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A NEW EXTENSION OF THE Mb−METRIC SPACES

NABIL MLAIKI, NİHAL YILMAZ ÖZGÜR, AIMAN MUKHEIMER, AND NİHAL TAŞ

Abstract. In this paper, we present a new notion which is called an extended

Mb-metric space as a generalization of an Mb-metric space. We investigate
some basic and topological properties of this new space. Furthermore, an

extended Mb-metric space is a new generalization of an M -metric space and
partial metric space. So it is important to study fixed-point theorems for non-

M -metric (or non-partial metric) functions on an extended Mb-metric space.

Also we generalize some known results in literature.

1. Introduction and Preliminaries

An M -metric space was introduced by Asadi in [2], which is an extension of
partial metric spaces, for more on M−metric spaces see [21]. b−metric spaces was
introduced as a generalization of metric spaces see [22], [23], [24], [25], [26], [27].
Some relationships between a partial metric and an M -metric were investigated in
[1]. So, first we remind the reader of the definition of a partial metric space and an
M -metric space along with some other notationtions.

Definition 1.1. [9] [15] A partial metric on a nonempty set X is a function p :
X2 → [0,∞) such that for all x, y, z ∈ X

(p1) p(x, x) = p(y, y) = p(x, y)⇔ x = y,
(p2) p(x, x) ≤ p(x, y),
(p3) p(x, y) = p(y, x),
(p4) p(x, y) ≤ p(x, z) + p(z, y)− p(z, z).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a

partial metric on X.

Notation 1.2. [2]
1. mx,y := min{m(x, x),m(y, y)}
2. Mx,y := max{m(x, x),m(y, y)}

Definition 1.3. [2] Let X be a nonempty set. If the function m : X2 → [0,∞)
satisfies the following conditions

(1) m(x, x) = m(y, y) = m(x, y) if and only if x = y,
(2) mx,y ≤ m(x, y),
(3) m(x, y) = m(y, x),
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(4) (m(x, y)−mx,y) ≤ (m(x, z)−mx,z) + (m(z, y)−mz,y),
for all x, y, z ∈ X, then the pair (X,m) is called an M -metric space.

Recently, Mlaiki et al. [10], developed the concept of an Mb-metric space which
extends an M -metric space and some fixed point theorems are established which
was also a generalization of b−metric spaces see [18], [19], and [20]. Now, we remind
the reader of some definitions and notationtions of Mb-metric spaces.

Notation 1.4. [10]
1. mbx,y := min{mb(x, x),mb(y, y)}
2. Mbx,y := max{mb(x, x),mb(y, y)}

Definition 1.5. [10] An Mb-metric on a nonempty set X is a function mb : X2 →
[0,∞) that satisfies the following conditions

(1) mb(x, x) = mb(y, y) = mb(x, y) if and only if x = y,
(2) mbx,y ≤ mb(x, y),
(3) mb(x, y) = mb(y, x),
(4) There exists a real number s ≥ 1 such that for all x, y, z ∈ X we have

(mb(x, y)−mbx,y) ≤ s[(mb(x, z)−mbx,z) + (mb(z, y)−mbz,y)]−mb(z, z),

for all x, y, z ∈ X. Then the pair (X,mb) is called an Mb-metric space and the
number s is called the coefficient of the Mb-metric space (X,mb).

We note that the condition (4) given in Definition 1.5 is equivalent to the fol-
lowing condition:

(4)′ There exists a real number s ≥ 1 such that for all x, y, z ∈ X we have

(mb(x, y)−mbx,y) ≤ s[(mb(x, z)−mbx,z) + (mb(z, y)−mbz,y)],

for all x, y, z ∈ X.
Indeed, if we take x = y in the condition (4) then we get

mb(x, x)−mbx,x = mb(x, x)−min {mb(x, x),mb(x, x)} = 0

and so we have

0 ≤ s[(mb(x, x)−mbx,x) + (mb(x, x)−mbx,x)]−mb(x, x) ≤ −mb(x, x),

for z = x. Therefore we get mb(x, x) = 0 for all x ∈ X since mb(x, x) ∈ [0,∞).
Motivated by the above studies, in this paper we introduce the notion of an

extended Mb−metric space and prove some fixed-point results on this new space.
In Section 2, we investigate some basic properties of this space and determine
the relationships between an extended Mb−metric space and some known metric
spaces. In Section 3, we give some topological notions on an extended Mb-metric
space. In Section 4, we prove some fixed-point results on an extended Mb−metric
space using the techniques of the classical fixed-point theorems such as the Banach’s
contraction principle, Kannan’s fixed-point results etc.

2. Extended Mb-Metric Spaces

In this section, we introduce the concept of an extended Mb−metric space, which
is a generalization of an Mb−metric space. We give basic properties of this new
space and its relation with some known metric spaces.

First, we give the following notationtion.
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Notation 2.1.
(1) mθx,y := min{mθ(x, x),mθ(y, y)}
(2) Mθx,y := max{mθ(x, x),mθ(y, y)}

Definition 2.2. Let θ : X2 → [1,∞) be a function. An extended Mb-metric on a
nonempty set X is a function mθ : X2 → [0,∞) satisfying the following conditions

(1) mθ(x, x) = mθ(y, y) = mθ(x, y) if and only if x = y,
(2) mθx,y ≤ mθ(x, y),
(3) mθ(x, y) = mθ(y, x),
(4) (mθ(x, y)−mθx,y) ≤ θ(x, y)[(mθ(x, z)−mθx,z) + (mθ(z, y)−mθz,y)],
for all x, y, z ∈ X. Then the pair (X,mθ) is called an extended Mb-metric space.

We note that if θ(x, y) = s for s ≥ 1, then we get the definition of an Mb-metric
space.

Example 2.3. Let X = C([a, d],R) be the set of all continuous real valued functions
on [a, b]. We define the functions mθ : X2 → [0,∞) and θ : X2 → [1,∞) by

mθ(x(t), y(t)) = sup
t∈[a,b]

|x(t)− y(t)|2,

and
θ(x(t), y(t)) = |x(t)|+ |y(t)|+ 2.

Then (X,mθ) is an extended Mb-metric space with the function θ.

Now we give the following proposition.

Proposition 2.4. Let (X,mθ) be an extended Mb−metric space and x, y, z ∈ X.
Then we have

(1) Mθx,y +mθx,y = mθ(x, x) +mθ(y, y) ≥ 0,
(2) Mθx,y −mθx,y = |mθ(x, x)−mθ(y, y)| ≥ 0,
(3) Mθx,y −mθx,y ≤ θ(x, y) [(Mθx,z −mθx,z) + (Mθz,y −mθz,y)].

Proof. (1) Let mθ(x, x) ≥ mθ(y, y). Then we get Mθx,y = mθ(x, x) and mθx,y =
mθ(y, y) and so

Mθx,y +mθx,y = mθ(x, x) +mθ(y, y) ≥ 0.

On the other hand, if mθ(x, x) ≤ mθ(y, y), then the condition (1) follows by similar
arguments used above.

(2) By the similar argument used in the proof of the condition (1), we can see
the desired result.

(3) Let mθ(x, x) > mθ(y, y). Then we get Mθx,y = mθ(x, x) and mθx,y =
mθ(y, y). Also, assume that

mθ(y, y) < mθ(z, z) < mθ(x, x).

Therefore, we obtain

mθ(x, x)−mθ(y, y) ≤ θ(x, y) [(mθ(x, x)−mθ(z, z)) + (mθ(z, z)−mθ(y, y))]

= θ(x, y) [mθ(x, x)−mθ(y, y)] .

Since θ(x, y) ≥ 1, the condition (3) is satisfied in this case. For other cases, it can
be easily checked that the condition (3) is satisfied. �

Also, the notion of an extended b-metric was introduced as a generalization of
a b-metric space in [7]. Now we recall the following definitions and an example
related to an extended b-metric space.
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Definition 2.5. [7] Let X be a nonempty set and θ : X2 → [1,∞) be a function. An
extended b-metric is a function dθ : X2 → [0,∞) satisfying the following conditions

(dθ1) dθ(x, y) = 0 if and only if x = y,
(dθ2) dθ(x, y) = dθ(y, x),
(dθ3) dθ(x, z) ≤ θ(x, z) [dθ(x, y) + dθ(y, z)],
for all x, y, z ∈ X. Then the pair (X, dθ) is called an extended b-metric space.

If θ(x, y) = s for s ≥ 1 then it is obtained the definition of a b-metric space given
in [3].

Definition 2.6. [7] Let (X, dθ) be an extended b-metric space. Then we have
(1) A sequence {xn} in X is said to be convergent to x ∈ X, if for every ε > 0

there exists n0 = n0(ε) ∈ N such that dθ(xn, x) < ε for all n ≥ n0. It is denoted by

lim
n→∞

xn = x.

(2) A sequence {xn} in X is said to be Cauchy, if for every ε > 0 there exists
n0 = n0(ε) ∈ N such that dθ(xn, xm) < ε for all n,m ≥ n0.

(3) X is complete if every Cauchy sequence in X is convergent.

Notice that a b-metric function is not always continuous and so an extended
b-metric function is not always continuous as seen in the following example.

Example 2.7. [6] Let X = N ∪ {∞} and d : X2 → [0,∞) be a function defined as

d(x, y) =


0 if m = n∣∣ 1

m −
1
n

∣∣ if m,n are even or mn =∞
5 if m,n are odd and m 6= n
2 otherwise

.

Then (X, d) be a b-metric space with s = 3 but it is not continuous.

Remark. Every extended Mb-metric is not continuous.

In the following proposition, we see the relationship between an extended b-
metric and an extended Mb-metric.

Proposition 2.8. Let (X,mθ) be an extended Mb−metric space and mb
θ : X2 →

[0,∞) be a function defined as

mb
θ(x, y) = mθ(x, y)− 2mθx,y +Mθx,y,

for all x, y ∈ X. Then mb
θ is an extended b-metric and the pair (X,mb

θ) is an
extended b-metric space.

Proof. (dθ1) Using the conditions (1) and (2) given in Definition 2.2, we have

mb
θ(x, y) = 0⇔ mθ(x, y)− 2mθx,y +Mθx,y = 0

⇔ mθ(x, y) = 2mθx,y −Mθx,y

and

mθx,y ≤ mθ(x, y) = 2mθx,y −Mθx,y ⇔Mθx,y ≤ mθ(x, y)⇔Mθx,y = mθ(x, y)

⇔ mθ(x, x) = mθ(y, y) = mθ(x, y)⇔ x = y.

(dθ2) From the condition (3) given in Definition 2.2, it can be easily seen

mb
θ(x, y) = mb

θ(y, x).
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(dθ3) Using the condition (4) given in Definition 2.2 and the inequality (3) given
in Proposition 2.4, we obtain

mb
θ(x, y) = mθ(x, y)− 2mθx,y +Mθx,y = (mθ(x, y)−mθx,y) + (Mθx,y −mθx,y)

≤ θ(x, y)[(mθ(x, z)−mθx,z) + (mθ(z, y)−mθz,y)] + (Mθx,y −mθx,y)

≤ θ(x, y)[(mθ(x, z)−mθx,z) + (mθ(z, y)−mθz,y)]

+θ(x, y) [(Mθx,z −mθx,z) + (Mθz,y −mθz,y)]

= θ(x, y)
[
mb
θ(x, z) +mb

θ(z, y)
]

.

Consequently, mb
θ is an extended b-metric and the pair (X,mb

θ) is an extended
b-metric space. �

Proposition 2.9. Let (X,mθ) be an extended Mb−metric space and x, y ∈ X.
Then we have

mθ(x, y)−Mθx,y ≤ mb
θ(x, y) ≤ mθ(x, y) +Mθx,y.

Proof. By Proposition 2.8, the proof follows easily. �

In the following propositions, we see the relationship between an extendedMb−metric
space and an Mb−metric space (resp. a partial metric space).

Proposition 2.10. Let (X,mθ) be an extended Mb-metric space and θ : X2 →
[1,∞) be a function defined as

θ(x, y) = 1,

for all x, y ∈ X. Then mθ is an M -metric.

Proof. By the conditions (1), (2) and (3) given in Definition 2.2, we can easily seen
that the condition (1), (2) and (3) given in Definition 1.3. From the condition (4)
given in Definition 2.2, we get

(mθ(x, y)−mθx,y) ≤ θ(x, y)[(mθ(x, z)−mθx,z) + (mθ(z, y)−mθz,y)]

= (mθ(x, z)−mθx,z) + (mθ(z, y)−mθz,y).

Consequently, an extended Mb-metric mθ is an M -metric. �

Proposition 2.11. Let (X, p) be a partial metric space. Then the partial metric p
is an extended Mb-metric.

Proof. (1) It can be easily proved by the condition (p1).
(2) Using the condition (p2), we have

p(x, x) ≤ p(x, y)

and
px,y = min {p(x, x), p(y, y)} ≤ p(x, x) ≤ p(x, y),

for all x, y ∈ X.
(3) It follows easily from the condition (p3).
(4) We get the following cases:
1. p(x, x) = p(y, y) = p(z, z),
2. p(x, x) < p(y, y) < p(z, z),
3. p(x, x) = p(y, y) < p(z, z),
4. p(x, x) = p(y, y) > p(z, z),
5. p(x, x) < p(y, y) = p(z, z),
6. p(x, x) > p(y, y) = p(z, z).
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Under the above cases, the condition (4) given in Definition 2.2 is satisfied. For
example, if we consider the case 2, we obtain

p(x, y) ≤ p(x, z) + p(z, y)− p(z, z) ≤ p(x, z) + p(z, y)− p(y, y)

and so

p(x, y)− px,y ≤ p(x, y)− p(x, x) ≤ p(x, z)− p(x, x) + p(z, y)− p(y, y)

≤ θ(x, y) [p(x, z)− p(x, x) + p(z, y)− p(y, y)]

≤ θ(x, y) [(p(x, z)− px,z) + (p(z, y)− pz,y)] ,

for all x, y, z ∈ X.
Consequently, the partial metric p is an extended Mb-metric. �

Example 2.12. Let X = {1, 2, 3} and the function θ : X2 → [1,∞) be defined by

θ(x, y) = xy,

for all x, y ∈ X. Let us define the function mθ : X2 → [0,∞) as

mθ(1, 1) = mθ(2, 2) = mθ(3, 3) = 1,

mθ(1, 2) = mθ(2, 1) = 6,

mθ(1, 3) = mθ(3, 1) = 4,

mθ(2, 3) = mθ(3, 2) = 2,

for all x, y ∈ X. Then mθ is an extended Mb-metric, but neither it is an M -metric
nor a partial metric. Indeed, for x = 1, y = 2, z = 3, we have

mθ(1, 2)−mθ1,2 = 5 ≤ [(mθ(1, 3)−mθ1,3) + (mθ(3, 2)−mθ3,2)] = 4

and
mθ(1, 2) = 6 ≤ mθ(1, 3) +mθ(3, 2)−mθ(3, 3) = 5,

which is a contradiction. Therefore, the condition (4) given in Definition 1.3 and
the condition (p4) are not satisfied, respectively.

3. Topological Structure of Extended Mb-Metric Spaces

In this section, we give some topological notions on an extended Mb-metric space.

Definition 3.1. Let (X,mθ) be an extended Mb-metric space. Then
(1) A sequence {xn} in X converges to a point x if and only if

lim
n→∞

(mθ(xn, x)−mθxn,x) = 0.

(2) A sequence {xn} in X is said to be mθ-Cauchy sequence if

lim
n,m→∞

(mθ(xn, xm)−mθxn,xm)

and
lim
n→∞

(Mθxn,xm −mθxn,xm)

exist and finite.
(3) An extended Mb-metric space is said to be mθ-complete if every mθ-Cauchy

sequence {xn} converges to a point x such that

lim
n→∞

(mθ(xn, x)−mθxn,x) = 0

and
lim
n→∞

(Mθxn,x −mθxn,x) = 0.
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Remark. If we consider Example 2.3, then it is not difficult to see that, (X,mθ)
is a complete extended Mb-metric space.

Lemma 3.2. Let (X,mθ) be an extended Mb-metric space. Then we get
(1) {xn} is an mθ-Cauchy sequence in (X,mθ) if and only if {xn} is a Cauchy

sequence in (X,mb
θ).

(2) (X,mθ) is complete if and only if (X,mb
θ) is complete.

Proof. Using Proposition 2.8, the proof follows easily. �

Lemma 3.3. Let (X,mθ) be an extended Mb-metric space. If the sequence {xn} in
X converges to two points x and y with x 6= y, then we have mθ(x, y)−mθx,y = 0.

Proof. Let {xn} converges to two points x and y with x 6= y. Then we get

lim
n→∞

(mθ(xn, x)−mθxn,x) = 0

and
lim
n→∞

(mθ(xn, y)−mθxn,y) = 0.

Using the conditions (3) and (4) given in Definition 2.2, we obtain

mθ(x, y)−mθx,y ≤ θ(x, y)[(mθ(x, xn)−mθx,xn) + (mθ(xn, y)−mθxn,y)]−mθ(xn, xn)

≤ θ(x, y)[(mθ(x, xn)−mθx,xn) + (mθ(xn, y)−mθxn,y)]

and

lim
n→∞

[mθ(x, y)−mθx,y] ≤ lim
n→∞

θ(x, y)[ lim
n→∞

(mθ(x, xn)−mθx,xn)

+ lim
n→∞

(mθ(xn, y)−mθxn,y)].

Therefore, we get mθ(x, y) − mθx,y = 0 by the condition (2) given in Definition
2.2. �

As seen in the proof of Lemma 3.3, the limit of a sequence is not to be unique.
Then we give the following lemma.

Lemma 3.4. Let (X,mθ) be an extended Mb-metric space. If mθ is a continuous
function then every convergent sequence has a unique limit.

We use the following lemma in the next section.

Lemma 3.5. Let (X,mθ) be an extended Mb-metric space such that mθ is contin-
uous and T be a self mapping on X. If there exists k ∈ [0, 1) such that

mθ(Tx, Ty) ≤ kmθ(x, y) for all x, y ∈ X, (F)

then the sequence {xn}n≥0 is defined by xn+1 = Txn. If xn → u as n → ∞, then
Txn → Tu as n→∞,

Proof. First, note that if mθ(Txn, Tu) = 0, then mθTxn,Tu = 0 and that is due to
the fact that mθTxn,Tu ≤ mθ(Txn, Tu), which implies that

mθ(Txn, Tu)−mθTxn,Tu → 0 as n→∞ and that is Txn → Tu as n→∞.
So, we may assume that mθ(Txn, Tu) > 0, since by (F) we have mθ(Txn, Tu) <
mθ(xn, u), then we have the following two cases:

Case 1: If mθ(u, u) ≤ mθ(xn, xn), then it is easy to see that mθ(xn, xn) → 0,
which implies that mθ(u, u) = 0 and since mθ(Tu, Tu) < mθ(u, u) = 0 we deduce
that mθ(Tu, Tu) = mθ(u, u) = 0, and mθ(xn, u) → 0, on the other words we have
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mθ(Txn, Tu) ≤ mθ(xn, u) → 0. Hence, mθ(Txn, Tu) − mθTxn,Tu → 0 and thus
Txn → Tu.

Case 2: Ifmθ(u, u) ≥ mθ(xn, xn), and once again it is easy to see thatm(xn, xn)→
0, which implies that mθxn,u → 0. Hence, mθ(xn, u)→ 0 and since mθ(Txn, Tu) <
mθ(xn, u)→ 0 then we have mθ(Txn, Tu)−mθTxn,Tu → 0 and thus Txn → Tu as
desired. �

Finally, we define the following topological concepts.

Definition 3.6. Let (X,mθ) be an extended Mb-metric space. For ε > 0 and
x ∈ X, the open ball B(x, ε) and the closed ball B[x, ε] are defined as follows:

B(x, ε) = {y ∈ X | mθ(x, y)−mθx,y < ε}
and

B[x, ε] = {y ∈ X | mθ(x, y)−mθx,y ≤ ε},
respectively.

Definition 3.7. Let (X,mθ) be an extended Mb-metric space and A ⊂ X. If there
exists ε > 0 such that B(x, ε) ⊂ A for all x ∈ A, then A is called an open subset of
X.

Definition 3.8. Let (X,mθ) and (Y,m∗θ) be two extended Mb-metric spaces and
T : X → Y be a function. Then T is continuous at x ∈ X if and only if {Txn}
converges to a point Tx whenever {xn} converges to a point x.

4. Fixed-Point Theorems on Extended Mb-Metric Spaces

In this section, we prove some fixed-point theorems on a complete extended Mb-
metric space. Using the technique of the Banach’s contraction principle [4], we
obtain the following theorem.

Theorem 4.1. Let (X,mθ) be a complete extended Mb-metric space such that mθ

is continuous and T be a self mapping on X satisfy the following condition:

mθ(Tx, Ty) ≤ kmθ(x, y), (�)

for all x, y ∈ X where 0 ≤ k < 1 be such that limn,m→∞ θ(Tnx0, T
mx0) < 1

k for
every x0 ∈ X. Then T has a unique fixed point say u. Also we have limn→∞ Tny = u
for every y ∈ X. Moreover, we get mθ(u, u) = 0.

Proof. Since X is a nonempty set, consider x0 ∈ X and define the sequence {xn}
as follow:

x1 = Tx0, x2 = Tx1 = T 2x0, · · · , xn = Tnx0, · · ·
By using (�) we obtain

mθ(xn, xn+1) ≤ kmθ(xn−1, xn) ≤ · · · ≤ knmθ(x0, x1).

Now, consider two natural numbers n < m. Thus, by the triangle inequality of the
extended Mb-metric space we deduce

mθ(xn, xm)−mθxn,xm ≤ θ(xn, xm)(k)nmθ(x0, x1) + θ(xn, xm)θ(xn+1, xm)(k)n+1mθ(x0, x1)

+ · · ·+ θ(xn, xm) · · · θ(xm−1, xm)(k)m−1mθ(x0, x1)

≤ mθ(x0, x1)[θ(x1, xm)θ(x2, xm) · · · θ(xn−1, xm)θ(xn, xm)(k)n

+ θ(x1, xm)θ(x2, xm) · · · θ(xn, xm)θ(xn+1, xm)(k)n+1

+ · · ·+ θ(x1, xm)θ(x2, xm) · · · θ(xm−2, xm)θ(xm−1, xm)(k)m−1].
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It is not difficult to see that

lim
n,m→∞

θ(xn, xm)(k) < 1.

Hence, by the Ratio test the series
∑∞
n=1(k)n

∏n
i=1 θ(xi, xm) converges. Let

B =

∞∑
n=1

(k)n
n∏
i=1

θ(xi, xm) and Bn =

n∑
j=1

(k)j
j∏
i=1

θ(xi, xm).

Thus, for m > n we deduce that

mθ(xn, xm)−mθxn,xm ≤ mθ(x0, x1)[Bm−1 −Bn].

Taking the limit as n,m→∞, we conclude that

lim
n,m→∞

(mθ(xn, xm)−mθxn,xm) = 0.

On the other hand, without loss of generality we may assume that

Mθxn,xm = mθ(xn, xn).

Hence, we obtain

Mθxn,xm −mθxn,xm ≤Mθxn,xm

≤ mθ(xn, xn)

≤ kmθ(xn−1, xn−1)

≤ · · ·
≤ knmθ(x0, x0).

Taking the limit of the above inequality as n→∞ we deduce that

lim
n→∞

(Mθxn,xm −mθxn,xm) = 0.

Therefore, {xn} is an mθ-Cauchy sequence. Since X is mθ-complete, hence {xn}
converges to some u ∈ X.

Now, we show that Tu = u. By Lemma 3.5, we have for any natural number n

lim
n→∞

mb(xn, u)−mbxn,u = 0

= lim
n→∞

mb(xn+1, u)−mbxn+1,u

= lim
n→∞

mb(Txn, u)−mbTxn,u

= mb(Tu, u)−mbTu,u.

Hence, we find

mb(Tu, u) = mbu,Tu.

Note that, since mθ(Tx, Ty) ≤ kmθ(x, y) for all x, y ∈ X then we have

Mθxn,Txn = mθ(xn, xn) ≤ kmθ(xn−1, xn−1) ≤ · · · ≤ knmθ(x0, x0).

Taking the limit of the above inequality as n → ∞ we conclude that Mθu,Tu = 0,
and that leads us to conclude the following:

mθ(Tu, u) = mθu,Tu ≤Mθu,Tu = 0
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and that implies that Tu = u. To show the uniqueness of the fixed point u, first we
show that if u is a fixed point, then mθ(u, u) = 0, assume that u is a fixed point of
T, hence

mθ(u, u) = mθ(Tu, Tu)

≤ kmθ(u, u)

< mθ(u, u) since k ∈ [0, 1),

thus mθ(u, u) = 0. Now,assume that T has two fixed points u 6= v ∈ X, that is,
Tu = u and Tv = v. Thus,

mθ(u, v) = mθ(Tu, Tv) ≤ kmθ(u, v) < mθ(u, v),

which implies that mθ(u, v) = 0, and hence u = v as desired. Therefore, T has a
unique fixed point u ∈ X such that mθ(u, u) = 0 as desired. �

In the following theorem, we extend the classical Kannan’s fixed-point result [8]
using appropriate condition defined on a complete extended Mb-metric space.

Theorem 4.2. Let (X,mθ) be a complete extended Mb-metric space such that mθ is
continuous and T be a continuous self mapping on X satisfy the following condition:

mθ(Tx, Ty) ≤ λ[mθ(x, Tx) +mθ(y, Ty)], (N)

for all x, y ∈ X where λ ∈
[
0, 1

2

)
. Then T has a unique fixed point u such that

mθ(u, u) = 0.

Proof. Let x0 ∈ X be an arbitrary point. Consider the sequence {xn} defined by
xn = Tnx0 and mθn = mθ(xn, xn+1). Note that if there exists a natural number n
such that xn+1 = xn, then xn is a fixed point of T and we are done. Assume that
xn 6= xn+1, for all n ≥ 0. By (N), we obtain for any n ≥ 0,

mθn = mθ(xn, xn+1) = mθ(Txn−1, Txn)

≤ λ[mθ(xn−1, Txn−1) +mθ(xn, Txn)]

= λ[mθ(xn−1, xn) +mθ(xn, xn+1)]

= λ[mθn−1
+mθn ].

Hence, mθn ≤ λmθn−1
+ λmθn , which implies mθn ≤ µmθn−1

, where µ = λ
1−λ < 1

as λ ∈
[
0, 1

2

)
. By repeating this process, we obtain

mθn ≤ µnmθ0 .

Thus, limn→∞mθn = 0. By (N), for all natural numbers n,m we have

mθ(xn, xm) = mθ(T
nx0, T

mx0) = mθ(Txn−1, Txm−1)

≤ λ[mθ(xn−1, Txn−1) +mθ(xm−1, Txm−1)]

= λ[mθ(xn−1, xn) +mθ(xm−1, xm)]

= λ[mθn−1
+mθm−1

].

As limn→∞mθn = 0, for every ε > 0 we can find a natural number n0 such that
mθn <

ε
2 and mθm < ε

2 for all m,n > n0. Therefore, it follows that

mθ(xn, xm) ≤ λ[mθn−1
+mθm−1

] < λ
[ε

2
+
ε

2

]
<
ε

2
+
ε

2
= ε,
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for all n,m > n0 which implies that

mθ(xn, xm)−mθxn,xm < ε,

for all n,m > n0. Now, for all natural numbers n,m we have

Mθxn,xm = mθ(Txn−1, Txn−1)

≤ λ[mθ(xn−1, Txn−1) +mθ(xn−1, Txn−1)]

= λ[mθ(xn−1, xn) +mθ(xn−1, xn)]

= λ[mθn−1
+mθn−1

]

= 2λmθn−1
.

As limn→∞mθn−1 = 0, for every ε > 0 we can find a natural number n0 such that
mθn <

ε
2 and for all m,n > n0. Therefore, it follows that

Mθxn,xm ≤ λ[mθn−1 +mθn−1 ] < λ
[ε

2
+
ε

2

]
<
ε

2
+
ε

2
= ε,

for all n,m > n0 which implies that

Mθxn,xm −mθxn,xm < ε,

for all n,m > n0. Thus, {xn} is an mθ-Cauchy sequence in X. Since X is complete
there exists u ∈ X such that

lim
n→∞

mθ(xn, u)−mθxn,u = 0.

Now, we show that u is a fixed point of T in X. For any natural number n and by
the continuity of T, we have

lim
n→∞

mθ(xn, u)−mθxn,u = 0

= lim
n→∞

mθ(xn+1, u)−mθxn+1,u

= lim
n→∞

mθ(Txn, u)−mθTxn,u

= mθ(Tu, u)−mθTu,u,

which implies that mθ(Tu, u)−mθu,Tu = 0, hence mθ(Tu, u) = mθu,Tu. Using the
fact that limn→∞(Mθxn,u−mθxn,u) = 0 it not difficult to deduce that Tu = u. Thus,
u is a fixed point of T. Now, we show that if u is a fixed point, then mθ(u, u) = 0,
assume that u is a fixed point of T, hence

mθ(u, u) = mθ(Tu, Tu)

≤ λ[mθ(u, Tu) +mθ(u, Tu)]

= 2λmθ(u, Tu)

= 2λmθ(u, u)

< mθ(u, u) since λ ∈
[
0,

1

2

)
,

that is mθ(u, u) = 0. To prove uniqueness, assume that T has two fixed points say
u, v ∈ X, hence we get

mθ(u, v) = mθ(Tu, Tv) ≤ λ[mθ(u, Tu) +mθ(v, Tv)] = λ[mθ(u, u) +mθ(v, v)] = 0,

which implies that mθ(u, v) = 0, and hence u = v as required. �
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In the following theorem, we generalize the classical Chatterjea’s fixed-point
result [5] using appropriate condition defined on a complete extended Mb-metric
space.

Theorem 4.3. Let (X,mθ) be a complete extended Mb-metric space such that mθ

is continuous and let T be a continuous self mapping on X satisfy the following
condition:

mθ(Tx, Ty) ≤ λ[mθ(x, Ty) +mθ(y, Tx)],

for all x, y ∈ X where λ ∈
[
0, 1

2

)
. Then T has a unique fixed point u such that

mθ(u, u) = 0.

Proof. By the similar arguments used in the proof of Theorem 4.2, the proof follows
easily. �

Finally, we prove the following fixed-point result.

Theorem 4.4. Let (X,mθ) be a complete extended Mb-metric space such that mθ

is continuous and T be a continuous self mapping on X satisfying the following
condition:

mθ(Tx, Ty) ≤ λmax{mθ(x, y),mθ(x, Tx),mθ(y, Ty)}, (♣)

for all x, y ∈ X where λ ∈
[
0, 1

2

)
and there exists x0 ∈ X such that for all i ≥ 0 we

have mθ(x0, T
ix0) ≤ k, for some real number k. Then T has a unique fixed point

u ∈ X and mθ(u, u) = 0.

Proof. Let x0 ∈ X be the point that satisfies the hypothesis of the theorem and
define a sequence {xn} by xn+1 = Txn for all n ≥ 0 (i.e. xn = Tnx0). Let mθn =
mθ(xn, xn+1). Note that if there exists a natural number n such that xn = xn+1,
then xn is a fixed of T and hence we are done. So, we may assume that mθn > 0
for all n ≥ 0. By (♣), we obtain

mθn = mθ(xn, xn+1) = mθ(Txn−1, Txn)

≤ λmax{mθ(xn−1, xn),mθ(xn−1, Txn−1),mθ(xn, Txn)}
= λmax{mθ(xn−1, xn),mθ(xn−1, xn),mθ(xn, xn+1)}
= λmax{mθ(xn−1, xn),mθ(xn, xn+1)}.

If max{mθ(xn−1, xn),mθ(xn, xn+1)} = mθ(xn, xn+1), then by using the above in-
equality we deduce that

mθ(xn, xn+1) ≤ λmθ(xn, xn+1) < mθ(xn, xn+1),

which leads us to a contradiction. Hence, we must have

max{mθ(xn−1, xn),mθ(xn, xn+1)} = mθ(xn−1, xn),

by using the above inequality we obtain

mθ(xn, xn+1) ≤ λmθ(xn−1, xn),

where λ ∈ [0, 1
2 ). By repeating this process we obtain

mθn = mθ(xn, xn+1) ≤ λnmθ(x0, x1),
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for all n ≥ 0. Thus, limn→∞mθn = 0. For any two natural numbers m > n, we
obtain

mθ(xn, xm) = mθ(T
nx0, T

mx0)

= mθ(xn−1, xm−1)

≤ λmax{mθ(xn−1, xm−1),mθ(xn−1, Txn−1),mθ(xm−1, Txm−1)}
= λmax{mθ(xn−1, xm−1),mθ(xn−1, xn),mθ(xm−1, xm)}.

If max{mθ(xn−1, xm−1),mθ(xn−1, xn),mθ(xm−1, xm)} = mθ(xn−1, xn) = mθn−1
,

then

mθ(xn, xm) ≤ λmθn−1
< mθn−1

,

which leads us to a conclude that

lim
n,m→∞

mθ(xn, xm)−mθxn,xm = 0.

Similarly, if max{mθ(xn−1, xm−1),mθ(xn−1, xn),mθ(xm−1, xm)} = mθ(xm−1, xm) =
mθm−1 , then

lim
n,m→∞

mθ(xn, xm)−mθxn,xm = 0.

Hence, we may assume that max{mθ(xn−1, xm−1),mθ(xn−1, xn),mθ(xm−1, xm)} =
mθ(xn−1, xm−1). Thus, from the above inequality we deduce that

mθ(xn, xm) ≤ λmθ(xn−1, xm−1),

for all n ≥ 0. By repeating this process, we get

mθ(xn, xm) ≤ λnmθ(x0, xm−n),

for all n ≥ 0. Hence, we obtain

mθ(xn, xm)−mθxn,xm ≤ λnmθ(x0, xm−n)

≤ λnk.

As λ ∈ [0, 1
2 ), it follows from the above inequality that

lim
n,m→∞

mθ(xn, xm)−mθxn,xm = 0.

Similarly, one can show that

lim
n,m→∞

Mθxn,xm −mθxn,xm = 0.

Thus, {xn} is an mθ-Cauchy sequence in X. Since X is complete there exists u ∈ X
such that

lim
n→∞

mθ(xn, u)−mθxn,u = 0.

Now, we show that u is a fixed point of T in X. For any natural number n, by
continuity of T we have,

lim
n→∞

mθ(xn, u)−mθxn,u = 0

= lim
n→∞

mθ(xn+1, u)−mθxn+1,u

= lim
n→∞

mθ(Txn, u)−mθTxn,u

= mθ(Tu, u)−mθTu,u.
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This is mθ(Tu, u) = mθTu,u Using the fact that limn→∞(Mθxn,u −mθxn,u) = 0 it
not difficult to deduce that

MθTu,u = mθTu,u.

Thus, Tu = u as desired. To show that if u is a fixed point, then mθ(u, u) = 0.
Consider the following

mθ(u, u) = mθ(Tu, Tu)

≤ λmax{mθ(u, u),mθ(u, Tu),mθ(u, Tu)}
= λmθ(u, u)

< mθ(u, u)

which leads to a contradiction. Thus, mθ(u, u) = 0 as required. To prove unique-
ness, assume that T has two fixed points in X say u and v, hence

mθ(u, v) = mθ(Tu, Tv)

≤ λmax{mθ(u, v),mθ(u, Tu),mθ(v, Tv)}
= λmax{mθ(u, v), 0, 0}
= λmθ(u, v)

< mθ(u, v),

which implies that mθ(u, v) = 0, and thus u = v. �

5. Conclusion and Future Work

We have introduced a new generalized metric space which is called an extended
Mb-metric space. We obtain some fixed-point theorems as the generalizations of
some known fixed-point results. More recently, a new direction of extension called
fixed-circle problem has been studied on various metric spaces (see [11], [12], [13],
[14], [16] and [17] for more details). Now we define the concepts of a circle and of
a fixed circle on an extended Mb-metric space (X,mθ) as follows:

For r > 0 and x0 ∈ X, the circle Cmθx0,r with the center x0 and the radius r is
defined by

Cmθx0,r = {x ∈ X | mθ(x, y)−mθx,y = r}.
Let (X,mθ) be an extended Mb-metric space, Cmθx0,r be a circle and T : X → X

be a self-mapping. If Tx = x for every x ∈ Cmθx0,r then the circle Cmθx0,r is called as
the fixed circle of T .

Let us consider the following example:
Let A1 =

{
z | z = x+ iy, x2 + y2 = 9

}
, A2 =

{
z | z = x+ iy, x2 + y2 = 1

}
⊆

C where C is the set of all complex numbers and X = A1 ∪ A2. If we define the
functions θ : X2 → [1,∞) and mθ : X2 → [0,∞) as

θ(z1, z2) = |z1| |z2|
and

mθ(z1, z2) = |z1 − z2| ,
for all z1, z2 ∈ X, respectively, then (X,mθ) is an extended Mb-metric space. Let
us consider the circle Cmθ0,3 = {z ∈ X | mθ(z, 0) −mθz,0 = 3} = {z ∈ X | |z| = 3}
and two self-mappings T1,2 : X → X defined by

T1z =

{
9
z if z ∈ A1

α if z ∈ A2
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and

T2z =

{
9
z if z ∈ A1
1
z if z ∈ A2

,

for all z ∈ X where z is the complex conjugate of the complex number z and α is
a constant with |α| = 1. Some straightforward computations show that the circle
Cmθ0,3 is the fixed circle of T1 while it is not fixed by T2. Then it is natural to consider
the following question:

What are the existence and uniqueness conditions for a fixed circle of a self-
mapping on an extended Mb-metric space?

For a future work, it can be investigated some fixed-circle theorems and their
applications.
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(Nihal Yılmaz Özgür) Balıkesir University, Department of Mathematics, 10145 Balıkesir,
TURKEY

E-mail address: nihal@balikesir.edu.tr

(Aiman Mukheimer) Department of Mathematical Sciences, Prince Sultan University,

Riyadh, SAUDI ARABIA

E-mail address: mukheimer@psu.edu.sa
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