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Abstract. We define a semi-symmetric non-metric connection in an almost r-
paracontact Riemannian manifold and consider invariant, non-invariant and
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ian manifold endowed with a semi-symmetric non-metric connection.
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1. Introduction

In [1], T. Adati studied hypersurfaces of an almost paracontact manifold. In [5],
A. Bucki considered hypersurfaces of an almost r-paracontact Riemannian man-
ifold. Some properties of invariant hypersurfaces of an almost r-paracontact Rie-
mannian manifold were investigated in [6] by A. Bucki and A. Miernowski. More-
over, in [9], I. Mihai and K. Matsumoto studied submanifolds of an almost r-
paracontact Riemannian manifold of P-Sasakian type.

Let V be a linear connection in an n-dimensional differentiable manifold M.
The torsion tensor 7" and the curvature tensor R of V are given by

T(X,)Y)=VxY — VyX — [X,|Y],
R(X,Y)Z = VvaZ — VyVXZ — V[X7y}Z7
respectively. The connection V is symmetric if its torsion tensor 7" vanishes, oth-
erwise it is non-symmetric. The connection V is a metric connection if there is a
Riemannian metric g in M such that Vg = 0, otherwise it is non-metric. It is well

known that a linear connection is symmetric and metric if and only if it is the
Levi-Civita connection of some metric g.
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In [7,10], A. Friedmann and J. A. Schouten introduced the idea of a semi-
symmetric linear connection on a differentiable manifold. A linear connection is
said to be a semi-symmetric connection if its torsion tensor 7' is of the form

TX,Y)=u(Y)X — u(X)Y, (1.1)

where u is a 1-form. In [13], K. Yano considered a semi-symmetric metric connec-
tion and studied some of its properties. In [2,3,8,11] and [12], different types of
semi-symmetric non-metric connections were studied.

In this paper, we study a semi-symmetric non-metric connection in an al-
most r-paracontact Riemannian manifold. We consider invariant, non-invariant
and anti-invariant hypersurfaces, respectively, of almost r-paracontact Riemann-
ian manifold endowed with a semi-symmetric non-metric connection.

The paper is organized as follows: In Section 2, we give a brief introduc-
tion about an almost r-paracontact Riemannian manifold. In Section 3, we show
that the induced connection on a hypersurface of an almost r-paracontact Rie-
mannian manifold with semi-symmetric non-metric connection with respect to the
unit normal is also a semi-symmetric non-metric connection. We find the char-
acteristic properties of invariant, non-invariant and anti-invariant hypersurfaces,
respectively, of almost r-paracontact Riemannian manifold endowed with a semi-
symmetric non-metric connection.

2. Preliminaries

Let M be an n-dimensional Riemannian manifold with a positive definite metric
g. If there exist a tensor field ¢ of type (1,1), r vector fields &1,&a,...,&. (n > 1),
and r one-forms n',n2,...,n" such that

n*(€s) =65, a,Be(r):={1,2,3,...,7}, (2.1)

<)02(X) =X - UQ(X)@ ) (22)

na(X):g(Xaga)’ (NS (T)v (23)

n“op=0, «ac/(r), (2.4)

9(pX,0Y) = g(X,Y) = > n*(X)m*(Y), (2.5)

where X and Y are vector fields on M, then the structure ) := (0,0, 1%, 9)ac(r)

is said to be an almost r-paracontact structure and M is an almost r-paracontact
Riemannian manifold [1]. From (2.1)—(2.5), we have

410(504):07 aE(T),
VX, Y)Y g(pX,Y) = g(X,0Y).
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For a Riemannian connection V on M, the tensor N is given by
N(X,Y):= (wacp) X - <VX<p) Y — <V¢Xgp> Y
+ <Vy<P> X +n*(X)Vy&a —n*(Y)Vx&a.

An almost r-paracontact Riemannian manifold M with structure Y. =
(©,60:1%, 9)ac(r) is said to be of paracontact type [4] if

20(X,Y) = (%gﬂf‘) Y + (%yﬁa> X, forall ae(r). (2.6)
If all n™ are closed then (2.6) reduces to
U(X,Y) = <%Xna) Y, forall ac(r), (2.7)

and M satisfying this condition is called an almost r-paracontact Riemannian
manifold of s-paracontact type [4]. An almost r-paracontact Riemann manifold M
with a structure ) = (¢, 80,1, 9)ac(r) is said to be P-Sasakian if (2.7) and

(F20) (x.¥) == T x) |9(v.2) - Lol (2
a B

=Y 0" (Y) |9(X,2) =Y 0’ (Y’ (2) (2.8)
o B

yield for all vector fields X, Y and Z on M [4]. (2.7) and (2.8) are equivalent to

pX = %Xfa , forall «ae(r), (2.9)

and
(%W> X ==Y |¥ - S e

g(X,Y) =Y " (X (V)| D s, (2.10)
a B

respectively [5]. We define a semi-symmetric non-metric connection V on M by
VxY =VxY +n*(Y)X, (2.11)
for any « € (r). Inserting (2.11) into (2.9) and (2.10), we get
0X = Vxéa — X (2.12)
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and

(Vy9)X = =S " (X)[Y — (V)]

[e3

— 19X, Y) = (X m (V)| > s (2.13)
a [

3. Hypersurfaces of almost r-paracontact Riemannian manifold
endowed with a semi-symmetric non-metric connection

Let M™ be an almost r-paracontact Riemannian manifold with a positive definite

metric g and M™~! be a hypersurface in M " given by an immersion f: M~ ! —

M™. If B denotes the differential of f then any vector field X € y(M"~1) implies

BX ¢ X(M") In an obvious way we use a bar to mark objects belonging to M"~ 1.
Let N be an oriented unit normal field to A"~ ! and

g(y7 ?) = Q(Y, ?) ;
the induced metric on M"~1. We have [6]
g(X,N)=0 and g(N,N)=1.

T *
If V is the connection, induced from V with respect to unit normal N on the
hypersurface, then the Gauss equation is given by

where h is the second fundamental tensor, satisfying
hX,Y)=nY,X)=g(H(X),Y), (3.2)

and H is the shape operator of M"~! in Mn. If V is the connection, induced from
the semisymmetric non-metric connection V with respect to unit normal N on the
hypersurface, then we have

where m is a (0, 2)-tensor field on M"~L. From (2.11) we obtain
and the equations (3.1)—(3.4) give

V<Y +m(X,Y)N = VY + h(X,Y)N +n*(Y)X .
Taking tangential and normal parts from both sides, we obtain

Vyy = VYi + na (Y)Y
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and
m(X,Y) = h(X,7).
Thus we get the following theorem:

Theorem 3.1. The connection, induced with respect to the unit normal on a hy-
persurface of an almost r-paracontact Riemannian manifold with semi-symmetric
non-metric connection, is also a semi-symmetric non-metric connection.

From (3.3) and (3) we have
VY = ViV + h(X, V)N, (3.5)
which is the Gauss equation for a semi-symmetric non-metric connection. The

equation of Weingarten with respect to the Riemannian connection V is given by

VN = —HX (3.6)

for every tangent vector field X in M"~!. From equation (2.11) we have

VN = VN + a, X, (3.7)
where
n*(N) = aa = m(&a) -
The relations (3.6) and (3.7) give
VN = —MX, (3.8)

where M = H — a,, which is the Weingarten equation with respect to a semi-
symmetric non-metric connection. Now suppose that >~ = (¢, &, 7%, 9)ac(r) is an

almost r-paracontact Riemannian structure on M ™ then every vector field X on
M™ is decomposed as

X =X+I(X)N,

where [ is a one-form on M’ " for any tangent vector field X on M™~! and normal
N we have

X =pX +b(X)N, (3.9)
N =N+ KN, (3.10)

where % is a tensor field of type (1,1) on the hypersurface M~ b is a one-form
and K a scalar function on M"~1. For each a € (r), we have

fa =& +aalN. (3.11)
We define 7% by
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Then we obtain (see [5]):

b(N)+K?=1- (aa)*,

Kay,+b(E,) =0, ac(r),
U(X,Y) =g(@X,Y) =39(X,9Y) =¥(X,Y),
9(X,N) =b(X).
Differentiating covariantly (3.9), (3.10), (3.11) along M"™~! and making use of (3.5)

and (3.8), we get
(pr)y = (ﬁy@)X — h(Y, ?)N — b(Y) [H(?) — aaY]

+ [n(@X,Y) + (V3b) X — Kh(X,Y)|N, (3.12)
(Vyo)N=VyN+2(HY) —a.Y) - K(H(Y) — a.Y)

+ [20(Y,N) + Y(K) + aob(Y)]| N, 3.13)

Vita = Vo — @ H(Y) + (a0)’Y + [Y(aa) + h(Y, &) N, (3.14)

(Vyn*) X = (Vyn )X hY,X)ae ,

and

Theorem 3.2. If M"™ ' is an invariant hypersurface immersed in an almost r-
paracontact Riemannian manifold M™ endowed with a semi-symmetric non-metric
connection with structure ) = (0,80, 1%, 9)ac(r) then either:

(i) all &, are tangent to M™~1, and M~ admits an almost r-paracontact Rie-
mannian structure Y, = (2,€,, 1%, §ac(r), (n—1>2) or

(ii) one of the vectors &, (say {T) is normal to M"Y, and the remaining £, are
tangent to M1 and M"™~1 admits an almost (r—1)-paracontact Riemannian

structure Yo = (7,0, 1% 9 ac(r), (n—17 > 1).

Proof. The computations are similar to the proof of Theorem 3.1 in [5]. O

Corollary 3.3. If M™! is a hypersurface immersed in an almost r-paracontact
Riemannian manifold M" endowed with a semi-symmetric non-metric connection
with a structure »_, = (cp,{a,n“,g)ae(r) then the following statements are equiva-
lent:

(i) M™~1 is invariant,

(ii) the normal field N is an eigenvector of o,
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(iii) all &, are tangent to M™~' if and only if M™~' admits an almost r-para-
contact Riemannian structure y ., or one of the vectors &, is normal and
the (r — 1) remaining vectors &; are tangent to M™~1 if and only if M™1
admits an almost (r — 1) paracontact Riemannian structure ) ..

Theorem 3.4. If M™ ' is an invariant hypersurface immersed in an almost r-
paracontact Riemannian manifold M" of P-Sasakian type endowed with a semi-
symmetric non-metric connection with structure ) = (¢,€a, 1", §)ac(r) then the
induced almost r-paracontact Riemannian structure ), or the (r —1)-paracontact
Riemannian structure ) ., is also of P-Sasakian type.

Proof. The proof is similar to the proof of Theorem 3.3 in [5]. O
Lemma 3.5 ([5]). V(tracep) = trace (V).

Theorem 3.6. Let M"™ ' be a non-invariant hypersurface of an almost r-para-
contact Riemannian manifold M" endowed with a semi-symmetric non-metric
connection with a structure > = (¢, Ea, %, g)ae(r) satisfying Vo = 0 along M"™ 1.
Then M™~ ' is totally geodesic if and only if

(Vi) X +b(X)aY =0.
Proof. From (3.12) we have
(Vy9)X = h(Y,X)N —b(X)(H(Y) —a.Y) =0 (3.15)
and
h(@X,Y)+ (Vyb) X — Kh(Y,X) =0.
If M~ is totally geodesic then h = 0 and H = 0. From (3.15) we get
(Vy@) X +b(X)aaY =0.

Conversely, if (Vy@) X + b(X)aaY = 0 then

R(Y,X)N+bX)H(Y)=0. (3.16)
Interchanging Y and X in (3.16) we have
Y, X)N+bY)H(X)=0. (3.17)
(3.16) and (3.17) give
WX)H(Y)=bY)H(X), (3.18)
and (3.18) and (3.1) imply
bX)h(Y,Z)=bY)h(X,Z). (3.19)

From (3.18) and (3.19) we get b(Z)h(X,Y) = 0 which gives h = 0 since b # 0.
Using h = 0 in (3.16), we arrive at H = 0. Thus h = 0 and H = 0. Hence M"~!
is totally geodesic. This completes the proof of the theorem. O

We also have the following:



8 M. Ahmad and C. Ozgiir Result.Math.

Theorem 3.7. Let M™ ' be a non-invariant hypersurface of an almost r-para-
contact Riemannian manifold M™ with a semi-symmetric non-metric connection,
satisfying Vi = 0 along M™~ 1. If tracep = constant then

h(X,N) = 5%Zb(ea)g(ea,f). (3.20)

Proof. From (3.15) we have
(Vi) X, X) = 2h(X,Y)b(X) — aab(X)g(X,Y)
and
vy(tracea) =2h(X,N) — aaZb(ea)g(ea,Y) )

Using Lemma 3.5, we get (3.20), where N = > _b(eq)e,. Thus our theorem is
proved. O

Let M™! be an almost r-paracontact Riemannian manifold of s-paracontact
type, then from (2.9), (3.9) and (3.14), we get

PX =V, — X —aoHX) + (a0)* X, ae(r) (3.21)
b(X) = [X(aa) + M(X,E,)], a€(r). (3.22)

Making use of (3.22) and (3.11), if M™~1 is totally geodesic and all £, are tangent
to M™~! then a, = 0 and h = 0. Hence b = 0, that is, M™ ! is invariant.
So we have the following Proposition:

Proposition 3.8. If M™ ! is a totally geodesic hypersurface of an almost r-para-
contact Riemannian manifold M of s-paracontact type endowed with a semi-sym-
metric non-metric connection with a structure ) = (0,€a, 1%, 9)ac(r) and if all
&o are tangent to M™ 1 then M™ 1 is invariant.

Theorem 3.9. If M™~ ! is an anti-invariant hypersurface of an almost r-paracontact
Riemannian manifold M of s-paracontact type endowed with a semi-symmetric
non-metric connection with a structure Y = (¢,€a, 0%, 9)ac(r) then ﬁyga =X
for all &, tangent to M™ 1.

Proof. 1f M™~1 is anti-invariant then @ = 0, a, = 0 and from (3.21) we have
Vb = —aH(X) + (aa)’ X +X, ac(r).
That is
Vibn = X.
This completes the proof of the theorem. O

Theorem 3.10. Let M™ be an almost r-paracontact Riemannian manifold of P-
Sasakian type endowed with a semi-symmetric non-metric connection with a struc-
ture Y = (£,€as N, 9)ae(r), and let M™1 be a hypersurface immersed in M"™ such
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that none of the vectors &, is tangent to M™~ ' then M™~ ' is totally geodesic if
and only if

(V)X + aab(X)Y = => 71*(X) [V =7* (V)]
— |gX,Y) =D X)) | D &s-
a 8

Proof. The proof is similar to the proof of the Theorem 4.5 in [5]. O
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