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Abstract

Let p and ¢ be integers such that 2 <p <q, p+ ¢ > 4 and let Hy, 4
be the generalized Hecke group associated to p and q. The generalized
Hecke group H, 4 is generated by X (2) = —(2—Xp) ' and Y (2) = —(2+
Ag) "t where A\, = 2cos§ and A\; = 2cos %. The extended generalized
Hecke group H 4 is obtained by adding the reflection R(z) = 1/% to the
generators of generalized Hecke group H 4. In this paper, we study the
commutator subgroups of generalized Hecke groups Hp , and extended
generalized Hecke groups H, .

1 Introduction

In [5], Hecke introduced the groups H(\) generated by two linear fractional
transformations

1
T(z) = — and U(z) =z + A,
where A is a fixed positive real number. Let S =TU, i.e.,

1
24+ N

S(z) =
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Hecke showed that H(\) is discrete if and only if A = A\, = 2cos(%), ¢ =2 3
integer, or A > 2. We consider the former case ¢ > 3 integer and we denote
it by H; = H()y). The Hecke group H, is isomorphic to the free product of
two finite cyclic groups of orders 2 and g,

Hy=<T,S:T>=58"=1>~CyxC,.

The first few Hecke groups H, are Hy = I' = PSL(2,Z) (the modular

group), Hy = H(\/2), Hs = H(1+2\/5), and Hg = H(+/3). Tt is clear from the
above that H, C PSL(2,Z[)\,]) unlike in the modular group case (the case
q = 3), the inclusion is strict and the index |PSL(2,Z[\;]) : H,| is infinite as
H, is discrete whereas PSL(2,Z [),]) is not for ¢ > 4.

Lehner studied in [11] a more general class H, , of Hecke groups H,, by

taking

-1
X:z—)\p and V =z + X\, + Ay,
where 2 < p < q, p+q > 4. Here if we take Y = XV = ——L_ then we have

z+Ag"
the presentation,

Hp,=<X, Y : XP=Y1=1>xCpxC,.

In particular Hp, has the signature (0;p,q,o0). We call these groups
as generalized Hecke groups Hp,. We know from [11] that Hy, = H,,
|Hy : Hyq| = 2, and there is no group Hss. Furthermore all Hecke groups
H, are included in generalized Hecke groups H, ;. Generalized Hecke groups
H, , have been also studied by Calta and Schmidt in [2] and [3].

Extended generalized Hecke groups prq can be defined similar to extended
Hecke groups H,, by adding the reflection R(z) = 1/Z to the generators of
generalized Hecke group H, ,. Hence extended generalized Hecke groups H,, ,
have a presentation

Hyy=<X,YR: X! =Y9=R*=1, RX =X"'R RY =Y 'R >,
that is
Hy,=<X,Y,R:XP=Y9=R*=(XR)> = (YR)> =1 >= D, %z, D,.

The groups H, , is a subgroup of index 2 in H, ,. o
Now we focus on the commutator subgroups of H, ; and Hy, ;. The com-
mutator subgroups of H,, Hy, H;"* (m~—th power subgroup of H,) and H, ,

(p and g are relatively prime) have been studied by many authors see [1], [16],
[18], [19], [20] and [22].
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In this paper, we study the commutator subgroups of H, , and H,,. We
give the generators, the group structures and the signatures of the commutator
subgroups of H, , and H, ,. Here we use the Reidemeister-Schreier method,
the permutation method (see, [21]) and the extended Riemann-Hurwitz con-
dition (see, [10]) to get our results.

Remark 1. i) The Hecke groups Hg, the extended Hecke groups Fq and
their normal subgroups have been studied extensively for many aspects in the
literature. For examples, see [4], [8], [9], [12] and [14]. Also, there are many
relationships between the groups H, (or H,) and the automorphism groups of
Riemann (or Klein) surfaces or of reqular maps {p, q}. Naturally, many results
related with H, and Fq can be generalized to the groups Hy , and Fp,q.

i1) Generalized Hecke groups H(p1,pa, ..., pn) and extended generalized Hecke
groups H*(p1, pa, ..., pn) have been introduced first by Huang in [6]. Our stud-
ied groups are the special cases (n = 2) of these groups given in [6] and [7].

2 Commutator Subgroups of Generalized Hecke Groups
H

pq

In this section, we study the commutator subgroup H,, , of generalized Hecke

groups H, ,. We use standard notation, in particular, G(n) denotes the n'h
derived group of a group G.

Theorem 1. Let p and q be integers such that 2 < p <q, p+q > 4.

i) |Hp,q : H;I;,q| =Dg.

ii) The commutator subgroup H), , of Hy 4 is a free group of rank (p—1)(q—
1) with basis [X,Y], [X,Y?], ..., [X, Y91, [X2, V], [X2,Y?], ..., [X2, VO],
oy [XPTLY] [XPLYE, L [XPTLY YL And the signature of H, s

(w; 00P9)) where (p,q) is the greatest common divisor of p and

i) Forn > 2, |Hp, 4 : H,(,qu) = oo0.

Proof. i) Firstly, we set up the quotient group H, ,/H,, ,. The quotient group
Hy,/H, , is the group obtained by adding the relation XY = Y X to the
relations of Hy, ;. Thus we have

Hyo/H, , =< X, Y : XP =YI=1, XY =YX >~C, x C,.

1) Now we can determine the generators of H ;,q by the Reidemeister-Schreier
method. To do this, we choose the set ¥ = {I, X, X%, ..., XP~1 Y, Y? ..,
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Yl XY, XY?, .., XYl X2y X2Y2?, .., X%ye-l . Xp-ly xr=1y2 |
XP=1ya=1} as a Schreier transversal. All possible products are

IX.(X) =1,
XX.(X2) =1,

Xrl XDt =1,

YX(XY) ' =YXYy-lx—!= = [V, X],
YV2X(XY?)! = V2X(XY?)~! = [V2 X],

qul.X.(Xqul) =Yy lxXy-(e-Dx-1 = [yl X],
XY.X.(X?Y) ' = XYXY~'X"2=[X,Y][Y, X,
XY2.X.(X?Y?)"! = XV2XY2X 2 = [X,V?].[Y? X2,

Xyl X (X?ye1)~l = Xy lXy-(e-DX-2 = [X, Y9 1] [ye ! X?],
X2V X.(X3Y) ' = X2y XY~ 1X 3 = [X2 V][V, X7,
X2Y2 X.(X3Y?)"! = X2V2XY 22X 3 = [X2,V?].[Y?, X3,

XQY.q‘l.X.(X?’Yq‘l)‘l = X2y txy (e x=3 = [X2 vyl [ye!, X7,

XPlY.X. (V)L = XP-ly xy—1 = [X~1)Y],
XP1Y2 X (V2)~l = Xr1y2Xy—2 = [X~1,v?),

Xp-lye—1 x (yo )=l = xp-lya-lxy (-0 = [x 1y 1]

The other products are equal to the identity. Thus, we find the generators
of H’ as [X,Y], [X,Y?], ..., [X, Y9 1], [X2)Y], [X2,Y?, ..., [X2, V9], ..,
[xP—1 Y], [(XP=1Y2], .., [XP~1, Y971, The signature of H}, , can be obtained
by permutation method and Riemann-Hurtwitz formula.

i1i) If we take relations and abelianizing, we find that the resulting quotient
is infinite. Thus, it follows that [, has infinite index in H,, .. Further since
this has infinite index it follows that in each group in the derived series from
this point on have infinite index. O

Example 1. If p =3 and q = 4, then ’H374 : HéA‘ = 12. We choose ¥ = {1,
X, X2, Y, Y2 Y3 XY, XY? XY3 X?2Y, X?Y?2 X?Y3} as a Schreier
transversal for H§74. Using the Reidemeister-Schreier method, we get the gen-
erators of Hy 4, as [X,Y], [X,Y?], [X,Y3], [X2,Y], [X%,Y?], [X2,Y3]. Also
the signature of Hj 4 is (3;00).
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Corollary 1. If p = 2, then the generators of Hj , are [X,Y], [X, Y2, ..,
[X,Y97Y.  Also, the signatures of Hj , is either (1:00) if q is odd, or

2
(%; 00®) if q is even. These results coincide with the ones given in [1] and

[20], for Hecke groups H,.

3 Commutator Subgroups of Extended Generalized Hecke
Groups H,,

In this section, we study the first commutator subgroups ﬁ;’q of extended
generalized Hecke groups H .

Theorem 2. Let p and q be integers such that 2 < p <q, p+q > 4.

i) If p and q are both odd numbers, then F;,Qq =< X,V : XP=Y9=]>~
CpxCy.

i) If p is an odd number and q is an even number, then
H, =< X,YXY LY2:XP = (YXY )P = (Y?)} =] >~ Cp+Cp+ Cypa.

i) If p is an even mnumber and q is an odd number, then

H,, =< X%LY,XYX 1 (X2 = V0 = (XYX 1)1 = [ >~ Cppp 5 Cy 4 Cy.

w) If p and q are both even numbers, then F;,q =< X2 YX2y~1 Y2,
XY2X~1, XYXY~!: (XQ)p/2 _ (YX2Y71)p/2 _ (YQ)q/Q _ (XYQXfl)q/2 _
I >~ Cp/g * CP/2 * Cq/2 * Cq/g * 7.

Proof. The quotient group H, , /ﬁ;,,q is

H,o/H,,=<X,Y,R: X?=Yi=R:=1, XR=RX"\, YR=RY"},
XY =YX, XR=RX, YR=RY > .
(3.1)
i) If p and ¢ are both odd numbers, then from (3.1), we get

Hyo/H,,=<R:R*=1>~Cs.

Now we can determine the Schreier transversal as ¥ = {I, R}. According to
the Reidemeister-Schreier method, we can form all possible products :

I.X.(D =X, LY. =Y, IR(R) =1,
R.X.(R)"' = RXR, RY.R)=RYR, RR.(I)"'=1I.
Since RXR = X~ ! and RYR = Y1, the generators of I, , are X and Y.

D.q
Thus we have F;,q =< X,Y: XP =Y?=1 >~ H,,. The signature of F;,q
is (05 p, ¢, 00).
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1) If p is an odd number and ¢ is an even number, then from (3.1), we
obtain

H,o/H,,=<Y,R:Y?=R*=1,YR=RY >~ (5 x (.

Now we can determine the Schreier transversal as ¥ = {I,Y, R, Y R}. Accord-
ing to the Reidemeister-Schreier method, we can form all possible products

LX) =X, LY.(Y) ' =1, LR.(R)™' =
Y.X.(Y) l=YXY 1 Y.Y.(I)"l =Y?2 Y.R.(YR)™!
R.X.(R)™! = RXR, RY.(YR)™'=RYRY™!, RR(I)"'=
YRX.(YR)"'=YRXRY™!, YRY.(R)"! =YRYR, YRR.(Y) ' =1
After required calculations, we get the generators of F;yq as X, YXY !
and Y2, Thus we obtain ﬁ;’q =< X, YXYLY?: XP = (YXY 1) =
(Y2)3 =1 >~CpxCp* Cy/2- The signature of F;,q is (0;p, p, (q/2), 00).
i41) The proof is similar to ii). Also, the signature ofﬁ;yq is (0; (p/2), ¢, q, 00).
iv) If p and ¢ are both even numbers, then from (3.1), we find
Hyo/H,, =< X,Y,R:X>=Y?=R?=(XY)*=(XR)>=(YR)>=1>
~ CQ X Cg X Cg.
Now we can determine the Schreier transversal as ¥ = {I, X, Y, R, XY, XR,

YR, XY R}. According to the Reidemeister-Schreier method, we can form all
possible products :

I.X.(X)"'=1, LY.(Y) ' =1,

X.X.(I)"' = X2, XY.(XY) =1,

V.X.(XY) ' =YXY-l1X, YY.(I)"t = Y2,

RX.(XR)™! = RXRX1, RY.(YR)™' = RYRY !,
XY.X.(V)l = XYXy—1, XYY.(X)' = XY2X—1,
XR.X.(R)™' = XRXR, XRY.(XYR)™' = XRYRY'X~1,

YRX.(XYR)"'=YRXRY"'X"!, YRY.(R)"! =YRYR,
XYRX.(YR)™'=XYRXRY~!, XYRY.(XR)"!=XYRYRX!,

The other products are equal to the identity. Since RXRX ! = X2,
XRXR =1, YRXRY'X ! = YXY'X! XYRXRY ! = XYXy—1
RYRY™' =Y 2 XRYRY'!X! =1 YRYR =1 and XYRYRX! =
XY2X~!, we have the generators of T as X2 YX2Yy~1, V2 Xy?x—1

p,q
XYXY ™. Then we get H, , =< X2, YX?Y L V2 XY2X"!, XYXy !

(X212 = (VXY IP/2 = (V)02 = (XY2X)02 = 1> = Cppax Cypa v
Cyy2 * Cqya * L. Also, the signature of H, , is (0; (p/2)®, (¢/2)?),00). O
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Corollary 2. 1) The first commutator subgroup of H, , does not contain any
reflection and so ﬁ;q is a subgroup of Hp 4.

2) If p = 2, then the first commutator subgroups F;yq coincide with the
ones given in [16] for extended Hecke groups H,,.

Lprer e
3) HIILQ S Hp»q S HPJI'

Now we study the second commutator subgroup Fz, q Of Fp,q, except the
case p and ¢ are both even numbers, since in this case F;/’ ; has infinite index
in Hy, 4.

Theorem 3. Let p and q be integers such that 2 < p <q, p+q > 4.

i) If p and q are both odd numbers, then F;/’q =H,,

1) If p is an odd number and q is an even number, then ﬁg’q is a free
group of rank (¢ — 1)p* — pg + 1.

iii) If p is an even number and q is an odd number, then F;,/’
group of rank (p — 1)¢*> — pq + 1.

q 18 a free

Proof. The case i) can be seen from the Theorem 2.1. Since the cases i7)
and iii) are similar, we prove only the case iii). If we take a = X2, b =Y,
¢ = XY X!, then the quotient group F;W /F;;q is the group obtained by

adding the relations ab = ba, ac = ca and bc = ¢b to the relations of F;,q.Then

—_— —//
Hy o /Hpq = Cpax Cq x Cy.

1!

Therefore, we obtain ‘F;’q cH = pq*/2. Now we choose ¥ = {I, a, a?,

P.q
v, @®PAT B2 BT e P e, 0T ab, ab?, -, ab?Th, a®b, a?b?, -,
a?b? o a1y /2 /D1 e qc? e act Y, aPe, ac?,
cLalet e @D e g2 /e e b bt B,
b2c?, o, b2t bt e, b9 o b9 Y abe, abc?, -, abe? T abPe,
ab’c?, -, ab?ct™t e ab® e ab?T R e abTT et a P/ e, P/
-, a(p/Q)_lbcq_l, a(P/Q)—leC’ a(p/Q)_leCQ, e a(p/2)—1b20q—1’,,, , a(p/2)—1bq—1c,
a®P/D1pa=1e2 o qP/D71pam1ea=l L a9 g Schreier transversal for 2

According to the Reidemeister-Schreier method, we get the generators of
g g g
FZ) 4 as follows. There are total (p—1)¢* — pg+1 generators obtained by using
the theorem of Nielsen in [13]. These generators are [a,b], [a,b?], -, [a,b77"],
[CLQ,bL [a27b2]7 Tty [a2,bq71}’ Tty [a(p/Q)ilva [a(p/2)715b2}7 ) [a(p/z)ilquil]a
[aac}v [CL, 02]7 ) [a7cq71]7 [CL2,C]7 [QQ,CQ], ) [a2’cq71]7 ) [a<p/2)7lvc]7 [a(p/2)71702]7
[ap 2)_1ch_1]7 [b7 C]: [b7 02]7 Ty [b7 cq—lL [bQ,C], [b2,(}2], Ty [b27cq_1]7 T
[bq717c]a [bq71762]7 B [bqilchilL [a7bc]a [a,bZCL Tty [aabqich [a7b02]7 [a7 bQCQ]a
o Ja, 7R, - [a, b, [a, b2t - [a, 07T Y, [a?, b, [a?, b3, -
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[a21bqilc}7 [a2vbc2}7 [a21b202]7 R} [a’27bqilc2]7 R [a27bcq71}7 [a bQCq 1] .
[aQ,bq_lcq_l], - [a(p/Q)_l,bc], [a(p/2>_1,b2c], e [a(p/2)—1’bq—lc] [ (p/2)— ,bc2]
[a<p/2)’1,b202], o [a(p/2)fl’bqflc2], cee, [a(p/2>fl7bcqfl]7 [a(p/2) Lp2ea™l), -
[a®/2 =1 b7 a7 [ab, be), [ab,b%c], - - , [ab, b 'c], [ab, be®], [ab,b7c?], - -+, [ab, b" " c?],
-, [ab, b, [ab, b2c?™, oo, [ab, b9 e, [a?b, b, [a?b,b3c], - - -, [a®b, b7 (],
[a2b7 bCQ]a [a2ba b2C2],~ . 7[a2ba bllilCzL Ty [a2b7 bcqilla [a2b7 bQqul]a' ] [a2bv bqilcqilL

[a®D72b, be), [a'P/ DD, b2, - [aP P, b9 ] [a P/, be?),[a PP b, b2 P,
. 7[a(zo/Q)*lb7 b1, - 7[a(p/2)flb7 qulea(p/?)*lb7 b2, ,[a(p/Q)*1b7 b~ 1ed .

O

Also, the signature of ﬁ;q is (w; 00(9).

Example 2. Let p = 4 and ¢ = 5. Then we hcwe‘ﬁim :FZ;)‘ = 50. We
choose ¥ = {I, a, b, b?, b*, bt ¢, 2, 3, ¢, ab, ab?, ab®, ab?, ac, ac?,
ac®, act, be, bc, b3, bet, b2e, b2, b33, b3t b3e, B3¢, B33, b3ct, bie,
bie?, bie3, biet, abe, abc?, abc?, abct, ab’c, ab’c?, ab®c?, ab’ct, abc, ab3c?,
ab3c3, ab3ct, abte, ab*c?, abic?®, ab*c* } as a Schreier transversal for FZ’E).
According to the Reidemeister-Schreier method, we get total 56 generators of
H45 as [a bl, [a,b?], [a,b?], [a,b*], [a,c], [a,c?], [a,c?], |a,c], [b,d], [b 2],
[b, bs] [b,c*], (%, c], 0%, ?], 0%, %), 0%, ), 0%, c], [b°, 2], [0°, %), [P, ], [, o,
b, ¢, [b4 &, 4, ¢4], a,bel, [a,b2¢], [a, b, [a, b, [a, be?], [a, B2c2], [a, bPc?]
[a, b4 2, [a,bc?], [a,b?c?], [a,b3c3], [a,b*c?], [a,bet], [a, b2cY], [a, b3, [a, b*c],
[ab, bc],[ab, b2c],[ab, b3c],[ab, b*c],[ab, bc?], [ab, b2c?], [ab, b3c?], [ab, b*e?], [ab b,
[ab, b2c3], [ab, b3c3), [ab, b2c?), [ab, bct], [ab, b2ct], [ab, b3ct], [ab, btct]. Also, the
signature ofﬁz,5 is (26;000%)).

Corollary 3. Let p and q be integers such that 2 < p <gq, p+q > 4. In case

p and q are both even numbers, q :FZ(:Lq) =00 form > 2 and, in other
cases of p and q, ﬁp,q :F;:q) =o0 forn > 3.

Corollary 4. If p = q odd number, then the commutator subgroups F;Iﬁq
coincides with the ones given in [15] for extended Hecke groups ﬁq.

References

[1] I. N. Cangiil and O. Bizim, Commutator subgroups of Hecke groups, Bull.
Inst. Math. Acad. Sinica 30 (2002), no. 4, 253-259.

[2] K. Calta and T. A. Schmidt, Infinitely many lattice surfaces with special
pseudo-Anosov maps, J. Mod. Dyn. 7, No. 2, 239-254 (2013).



COMMUTATOR SUBGROUPS OF GENERALIZED HECKE AND EXTENDED
GENERALIZED HECKE GROUPS 167

[3] K. Calta and T. A. Schmidt, Continued fractions for a class of triangle
groups, J. Aust. Math. Soc. 93, No. 1-2, 21-42 (2012).

[4] Y.H. He and J. Read, Hecke Groups, Dessins d/Enfants and the
Archimedean solids, http://arxiv.org/pdf/1309.2326.

[5] E. Hecke, Uber die Bestimmung Dirichletscher Reihen durch ihre Funk-
tionalgleichung, Math. Ann. 112 (1936), 664-699.

[6] S. Huang, Generalized Hecke groups and Hecke polygons, Ann. Acad. Sci.
Fenn., Math. 24, No.1, 187-214 (1999).

[7] S. Huang, Realizability of torsion free subgroups with prescribed signatures
in Fuchsian groups, Taiwanese J. Math. 13 (2009), no. 2A, 441-457.

[8] S. Ikikardes, R. Sahin and I. N. Cangiil, Principal congruence subgroups
of the Hecke groups and related results, Bull. Braz. Math. Soc. (N.S.) 40,
No. 4, 479-494 (2009).

9] G. A. Jones, Combinatorial categories and permutation groups,
http://arxiv.org/pdf/1309.6119.

[10] R. S. Kulkarni, A new proof and an extension of a theorem of Millington
on the modular group, Bull. Lond. Math. Soc. 17, 458-462 (1985).

[11] J. Lehner, Uniqueness of a class of Fuchsian groups, Illinois J. Math. 19
(1975), 308-315.

[12] D. Mayer, T. Miihlenbruch and F. Stromberg, The transfer operator for
the Hecke triangle groups, Discrete Contin. Dyn. Syst. 32 (2012), no. 7,
2453-2484.

[13] J. Nielsen, Kommutatorgruppen for det frie produkt af cykliske gruper,
Mat. Tidsskr. B (1948), 49-56.

[14] A. D. Pohl, Odd and even Maass cusp forms for Hecke triangle groups,
and the billiard flow, http://arxiv.org/pdf/1303.0528.

[15] R. Sahin and O. Bizim, Some subgroups of the extended Hecke groups
H()\;), Acta Math. Sci., Ser. B, Engl. Ed. 23, No.4 (2003), 497-502.

[16] R. Sahin, O. Bizim and I. N. Cangiil, Commutator subgroups of the ex-
tended Hecke groups, Czech. Math. J. 54, No.1 (2004), 253-259.

[17] R. Sahin, S. Tkikardes and O. Koruoglu, Some normal subgroups of the
extended Hecke groups H (), Rocky Mountain J. Math. 36 (2006), no.
3, 1033-1048.



COMMUTATOR SUBGROUPS OF GENERALIZED HECKE AND EXTENDED
GENERALIZED HECKE GROUPS 168

[18] R. Sahin and 0. Koruoglu, Commutator subgroups of the power subgroups
of some Hecke groups, Ramanujan J. 24 (2011), no. 2, 151-159.

[19] R. Sahin and 0. Koruoglu, Commutator subgroups of the power subgroups
of Hecke groups H(\,) II, C. R. Math. Acad. Sci. Paris 349 (2011), no.
3-4, 127-130.

[20] T. A. Schmidt and M. Sheingorn, Covering the Hecke triangle surfaces,
Ramanujan J. 1 (1997), no. 2, 155-163.

[21] D. Singerman, Subgroups of Fuchsian groups and finite permutation
groups, Bull. Lond. Math. Soc. 2, 319-323 (1970).

[22] V. V. Tsanov, Valdemar, Triangle groups, automorphic forms, and torus
knots, Enseign. Math. (2) 59 (2013), no. 1-2, 73-113.

Sule KAYMAK (SARICA),

Institute of Science, Department of Mathematics,
Balikesir University,

Cagig Campus, 10145, Balikesir, Turkey.

Email: sulekaymak0@gmail.com

Bilal DEMIR,

Necatibey Faculty of Education, Department of Mathematics,
Balikesir University,

Soma Street, 10100, Balikesir, Turkey.

Email: bdemir@balikesir.edu.tr

Ozden Koruoglu,

Necatibey Faculty of Education, Department of Mathematics,
Balikesir University,

Soma Street, 10100, Balikesir, Turkey.

Email: ozdenk@balikesir.edu.tr

Recep Sahin,

Faculty of Science and Arts, Department of Mathematics,
Balikesir University,

10145 Cagis Campus, Balikesir, Turkey

Email: rsahin@balikesir.edu.tr



