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ABSTRACT

Under investigation were the submanifolds of a Riemannian manifold with a semi-
symmetric non-metric connection. We have proved that the induced connection is also a
semi-symmetric non-metric connection. The totaly geodesicness and the minimality of a
submanifold of a Riemannian manifold with a semi-symmetric non-metric connection
were also considered. We have obtained the Gauss, Codazzi and Ricci equations with
respect to a semi-symmetric, non-metric connection. The relation between the sectional
curvatures of the Levi-Civita connection and the semi-symmetric non-metric connection
is also obtained.
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INTRODUCTION

Hayden (1932) introduced the notion of a semi-symmetric metric connection on
a Riemannian manifold. Yano (1970) studied some properties of a Riemannian
manifold endowed with a semi-symmetric metric connection. Imai (1972, &
1972;) found some properties of a Riemannian manifold and a hypersurface of
a Riemannian manifold with a semi-symmetric metric connection. Nakao (1976)
studied submanifolds of a Riemannian manifold with a semi-symmetric metric
connection. Agashe and Chafle (1992 & 1994) introduced the notion of a semi-
symmetric non-metric connection and studied some of its properties and
submanifolds of a Riemannian manifold with semi-symmetric non-metric
connections. Sengupta, De & Binh (2000) defined a new type of semi-symmetric
non-metric connection.

In the present paper, we have studied submanifolds of a Riemannian
manifold with a semi-symmetric non-metric connection as defined in Sengupta,
De & Binh (2000). The paper is organized as follows: in Section 2, we have given
some properties of the semi-symmetric non-metric connection; in Section 3,
some necessary information about a submanifold of a Riemannian manifold
with the semi-symmetric non-metric connection has been given and we have
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proved that the induced connection is also a semi-symmetric non-metric
connection. We have also considered the totaly geodesicness and the minimality
of a submanifold of a Riemannian manifold with the semi-symmetric non-
metric connection. In Section 4, we have obtained the Gauss, Codazzi and Ricci
equations with respect to the semi-symmetric non-metric connection. The
relation between the sectional curvatures of the Levi-Civita connection and the
semi-symmetric non-metric connection has been also found.

PRELIMINARIES

Let M be an (n+ d)—dimensional Riemannian manifold with a Riemannian
metric g and let V be the Levi-Civita connection on M. Sengupta, De & Binh
(2000) defined a linear connection on M by

ViV =7+ w(7)X - g(X, )T+ ¢(X, NE, (1)

where U is a vector field associated with the 1-form w defined by

w(X) = g(X, 0) (2)

and E is a vector field associated with the 1-form 7 by

n(X) = g(X. E). (3)
Using (1), the torsion tensor T of M with respect to the connection V is given by

T(X, ¥) = V¥ - Vik — [X, 7] = (D)X - w(DT. 4)

A linear connection V satisfying (4) is called a semi-symmetric connection. If Vg # 0

then V is called a non-metric connection. Using (1), we have

* ~ ~ ~

(V)(7.2) = ~0(V)g(X. 2) - n(D)g(. V) (5)

*

Hence the connection V is not a metric connection. Because of this reason,
this connection is called a semi-symmetric non-metric connection (for more
details see Sengupta, De & Binh, 2000).

*

We denote by R the curvature tensor of M with respect to the semi-symmetric

*
non-metric connection V. So we have
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where

is the curvature tensor of the manifold with respect to the Levi-Civita
connection V and s is a (0, 2)—tensor field defined by

(X, ¥)7Z = (@j{w) ¥ — w(X)w(Y) (7)
and

MX,Y) = 6XY+ w(Y)X — g(X,Y)U + g(X, Y)E, (8)

(see Senguptg, De & Binh, 2000). The Riemannian Christoffel tensors of the
connections V and Vare defined by

(%, 7. 2.) = o(R(X. )2, W)

X

and

i

R(Xv 7Z> W) :g(R(X/v ?)Z? W))

respectively.

SUBMANIFOLDS

Let M be an n—dimensional submanifold of an (n—l—d)—dimensiongl
Riemannian manifold M with the semi-symmetric non-metric connection V.
Decomposing the vector fields Uand E on M uniquely into their tangent and
normal components U7, U* and ET, E* respectively, we have

U=U"+U", 9)

E=E"+ E* (10)
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The Gauss formula for a submanifold M of a Riemannian manifold M with
respect to the Riemannian connection V is given by

where X, Yare vector fields tangent to M and his the second fundamental form
of M in M. If h = 0,then M is called totally geodesic. H = Yiraceh is called the
mean curvature vector of the submanifold. If H = 0 then M is called minimal.
For the second fundamental form /4, the covariant derivative of /4 is defined by

(@Xh)(y, Z) = VWY, Z)) — h(VxY, Z) — h(Y,VxZ)

for any vector fields X, Y, Z tangent to M. Then V4 is a normal bundle valued
tensor field of type (0,3)and is called the third fundamental form of M.V is
called the van der Waerden-Bortolotti connection of M.i. e., Vis the connection
in TM @ T* M built with V and V+ Chen (1973).

*
Let ¥V be the induced connection from the semisymmetric non-metric
connection. We define

VrY = VY +h(X, Y). (12)

Equation (12) is the Gauss equation with respect to the semi-symmetric non-

metric connection V. Hence using (1), (11) and (12) we have

VY +h(X, ) = Ve ¥ +h(X, Y) + w(¥)X

13
—g(X, NU" —g(X, Y)U+ + g(X, Y)E" + g(X, Y)E*. )
So comparing the tangential and normal parts of equation (13), we obtain
VxY = Vi¥ + (VX - g(X, V)U + g(X, Y)E (14)
and
WX, Y) = h(X,Y) — g(X, V)U* + g(X, Y)E*. (15)

If ;z = 0then M is called totally geodesic with respect to the semi-symmetric
non-metric connection (see Agashe & Chafle, 1994).
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From equation (12), we have

T(X,Y) =V xY - VyX—[X,Y] = w(Y)X — w(X)Y, (16)

* *
where T is the torsion tensor of Mwith respect to Vand X, Y are vector fields
tangent to M. Moreover using equation (14), we have

(Vxe)(¥.2) =Vxg(¥.2) = g(VxY,2) ~ g(Y,V x2)
(17)

= —n(Y)g(X,Z) —n(Z)g(X, Y),
for all vector fields X, Y, Z tangent to M.In view of equations (1), (14), (16) and

(17), we can state the following theorem:

*

Theorem 1. The induced connection ¥V on a submanifold of a Riemannian
manifold admitting the semi-symmetric non-metric connection in the sense of
Sengupta, De & Binh (2000) is also a semi-symmetric non-metric connection.

Let {E|, E>, ..., E,}be an orthongrmal basis of the tangent space of M.We
define the mean curvature vector H of M with respect to the semi-symmetric
non-metric connection YV by

;I(Eh E;),

(see Agashe & Chafle, 1994). So from equation (15) we find
H=H-U"+E"
If ;1 =0 then M is called minimal with respect to the semi-symmetric metric
connection (see Agashe & Chafle, 1994).
So we have the following result:
Theorem 2. Let M be an n—dimensional submanifold of an (n + d)—dimensional

- x
Riemannian manifold M with the semi-symmetric non-metric connection V in the
sense of Sengupta, De & Binh (2000). Then

1) M is totally geodesic with respect to the Levi-Civita connection and with

respect to the semi-symmetric non-metric connection if and only if the
vector fields U and E are tangent to M or U+ = E*.
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ii) The mean curvature normal of M and that of M with respect to the semi-
symmetric non-metric connection coincide if and only if the vector fields U
and E are tangent to M or U- = E*. Hence M is minimal with respect to
the Levi-Civita connection and with respect to the semi-symmetric non-
metric connection if and only if the vector fields U and E are tangent to M
or Ut = E*.

Let £ be a normal vector field on M. From (1), we have
VxE = ¥ £+ w(©X. (18)
It is well-known that
@Xé = —AX + V¢, (19)
which is the Weingarten formula for a submanifold of a Riemannian manifold,

where A is the shape operator of M in the direction of £. So from (19), equation
(18) can be written as

Vr€ = —AX + VEE +w(©)X. (20)

Now we define a (1, 1)—tensor field 4on M by

*

A, = (A = ()1 (21)

Then equation (20) turns into
ViE=— A X+ Vit (22)

Equation (22) is the Weingarten’s formula with respect to the semi-symmetric

LI . S
non-metric connection V. Since A¢ is symmetric, it 1s easy to see that
* *
g(aex,v) =¢(x.4cY)
and

g([:lg,;lv})(, Y) = g([4e, 4,] X, V), (23)
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* *

where [Ag,AU} =A,A,—AyA, and [A¢, A, = A¢A, — A, A¢ and & v are
unit normal vector fields on M.
So we can state the following theorem:

Theorem 3. Let M be an n—dimensional submanifold of an (n 4+ d)—dimensional

Riemannian manifold A with the semi-symmetric non-metric connection % in the
sense of Sengupta, De & Binh (2000). Then the shape operators with respect to the
semi-symmetric non-metric connection are simultaneously diagonalizable if and
only if the shape operators with respect to the Levi-Civita connection are
simultaneously diagonalizable.

By a similar proof of Theorem 3.3 in Agashe & Chafle (1994), we have the
following theorem:

Theorem 4. Principal directions of the unit normal vector field £ with respect
to the Levi-Civita connection and the semi-symmetric non-metric connection in
the sense of Sengupta, De & Binh (2000) coincide, and the principal curvatures
are equal if and only if ¢ is orthogonal to U~.

GAUSS, CODAZZI AND RICCI EQUATIONS WITH RESPECT
TO SEMI-SYMMETRIC NON-METRIC CONNECTION

We denote the curvature tensor of a submanifold M of a Riemannian*manifold
M with respect to the induced semi-symmetric non-metric connection V and the
induced Riemannian connection V by

I*Q(X, Y)Z:%X%YZ_%Y%XZ_%[X,Y]Z (24)
and
R(X,V)Z = VVyZ — VyVyZ — ViynZ,

respectively, where X, Y, Z are tangent vector fields on M.

From equations (12) and (20) we get

X

SV Z =V yZ+ X,V yZ) — A
VxVy VxVyZ+hX,VyZ) Hr2) (25)

*

+Vy h(Y,Z) + w(*(Y,2))X,
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SV Z =V yVZ+ Y.V yZ) — A Y
VyWiZ =VyVZAWY.VxZ) -4, (26)

TV (X, Z) + w(*(X, 2)Y

and

*

VixnZ =V xnZ+ (X, Y], 2). (27)
Hence in view of (24), from (25)-(27), we have

RX,NZ =RX,V)Z+h(X.VZ) = (Y, V5Z) = (X, V], 2)
4. . L _vl; 28
Ay XA Y Vi h(Y,Z) — Vv h(X,Z) (28)
+w(Z(Y, Z))X - w(}}(X, Z)) Y.
Since, g(A4:X, Y) = g(h(X, Y),§), using (15) we find

*

R(X,Y.Z, W) =R(X.Y,Z,W)—g(h(Y.Z),h(X, W) + g(h(X, Z), h(Y, W))

+g(Y, Z)[w(h(X, W)) = n(h(X, W))]
+8(X, Z)In(h(Y, W) = w(h(Y, W))] 29)
+w(h(Y, 2))g(X, W) — w(h(X, Z))g(Y, W)
+w(E)[g(Y, Z2)g(X, W) — g(X, Z)g(Y, W)]
+w(UH)[g(X, Z)g(Y, W) — g(Y, Z)g(X, W)],
where W is a tangent vector field on M.

From (28), the normal component of R(X, Y)Z is given by

}}(X,%Yz) —Z(Y,%Xz) — (X, Y], Z) + Vi (Y, Z) — VE (X, Z)
- (%X}})(Y,Z) _ (%ﬂi) (X,2) (30)

*
* ~

F(Y) h(X, Z) — w(X) h(Y, Z) = (R(X, Y)Z> ,
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where
(%XZ)(Y,Z) = VEh(Y,2) = h(V 5. Z) = (Y. V xZ),

% is the connection in TM & T built with % and V. It can be called the van der
Waerden-Bortolotti connection with respect to the semi-symmetric non-metric
connection. Equation (30) is the equation of Codazzi with respect to the semi-
symmetric non-metric connection.

From equations (22) and (12), we get

ViVyé =~ %(AE Y) - Z(X, Ag Y) — Ay X+VEVIE (1)
Y

VyVyé = —6Y<A§X> —Z<Y7A§X> —;IVL&YJF Vivi/f (32)
X

and

So using (31)-(33), we have
R(X,Y.&v) = R*(X, Y.£,v) —g(Z(X,/i} Y),v> +g</§<Y,/LX>7v>,

where &, v are unit normal vector fields on M. Hence in view of (15) and (21) the
last equation turns into

;é(X) Y,f,U) = RL(Xa Y,f,U) —g(/’l(X,A§Y),U) +g(h(YaA£X)7U)7

which is equivalent to

E(Xa Ya&”) = RL(Xa Yaéav) +g((A1*A£ - AfAv)Xa Y) (34)

=RY(X,Y,&v) + g([Av, 4] X, Y).

Equation (34) is the equation of Ricci with respect to the semi-symmetric
non-metric connection.
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Now assume that M is a space of constant curvature ¢ with the semi-
symmetric non-metric connection V. Then

*

RX,Y)Z =c(g(Y,2)X ~g(X,2)Y) — s(Y,2)X +5(X,Z)Y
+g(Y, Z)(MX,E) — A\(X, U)) (35)

—g(X,Z)(\(Y,E) — A\(Y, D).
Hence

<;§(X, Y)z)l =g(Y,2) (A(X, E)L - A4, (7)1_)

—¢(X,2) (A(Y, EYY — (Y, U)L),

which gives us

(I*{(X, Y)Z) =g(Y,Z){h(X,ET) + V3E+ — h(X,UT) — V3 U*
+w(X) —n(X))(U+ — EY)}
—g(X, 2){h(Y,E") + V3E+ — h(Y,UT) — V3 U*

Hw(Y) = n(V)(U* = E4)}.

So the Ricci equation becomes

(Vxh) (7.2) = (Vi) (X, 2) + () h(X. Z) = w(X) (Y. 2)
=g(Y, Z){h(X,E") + VY E* — h(X,U") — V3 U*
+Hw(X) = n(X)(U+ — E4)}
—g(X, Z){h(Y,E") + V3E+ — h(Y,U") - V3 U+
+Hw(Y) = n(N)(U+ — E4)}.
Since M is a space of constant curV%ture ¢ with the semi-symmetric non-

metric connection, from (35), we have R(X, Y, ¢, v) = 0. Therefore using (34)

and (23) we obtain

RYX, Y6 0) = g([de 4], Y) =g([ 40 x. 7).
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Hence using (23), we can state the following theorem:

Theorem 5. Let M be an n—dimensional submanifold of an (n + d)—dimensional
space of constant curvature M(c) with the semi-symmetric non-metric connection %
in the sense of Sengupta, De & Binh (2000). Then the normal connection V+ is flat if
and only if all second fundamental tensors with respect to the semi-symmetric non-

metric connection and the Levi-Civita connection are simultaneously diagonalizable.

Now assume that X and Y are orthogonal unit tangent vector fields on M.
Then in view of (29) we can write

*
~ *

R(X,Y,Y,X) = R(X,Y,Y,X)—g(h(Y, Y),h(X, X))
+&(h(X, Y), h(Y, X)) + [w(h(X, X)) — n(h(X, X))]

+w(h(Y,Y)) + w(EY) — w(UL).

So we get

*

K(r) = K(n) — g(h(Y, Y), h(X, X))
+g(h(X, Y),h(Y, X)) + [w(h(X, X)) = n(h(X, X))] (36)

+w(h(Y,Y)) + w(EY) — w(UL).

Let M be an n—dimensional submanifold of an (n+ d)—dimensional
Riemannian manifold A/ with the semi-symmetric non-metric connection %in
the sense of Sengupta, De & Binh (2000) and 7 be a subspace of the tangent
space spanned by the orthonormal base {X, Y}. Denote by It((w) and [*((77) the
sectional curvatures of M and M at a point p € M, respectively with respect to
the semi-symmetric non-metric connection % in the sense of Sengupta, De &
Binh (2000). Let ~ be a geodesic in M which lies in M cand T be a unit tangent
vector field of v in M. Then from (15) we have

h(T,T) =0,

WT,T) = —U* + E-. (37)
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Let 7 be the subspace of the tangent space spanned by X, T and U and E be
vector fields tangent to M. Then from (37), we have (7T, T) = 0. Hence using
(36), we obtain

*
~ *

K(m) = K(m) + g(h(X, T),h(X, T)).

Let X be a unit tangent vector field on M which is parallel along + in
M.SoV X = 0.

Hence we have the following theorem:

Theorem 6. Let M be an n—dimensional submanifold of an (n 4+ d)—dimensional
Riemannian manifold M with the semi-symmetric non-metric connection % in the
sense of Sengupta, De & Binh (2000), and ~ be a geodesic in M which lies in M
and T be a unit tangent vector field of v in M, 7 be the subspace of the tangent
space spanned by X, T. If the vector fields U and Eare tangent to M, then

*

i)  K(m) > I*((w) along ~.
il) If Xis a unit tangent vector field on M which is parallel along v in M, then
the equality case of (i) holds if and only if Xis parallel along  in M.
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