), 1 <p,s < o0.IfT,, € II, and o > 0, then there exists a
constant ¢ > 0 depending only on «, p and ssuch that

[

S Cna ”Tn”Lﬁf .

Lz
Proof. Since w € Ap(T), 1 < p,s < oo, we have [21, Chap. VI]
1Sn(llzze < cllfllzes
1, < etz
Now, following the method given in [13] we obtain the request result. O

Definition 2.1. For f € L?*(T),1 < p,s < 00,0 > 0andr = 1,2,3, ..., the Peetre
K-functional is defined as
Lﬁf} ’

Ve — ps
(26) K (57 f: Lw (T) ps, w(T)) Eu/l,fr:fw(T) {”f g“LZn +6 ’ 9
Lemma23. Let w € A,(T),1 <p,s<oo.If fe LP(T)and r =1,2,3, ..., then
(2) the K-functional (2.6) and the modulus (1.4) are equivalent and
(11) there exists a constant ¢ > 0 depending only on r, p and s such that

En(f)rer < Q0 (f,1/n) e

Proof (i) can be proved by the similar way to that of Theorem 1 in [12] and later
(i%) is proved by standard way (see for example, [12], [8]). 0O

(r)

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1. Let S,, be the n — th partial sum of the Fourier series of f €
Lz (T), w € Ap(T) and letm € Z*. By Remark 1 (ii), (1.3) and [10, prop.3.4]

Q(fim/(n+ D)z £ Q(f = Somym/(n+ 1)) 1oz + @ (Sgm, 7/ (n+ 1)) L3
< cEpn () + Qr(Som, 7/ (n+ 1)) o
and by Lemma 1,

T N\ || alr
Q. (Som,m/(n+1))ppes < ¢ (n+ 1) \Sé,,?

, n+1>2m

Lz

Since

m-—1
$R@ =50 @ + Y {8 @) - P @)},

v=0

This content downloaded from 193.255.189.6 on Mon, 02 Sep 2019 10:28:09 UTC
All use subject to https://about.jstor.org/terms



Approximation theorems in weighted Lorentz spaces 115
we have
QT(S2'" ) 71-/('n’ + 1))Lf,_,"

(37) < c(nil)’{”s&) Lﬂs+‘1§[5§5’+1— @] L}

v=0
Following the method used in [10, Proof of Theorem 1] , we obtain

m—1

> [58(a) - ()]
v=0
m—1
< e (Z [EAROREME
v=0
By Lemma 2, we get

5521 () - 58 (a)

S
LY

1
1

o

LPS) , = min(s,2).

S CQVT ”SQu+1 (CE) — S2u (.r) ”L..';,’ S C(p, ,,,_)2!/1'-!-1 E2u (f)L.ﬁ,’

s
LY

e S cEo(f)pes.

st” i

Then from (3.7) we have

T m—1 717‘
Qr(Szm,W/(n"'l))Ln’Sc(nil) {Eo(f)L.r:+(22("+1)”E5'u(f)m> }

v=0

s

8
LY

It is easily seen that
ov
(3.8) 2(”+1)”"E;’.,(f)1,5- <ec Z #'yr—lEZ(f)prs, v=123, ..
p=2v"141
Therefore,

O (Spm, /(0 + 1))

r m-—1 2Y %
s ¢ (L1> Eo(fe +2Bi(Nug+e| D > w B
n-+ v=0p=2v-141
r 2™ fl;
< ¢ (n: 1) {Eo(f)Lﬁ,’ + (;u""lEZ(f)L&S> }
x r /2™-1 %

If we choose 2™ < n 4+ 1 < 2™+1 then

2=

Q. (Sgm,m/(n+1)) s < (n—:l—)r (Z(V + I)W—IEZ(f)LEf)

v=0
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116 Y. E. Yildirir and D. M. Israfilov

Taking also the relation

1

Eom(f)ps < Egm-1(f)pes < SHE +1 (Z(u+l)7r lE'r(f)Lps>

v=0
into account we obtain the required inequality of Theorem 1. O

Proof of Theorem 2. 1f T,, is the best approximating polynomial of f, thenby Lemma
Jrich ~i2] ., < o

and hence by this inequality, (3.8) and hypothesis of Theorem 2 we have

Zl |Tmss = Tom e () = Z_ [ Toms+r — Tom | ps
+ Z “TZ(S-)H - TZ(g‘) Lpe < 022(m+1)aE2'" (f)Lﬂs
m=1 w m=1

< CZ z T E; (f) e < CZ]" YE ()i < oo

m=1 j=2m- l"l-l j=2
Therefore
o0
Z_l ||T2m+l —Tom ||Wpas,w(T) < 00,
which implies that {T5~} is a Cauchy sequence in
the Banach space L2*(T), we have f € W,

Wi »(T). Since Tom — f in
(T). It is clear that

psw

Ea(§@) gy < [|£) - $,7(®

S
LY

< ”Szmnf(a) - Lps + Z I:Szk+lf(a) - Szkf(a)]
w k=m+2 L‘,:,s
By Lemma 2
|Semea £ = S0 @ < @B (£) g
< cln+ V)*Eu(f)z

for 2™ < n < 2mt1,
On the other hand, following the method used in [10, Proof of Theorem 1], we
get

.L
3 [sw, £ _ 5y f<°')] (Z Hséi"ll(x) S3(z) L,,,,) :
k=m+2 Lgs k=m+2

where v = min(s, 2). Since by Lemma 2

|58 @) - < 2 ||Syi (&) — Spx (@)l s < 2 Egi(f)
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Approximation theorems in weighted Lorentz spaces 117

we get

i [S2k+1f(a) _ Sgkf(a)]

=m+2

- 1

:
<c ( Z 27k“+1Egk(f)Lﬂ”>
LK;’ k=m+42

Therefore, we have

i [SW. £ — Sy f(“)]

k=m+2

1
5c< 3 k"’"lEZ(f)Lﬁ)
Lz

k=n+1

for 2™ < n < 2™*1. This completes the proof. a

Proof of Theorem 3. We set

2n

Wa(f) := Wa(z, f) = %HZsy(z,f), n=0,1,2,....

Since
Wn(') f(a)) = Wéa)(ﬁ f)y
we have
(e)(.) _ e, () — W (. f)

|20 =126 0|, < [F90 =Wl 5O, +

+ [T W (1) = TOC )|+ [ WA D = T W ()], = Dot Dot s,

Let Ty (z, f) be the best approximating polynomial of degree at most n to f in
LP#(T). From the boundedness of W, in L?’(T) we have

L2 £ = Tal, fO)| L+ |Tal 7 = Wl )

Lz

s
LY

< B (F )i + [Wal Tulr®) = F)| < B

o

and by Lemma 2
I2 < cn® "Tn(a Wn (f)) - Tn('a f)”L{,’,’
and
Is c(2n)* Wl f) = Tn(, Wa (F ) 2s

<
< c2n)*En(Wa(f)) e -
Taking into account that

ITn(, Wa (£)) = Ta (s )l o

ITa (s Wa (£)) = Wals Allges + IWa (5 f) = F(Ollzs + 1FC) = Tl Ol gz
CEn(Wn(f))Lﬂ,’ + CEn(f)Lﬁ’ + CEn(f)L{’,,’

INIA

[N

an
En(VVn(f))Lzs < CEn(f)L{’;,’»
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118 Y. E. Yildirir and D. M. Israfilov

we get

|7() = T, £)

s
Ly

< cEa(f) s + en®En(Wa(f)) 1os + cn®En(f) 1es + c(20)* En(Wa(f)) L2s
< CEn(f)Las + en®En(f) Lz

Since [1]

(3.9) En(f)irr < ——=Ea(f) e,

v = (n+1)°
we conclude that
|70 =120, < eBatr ) e
and the proof is completed. O

Proof of Theorem 4. Let T, € II, be the trigonometric polynomial of the best ap-
proximation of f in L2*(T) metric. By Remark 1 (i¢), Lemma 1 and (1.3) we get

Qr(fa h)Lﬁ"’ < Qr(Tn’ h)Lﬂ,’ + Qr(f ~ T, h)L,’;,s

< ch || T

- +cEn(f)rer, 0<h<7/n.
Using (3.9), Lemma 3 (i4) and the inequality

Qu(f, h)ppr < cht Hf(”‘ (T), 1=1,2,3,...,

l
’ fe Wps,w

Lz
which can be showed using the judgements given in [12, Theorem 1], we have

c

27
E.(f)rs < E (fO-Dy < — € ( (r=rD) )
(Peg < Ty En (T < my1y 0 f nr1)

(n+1)"

(]
C 2w ”f(r)
(n+1)"" M \n+1

On the other hand, by Theorem 3 we find

.-
LY

”T*(‘r) £

IN

“Tr(zr) —f™

|

f(r)

8 8 S
Ly LY LY

SCI

f(r)

IA

CE‘n(f(r))Lﬂs +

ps ps
Ly L3,

Choosing h withm/(n+ 1) < h < 7w/n, (n=1,2,3,...), we obtain

Qr(f, h’)L{'f S ch” f(r)

s
L

and we are done. O
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