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On Approximation of Hexagonal Fourier Series

A. Guven

Abstract. Let the function f belong to the Holder class H® (ﬁ) , 0 < a <1, where
is the spectral set of the hexagonal lattice in the Euclidean plane. Also, let p = (p,,) and
q = (gn) be two sequences of non-negative real numbers such that p, < ¢, and ¢, — o
as n — 00. The order of approximation of f by deferred Cesaro means D, (p, g; f) of its
hexagonal Fourier series is estimated in the uniform and Hoélder norms.
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1. Introduction

In the study of trigonometric approximation of 2w —periodic functions on the
real line, the partial sums and various means (Cesaro means, Abel-Poisson means,
de la Vallee-Poussin means, etc.) of Fourier series are most useful tools. Es-
pecially, there are many results on the order of approximation of continuous
2w —periodic functions in the uniform norm by partial sums of trigonometric (or
equivalently exponential) Fourier series and means of these sums. These results
can be found in the monographs [3, 11, 13] and in the survey [7]. Also, there
are several theorems about approximation of continuous 2w —periodic functions
by partial sums, Cesaro means and their generalizations in the Holder norm (see,
for example, [9] and [2]).

The order of approximation of functions defined on cubes of the d-dimensional
Euclidean space R? was studied by several authors. The common point of these
studies is the assumption that the functions are 2w —periodic with respect to
each of their variables (see, for example [11, Sections 5.3 and 6.3] and [13, Vol.
I1, Chapter XVII]). But, in the case of non-tensor product domains of R%, other
types of periodicity are needed to study approximation problems. The most
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notable periodicity is the periodicity defined by lattices. The discrete Fourier
analysis on lattices was developed in [8].

A lattice is the discrete subgroup AZ¢ = {A/-c 1k e Zd} of the Euclidean space
R?, where A is a non-singular d x d matrix—the generator matrix of the lattice.
The lattice A~ Z%, where A~"" is the transpose of the inverse matrix A~!, is
called the dual lattice of AZ?. A bounded open set  C R? is said to tile R% with
the lattice AZ? if

> xalw+a)=1,

aEAZ4

for almost all z € R%. In this case the set  is called a spectral set for the lattice
AZ4, written as Q 4+ AZ? = R?. The spectral set Q is not unique. It is specified
that it contains 0 as an interior point and tiles R? with the lattice AZ¢ without
overlapping and without gap, i.e.

ng(x—i—Ak:) =1,
kezd

for all x € R%, and Q + Ak and Q + Aj are disjoint if k # j. For example, we
can take 2 = [—%, %)d for the standard lattice Z? (the lattice generated by the
identity matrix).

Let € be the spectral set of the lattice AZ?. L? (Q) becomes a Hilbert space
with respect to the inner product

1
(900 = g é f (x) g (@)de,

where || is the d—dimensional Lebesgue measure of 2. A theorem of Fuglede

states that the set { e2milat) ;o ¢ A_“’Zd} is an orthonormal basis of the Hilbert

space L? (), where (a, ) is the usual Euclidean inner product of a and x ([4]).

This theorem suggests that, by using the exponentials e2i{:) (a € A‘”Zd) one

can study Fourier series and approximation on the spectral set of the lattice AZ<.
A function f is said to be periodic with respect to the lattice AZ? if

[z + Ak) = f (2)

for all k € Z¢4.

If we consider the standard lattice Z¢ and its spectral set [—%, %)d , it is clear
that Fourier series with respect to this lattice coincide with usual multiple Fourier
series of functions of d variables.
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2. Hexagonal Fourier Series

In the Euclidean plane R?, besides the standard lattice Z? and the rectangular
domain [—%, %)2, the simplest lattice is the hexagonal lattice and the simplest
spectral set is the regular hexagon. Also, it is well known that the hexagonal
lattice offers the densest packing of R? with unit balls. Thus, the hexagonal
lattice and hexagonal Fourier series have great importance in Fourier analysis.

The generator matrix and the spectral set of the hexagonal lattice HZ? are

s

given by
H= [

and

3 1
Qp = {(1:1,1:2) ER2 1< J:Q,\gxl 153;2 < 1}.

It is more convenient to use the homogeneous coordinates (t1,t2,t3) that satisfy
t1 +to +t3 = 0. If we define

X9 \/gxl i) \/gxl
t] = —— to 1= tg 1= —— —
1 2 + 9 s L2 €2, 13 2 2 ;

(1)
the hexagon 25 becomes
Q= {(ti,to,t3) €R®: =1 <ty tg,~t3 <1, 1 +ta+t3 =0},

which is the intersection of the plane t; 4 t3 + t3 = 0 with the cube [—1, 1]3 .
We use bold letters t for homogeneous coordinates and we denote by ]R%I the
plane t; + t9 + t3 = 0, that is

R} = {t = (t1,t2,t3) ER® 1t +to + 13 =0} .
Also we use the notation Z%, for the set of points in ]R%I with integer components,

that is Z3, = Z> NRY,.
In the homogeneous coordinates, the inner product on L? (€) becomes

1 _
Fon =g é £ (6) 9 (®)dt,

where || denotes the area of 2, and the orthonormal basis of L? (€2) becomes

{qu (t) = 508 . jezd, te Rg} .
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Also, a function f is periodic with respect to the hexagonal lattice (or H—periodic)
if and only if f (t) = f (t +s) whenever s = 0 (mod3), where t = s (mod3) de-
fined as

t] — s1 =to — s9 =t — s3 (mod3).

It is clear that the functions ¢;(t) are H—periodic, and if the function f is
H —periodic, then

/f(t+s)dt:/f(t)dt. (s e RY)
Q Q

For every natural number n, we define a subset of Z%[ by

Hy := {j = (j1,j2. j3) € Zr : —=n < j1,ja, js < n}.

Note that, H,, consists of all points with integer components inside the hexagon
n{). Members of the set

M, :=span{¢;:jc€ H,}, (neN)

are called hexagonal trigonometric polynomials. It is clear that the dimension of
H, is #H,, = 3n? + 3n + 1.
The hexagonal Fourier series of an H —periodic function f € L' () is

t)~ > figy(t), 2)

s =73
JELY

fi = ’;M/f (t) e 5 Gt g, Gezy).
Q

The nth partial sum of the series (2) is defined by

t):= Y fjo;(t). (neN)

jeH,

where

It is clear that

S0 (f) (t) = ,;2‘ / F (6~ ) Dy (s) ds, (3)
Q

where D,, is the Dirichlet kernel, defined by

t) =Y ¢;(t)

jeH,
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It is known that the Dirichlet kernel can be expressed as
Dy (t) = 0y (t) = On—1 (t), (REN), (4)

where
B sin (n-i-l)(gl—tg)ﬂ' sin (n+1)(t2—t3)ﬂ' sin (n+1)(t3—t1)7r

On (t) = 2 : (5)
sin (tl_?’m)ﬂ sin (t2_3t3)7r sin (t:”_gtl)w

for t = (t1,t2,t3) € R, ([10, 8)).

We refer to [8] and [12] for more detailed information about Fourier analysis
on lattices and hexagonal Fourier series.

We denote by C'y (ﬁ) the Banach space of H—periodic continuous functions
on R%, equipped with the uniform norm

1l (@) = suplf (0],

teQ

and by H¢ (ﬁ) (0 < o < 1) the Holder class, that is the class of functions f €
Cy (ﬁ) for which
£ (t) = f (s)]

sup——5— < 00
t#s ”t - SHa

holds, where

[t]] == max {[t:], [ta] , |t3]}, (t = (t1,t2,t3) € RE;).

H~ (ﬁ) (0 < @ < 1) becomes a Banach space with respect to the norm

1o @y = Wy gy + st L=

s

Y. Xu [12] proved that the Abel-Poisson means and the sequence of Cesaro
(C,1) means of the Fourier series of a function f € Cy (Q) converge to this func-
tion uniformly on ). Later, the order of approximation by Abel-Poisson and (C, 1)
means of Fourier series of functions belonging to the class H® (ﬁ) , (0<a<l)
was investigated in uniform norm ( [6]) and in the Hélder norm ([5]).

In this work, we will estimate the order of approximation by deferred Cesaro
means of Fourier series of functions belonging to the Hdélder class H® (ﬁ) in
uniform and Holder norms, and generalize some results of [6] and [5].
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3. Main results

Let p = (pn) and ¢ = (g) be two sequences of non-negative integers such
that
pn < gn, and lim g, = co. (6)
n—oo

The deferred Cesaro means of the series (2) are defined by

Dy (pyq; ) (t) :

" k=pp+1

It is known that the D, (p,q) summability method is regular under conditions
(6) and generalizes the Cesaro (C,1) method if and only if p, < ¢, — pn ([1]).
By considering (3) and (4) we obtain

1 1 dn
D (poa;f) (t) = ‘m/m—s) ) D)) ds
0 n n_pn+1

Hence we have

~ (n ipn |Qy/ f(t=5)) (Oq, (s) = Oy, (5)) ds, (7)

for each f € L' (Q2) and t € RY,.

If we take ¢, = n and p, = 0 for n = 1,2,..., D, (p, q; f) becomes the (C,1)
means S (f).

Hereafter, we shall write A < B for the quantities A and B, if there exists a
constant K > 0 such that A < KB holds.

The rate of approximation by (C,1) means of hexagonal Fourier series was

estimated as follows:
Theorem A ([6]). Let f € H*(Q),0< a < 1. Then

Hf — 87(11) (f)HCH(Q) < { (102}327 a <1, ®)

a=1,
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holds.
In this work we generalize Theorem A. Our main theorem is the following.
Theorem 1. For each f € H® (ﬁ) , 0 < a <1, the estimate

a <1,

2 1
Qn n~— Pn =
1f = Dn (2,63 Pll ey () < ( ) { M 9)

dn — Pn Gn—Dn , a=1,

holds.
Proof. Since f € H* (Q) , by (7) we have

11 N
£(0 = Dulpai ) ()] € = é 511 14, (5) = €5, (5] ds.

Since the integrated function is symmetric with respect to its variables, it is
sufficient to estimate the integral

I = / 161% 104, () — O, (8] dt,
A

where

A o ={t=(t,tots) ERY 10 <ty tg, —t3 < 1}
= {(t1,t2) :t1 20, t2 >0, t; +1t2 < 1},

which is one of the six equilateral triangles in €. By (5) and some simple trigono-
metric identities

Ogy (t) = Op, (t) =

— 2cos (<‘J"J2“p” n 1> (’53—3’5077) i ((qn ;m) (t3 —3t1)7r> )

sin (g + 1) €527 sin (g, + 1) £2527)

(tl —t2)7r (t2—t3)ﬂ' (t3—t1)7r
3 3 3

2 cos ((q" ;p" n 1) (’52—3153)”) i <(qn ;pn> (t2 —3t3)7r> )

sin (g + 1) 452 ) sin ((p + 1) £55727)

X +
(it .~ (ta—t - (ta—t
sin &1 32)7r sin (2 33)Tr sin U3 31)7r

X

sin sin

sin
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+2cos ((q” Ty 1) @1—3t2>”> i <<qn ;pn> (ts —3t2)7r> §

sin ((pn +1) E52% ) sin ((pn + 1) L5207

(ti—to)m . (ta—t3)m _.  (tz3—t1)7w
3 sin 3 sin 3

X

sin

If we use the change of variables

t1 —t3 to — t3
3 , 82 1= 3 )

S1 ‘= (10)

we obtain

I, < 3/ (s1+ s2)* (|L1 (s1,82)| + | L2 (s1, s2)| + | L3 (s1, s2)|) ds1dsa,

A
where B
A= {(81,82) 10 <51 <259,0< 59 <251,51+852 < 1},
and
Ly (snsg) ¢ = S ((5") (s1m) sin ((gn +1) (51 = 52) ) sin ((gn + 1) s27)
Piehoe) = sin ((31 ) )sm (som) sin (s17)
- sin ((I25E) (spm)) sin 1) (s1 — s2) m)sin ((pn, + 1) (s17))
Lalsrys2) = = sin ((31 — 82) ) sin (so7) sin (s17)
L (sn.s0) = sin ((qngp”) (s1 — s2) ) sin ((pn + 1) (s2m)) sin ((pr, + 1) (s17))
RN sin ((s1 — s2) 7) sin (so7) sin (s17) '

Since the integrated function is symmetric with respect to s; and so, we have
T <6 [ (5152 (1L (51052 + |La (51,52 + | (51,52) ) dsnds,
A*

where N
A* = {(81,82) €EA:s < 52},

i. e. the half of A. The change of variables

U — U2 u1 + ug
_ -
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and hence

In < 3/%&? (1L (ur, u)| + L5 (u1, ug)| + [ L3 (u1, u2)|) durdus,

T
where
. sin ((2520) S5 sin (g + 1) wam) sin (g + 1) C5T)
1 (u17u2) L= ) : M : M
S1n (U27T) Sin < 3 > sin < 5 >
L sin () T in (g, + 1) wym) sim ((po + 1) 25227
2 (Ul,UQ) .= : : M : M
sin (ugm) sin ( 5 ) sin ( = )
sin (2522 yarr) sin (pn +1) (u1tuz)m sin ( (p, +1) (ur—u)m
L3 (u1,ug) : = ((B5%2) ) ( 2 ) ( 2 )

i (S5 o ()

If we divide the triangle I' into three parts as

1
r; :{u1,u2 GF:mS},
( ) 2(Qn_pn)
r {( )eTl:uy > ! < : }
2 : = U]_,UQ :Ul_ia U2_7 )
2 (qn — pn) 6 (Qn - pn)
1 1
I's : _{Ul,UQ elrw > 77—, u22}7
( ) 2 (qn — pn) 6 (Qn - pn)
we get
I < I + 13 4+ 1)
where

1Y) = /U? ([ L7 (u1,ug)| + | L3 (w1, uz)| + |L3 (w1, u2)|) durdug, (j=1,2,3).

Lj

We shall need the inequalities

sin nt
< 12
g | S ™ (neN), (12)
and
sint > ~t (0 <it< E) (13)
™



On Approximation of Hexagonal Fourier Series 61

to estimate integrals IV(LI), I,(L2) and IS’).
For (uj,ug) €T,

. Ul + U2 V3 . wm
sin | > —sin —,
2 2 2
and by (13) we obtain
1 2 1
_— < — 0). 14
sin (%w) = \/gul (Ul 7& ) ( )

By the inequality (12) we get
|L>{ (ulau2)| < (Qn _pn) (Qn+1)2,
|L5 (ur,u2)] < (g —pn) (gn + 1) (Pr + 1),

and
’L; (u1>u2)’ < (Qn _pn) (pn + 1)2

for (uy,u2) € I'1. Hence

/u? ‘L;‘ (uq, ug)‘ duydus (gn — pn) (gn + 1)2 /u‘f‘dulduQ =
Fl 1—‘ll

1 1
6(gn—pn) 2(an—pn)

+1)?
= (gn — pn) (gn + 1) / / utdurdug < (%7)1%,
(Qn - pn)
0 3u2
for 7 = 1,2,3, which implies
(1) n
IW <« L : (15)
" (Qn - pn)1+a
Since uq — ug > 2%, by (13) one can easily see that
1 3
< , (ul,u2) eIy UTls. (16)

sin <7(“1;“2)“> = 2up
Thus, by (12), (14) and (16) we obtain

" 1
|L7 (ur,u2)] < (gn+1) 2
1

" 1
L5 (u1,u2)] < (qn+1) 2
1
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and 1
15, 02)| <€ (a0 = )
1
for (u1,ug) € I'y. For j = 1,2,

1

6(qn—pn) 1
/uiY |L;k (u1,u2)| durduy < (gn +1) / / uf ™ duy dus
T'a 0 2(Q7L1—:Dn)
1 1
__att [ (G 1) e<t
6 (qn — pn) log (2 (gn — pn)) , Q=
Hence
_ an
u | L (ur, uz) | durd TR
1[4 (U1, u2)| durauz <\ g, log 2(gn—pn) a=1
1"2 dn—Pn ) ’

for j = 1, 2. Similarly

6(‘1711*7371) 1
/u? |L3 (w1, u2)| durdus < (¢n — pn) / / u?iZdU1du2
T2 0 2(qn—pn)
N S
<< (Qn—pn)OHM « < 17
log (2 (qn — pn)), a=1.
Thus we get
L a<l,
[P < { R (17)
dn—Pn ) -
By (13), (14) and (16) we obtain
}L; <u17u2)‘ < (.7:17273)

for (uy,ug2) € I's. Thus

/u‘f‘ |L;IF (uq, uz)’ durdus < / / duldu2

1N
8 G(Qn pn)
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1
<< (Qn _pn)a 1 ) « 9
(log (2 (Qn - pn))) y = 1.

This last estimate, (15) and (17) yield

2

[
I, < , o OF ;
(anr;:)n)Q (].Og (2 (Qn - pn))) , =1,

and the proof is completed. <«

The following approximation theorem in Hélder norm was obtained in ([5]) :
Theorem B. Let 0 < g < a < 1. Then for each f € H® (Q) the estimate

Hf I (f)HHﬁ(Q) < { (1%(;152’ a<l1, 18)

ip s = 1.

holds.
We generalize Theorem B as follows:
Theorem 2. Let 0 < f<a<1land f € H* (ﬁ) . Then

w | oo, o<h
1 = Du (0, )l gy < ( . > OosClapu)? g (19
dn — Pn (Gn—pm) 7 « .

Proof. Set e, (t) := f(t) — Dy (p,q; f) (t). Hence

en () = en ()]

— Dy (p, g; a) = llenllcy (@) + 5P
I ®: @ Do) = llenlley, @) s t—s|?

By (7) we have

1 1
n(0) =€ (8) = = é o (0) (8, (w) = 6, (w) du,

where
prs(u)=f(t)—f(t—u)—f(s)+ f(s—u).
Thus
len (t) —en (s)] < p— In,
where

3= [ loea @] 1(©4, (w) - 8, (W) du
Q
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Since f € H* (ﬁ) , we have
|05 (W)] < [uf|®

and by Theorem 1,

1-8
1-2 :
Je - /ms ) 1(8g, (1) — 6, ()| du
1-8
< / | 6y, <u>>du)
B
a2 1=a
< <(qn7pn)a+1> B X B o < ].a
a4 _ 2|17 —
[t (g @ —pa)] 7 a1,
We also have
loe,s (u)] < ||t —s||*
and hence
B
B a °
I < / It — S| (€4, (u) — ©,, ()] du
Q
B

= lit—s|” (/ (©g, (1) = Oy, ()| du)
Q

As in proof of Theorem 1, it is sufficient to estimate the integral

/ (O, (£) — Oy, (t))] dt.
A

By the transforms (10) and (11),

/ (€, (8) — By, (£))] dt <

< / (ILT (w1, u2)| + | L5 (w1, u2)| + | L3 (ur, u2)|) duidus.
T
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For j =1,2,3,

1 1
6(an—pn) 2(gn—prn)

/ ‘L;‘ (uq, uz)! duidus < (gn — pn) (gn + 1)2 / / duydus

0 3ug
2
< qin
dn — Pn
For 5 =1, 2,
G(Qn Pn) 1 1
/ ‘L UL, UL ‘dulduQ < (gn+1) / / ?dU1dU/2 < Qp,
1
r2 0 2(qn—pn)
and
1
G(anpn) 1 1
/ |L5 (u1,u2)| duidus < (¢n — pn) / / ?dU1dU2 < Gn — Pn-
1
FQ 0 2<in—Pn)
Also,

/‘L U, U |dU1dUQ < / /u duydus < qn — pn
1w

__ 1 3u
San—rpn) 2

for 5 = 1,2,3. By combining these inequalities we obtain

qn — Pn

[ 100, - 0y, @)1t 1
A

Hence

Q®

B 2
Je < |1t —s|® <q" )
dn — Pn

Let oo < 1.

B

B {_8 2 o

J, = J&Jn “<<Ht—sH'3< In )
dn — Pn

Q
7N
—
()
3
l»Q
S
Szw
S~—
Q
Jr
—
N
T

= eosf T
(Qn_pn)
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This implies

2
qn 1 B
en (t) —en (s)] < t—sj|”,
en () = ente) < () el

len (t) — en (s)] <<( an )2 1
It —s|? Gn—Pn) (gn—pn)*"

for every t,s € R%I with t # s. This and Theorem 1 give

and hence

2
- Gn 1

n

Now let o = 1. In this case,

n

5 .8 2 B 2 1-8
PR S Htsuﬁ( q" ) [ T (log (2 (g — pu)))’
Gn — Pn (gn — D

@

dn — Pn

= Jt—s|” 2 (lox (2 an —pa))? Y

which implies

en (t) —en (s n 2 (log (2 (g — Pn 2(1-8)
[en (8) —en ()] (qnq_pn> ( g((q(:_pf)l)z)ﬁ s,

By this inequality and by Theorem 1 we obtain

n >2 (log (2 (gn — pn)))* P
dn — Pn (qn — pn)l_ﬂ ’

I = Do 0. Dlls(ay <

which finishes the proof. «

Remark. If we take p, =n —1 and ¢, = n+ k — 1, where k € N satisfies
n < k, then the summability method D,, (p, ¢) generalizes the (C, 1) method and
Dy, (p,q; f) becomes

D (p.gi f) = S0 () = (1+ 1) St (D = 2582, ().

which is called the delayed arithmetic mean ([13, Vol. I, p.80]). These means give
the same approximation order as Cesaro (C,1) means.
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