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A NEW EXTENSION OF THE M,-METRIC SPACES

NABIL MLAIKI, NIHAL YILMAZ OZGUR, AIMAN MUKHEIMER, AND NiHAL TAS

ABSTRACT. In this paper, we present a new notion which is called an extended
Mp-metric space as a generalization of an Mjy-metric space. We investigate
some basic and topological properties of this new space. Furthermore, an
extended Mp-metric space is a new generalization of an M-metric space and
partial metric space. So it is important to study fixed-point theorems for non-
M-metric (or non-partial metric) functions on an extended Mj-metric space.
Also we generalize some known results in literature.

1. INTRODUCTION AND PRELIMINARIES

An M-metric space was introduced by Asadi in [2], which is an extension of
partial metric spaces, for more on M —metric spaces see [2I]. b—metric spaces was
introduced as a generalization of metric spaces see [22], [23], [24], [25], [26], [27].
Some relationships between a partial metric and an M-metric were investigated in
1. So, first we remind the reader of the definition of a partial metric space and an
M -metric space along with some other notationtions.

Definition 1.1. [9] [15] A partial metric on a nonempty set X is a function p :
X? — [0,00) such that for all z,y,z € X
(p1) p(x,2) = p(y,y) = p(x,y) & v =y,
(p2) p(z, x) < p(=,y),
(p3) p(z,y) = p(y, 2),

(p4) p(z,y) < p(x,2) + p(2,y) — p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a
partial metric on X.

Notation 1.2. [2]
1. my = min{m(z,z),m(y,y)}
2. My, = maz{m(z,z),m(y,y)}

Definition 1.3. [2] Let X be a nonempty set. If the function m : X2 — [0, 00)
satisfies the following conditions

(1) m(z,z) = m(y,y) = m(x,y) if and only if x =y,

(2) may <m(z,y),

(3) m(z,y) = m(y, z),

Date: Received November 15, 2017. Published April 12, 2018.

2010 Mathematics Subject Classification. Primary 54E35; Secondary 54E40, 54H25, 47H10.
Key words and phrases. Extended Mp-metric space, fixed point.

(©2018 Ilirias Research Institute, Prishtine, Kosové.

Communicated by W. Shatanawi.

118



A NEW EXTENSION OF THE M;,—METRIC SPACES 119

(4) (m(z,y) — may) < (M(x,2) = Mg,2) + (M(2,y) — M2 y),
for all x,y,z € X, then the pair (X, m) is called an M-metric space.

Recently, Mlaiki et al. [I0], developed the concept of an Mp-metric space which
extends an M-metric space and some fixed point theorems are established which
was also a generalization of b—metric spaces see [18], [19], and [20]. Now, we remind
the reader of some definitions and notationtions of Mp-metric spaces.

Notation 1.4. [10]
1. Mppgy == min{my(z, ), my(y, y)}
2. Mbw,y = max{mb(x, Z’), mb(ya y)}

Definition 1.5. [10] An My-metric on a nonempty set X is a function my, : X? —
[0,00) that satisfies the following conditions

) my(z, 2) = mp(y,y) = mu(z,y) if and only if x =y,
2) Mpz,y < mb(xay)a

) mb(x,y) = mb(y,x),

) There exists a real number s > 1 such that for all z,y,z € X we have

(mb(x7y) - mbw,y) < S[(mb(‘r7 Z) - mbac,z) + (mb(zay) - mbz7y)} - mb(zv Z)v

for all x,y,z € X. Then the pair (X, my) is called an My-metric space and the
number s is called the coefficient of the My-metric space (X, mp).

We note that the condition (4) given in Definition is equivalent to the fol-
lowing condition:
(4)" There exists a real number s > 1 such that for all x,y,z € X we have

(Mo (2, y) — Mipay) < s[(mp(2, 2) = Mipwr,2) + (M(2,4) — Mz y)],

for all z,y,z € X.
Indeed, if we take = y in the condition (4) then we get

mb(x,x) — Mpg,x = mb(xvx) — min {mb(x,:c), mb(x,x)} =0
and so we have
0 < s[(mp(2, ) = Mpg o) + (Mp(2, ) — Mg 2)] — My (2, 2) < —mp(, ),

for z = x. Therefore we get my(z,z) =0 for all z € X since my(z,z) € [0, 00).

Motivated by the above studies, in this paper we introduce the notion of an
extended Mjp—metric space and prove some fixed-point results on this new space.
In Section [2| we investigate some basic properties of this space and determine
the relationships between an extended Mjp—metric space and some known metric
spaces. In Section [3] we give some topological notions on an extended Mj-metric
space. In Section [} we prove some fixed-point results on an extended M,—metric
space using the techniques of the classical fixed-point theorems such as the Banach’s
contraction principle, Kannan’s fixed-point results etc.

2. EXTENDED Mj-METRIC SPACES

In this section, we introduce the concept of an extended M, —metric space, which
is a generalization of an Mj,—metric space. We give basic properties of this new
space and its relation with some known metric spaces.

First, we give the following notationtion.
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Notation 2.1.
(1) Moz,y ‘= min{mg(az,x), mg(y,y)}
(2) Mo,y := maz{me(z,z),me(y,y)}

Definition 2.2. Let § : X? — [1,00) be a function. An extended My-metric on a
nonempty set X is a function mg : X2 — [0, 00) satisfying the following conditions
(1) mo(z, ) = my(y,y) = mo(z,y) if and only if v =y,
(2) Mg,y < mg(a:,y),
(3) me(x,y) = mg(y7x),
(4) (me(z,y) — mezy) < 0(z,y)[(me(,2) — Max2) + (Me(2,y) — Mmpz )],
for all x,y,z € X. Then the pair (X, my) is called an extended My-metric space.

We note that if 8(x,y) = s for s > 1, then we get the definition of an M;,-metric
space.

Example 2.3. Let X = C([a,d],R) be the set of all continuous real valued functions
on [a,b]. We define the functions mg : X% — [0,00) and 6 : X? — [1,00) by
me(z(t),y(t) = sup |a(t) —y(t)]*,
t€la,b]
and
0(x(t),y(t)) = [«(O)] + [y(B)] + 2.
Then (X, mg) is an extended My-metric space with the function 6.

Now we give the following proposition.

Proposition 2.4. Let (X, mg) be an extended My—metric space and x,y,z € X.
Then we have

(1) MQz,y + meg,y = mg((l?,l') + me(yay) > 07

(2) Mez,y — Mg,y = |m9(m,x) - mo(y,y)| >0,

(3) MOz,y — MYz,y < e(xay) [(M9w,z - m@z,z) + (Mez,y - m@z,y)]-

Proof. (1) Let mg(z,z) > mg(y,y). Then we get My, ,, = mo(z, ) and my, , =
mg(y,y) and so
Mé‘z,y + meg,y = mg(CE,CL') + mﬁ(yvy) 2 0.

On the other hand, if mg(x, ) < mg(y,y), then the condition (1) follows by similar
arguments used above.

(2) By the similar argument used in the proof of the condition (1), we can see
the desired result.

(3) Let mg(z,xz) > mg(y,y). Then we get Moy, = mg(z,x) and mey,, =
me(y,y). Also, assume that

me(y,y) < mo(z,2) < mp(z,x).

Therefore, we obtain

A

mg(z,x) —mg(y,y) < 0(z,y) [(mo(z, ) —me(z,2)) + (mo(2, 2) = me(y,y))]
= 0(z,y) [mo(z,x) — ma(y,y)] .
Since 6(z,y) > 1, the condition (3) is satisfied in this case. For other cases, it can
be easily checked that the condition (3) is satisfied. O

Also, the notion of an extended b-metric was introduced as a generalization of
a b-metric space in [7]. Now we recall the following definitions and an example
related to an extended b-metric space.
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Definition 2.5. [7] Let X be a nonempty set and 0 : X? — [1,00) be a function. An
extended b-metric is a function dg : X? — [0, 00) satisfying the following conditions
(dgl) do(z,y) = 0 if and only if x =y,
(do2) d9($7y) = d.g(y7l‘),
(de3) do(x,2) < O(x,2)[do(x,y) + do(y, 2)],
for all x,y,z € X. Then the pair (X, dy) is called an extended b-metric space.

If O(x,y) = s for s > 1 then it is obtained the definition of a b-metric space given
in [3].

Definition 2.6. [7] Let (X,dy) be an extended b-metric space. Then we have
(1) A sequence {x,} in X is said to be convergent to x € X, if for every e >0
there exists ng = no(e) € N such that dg(x,,z) < € for alln > ng. It is denoted by

lim z,, = x.
n—oo

(2) A sequence {x,} in X is said to be Cauchy, if for every e > 0 there exists
no = no(e) € N such that dg(xy, ) < e for all n,m > ng.
(3) X is complete if every Cauchy sequence in X is convergent.

Notice that a b-metric function is not always continuous and so an extended
b-metric function is not always continuous as seen in the following example.

Example 2.7. [6] Let X = NU {oo} and d : X% — [0,00) be a function defined as

0 if m=n
L LI yf m,n are even or mn = oo
dx,y)=q "™ "
5 if  m,n are odd and m #£n
2 otherwise

Then (X, d) be a b-metric space with s = 3 but it is not continuous.
Remark. Fvery extended My-metric is not continuous.

In the following proposition, we see the relationship between an extended b-
metric and an extended Mj-metric.

Proposition 2.8. Let (X, myg) be an extended My,—metric space and m$ : X2 —
[0,00) be a function defined as

my(x,y) = mg(z,y) — 2mesy + Moz,
for all x,y € X. Then mg is an extended b-metric and the pair (X, mg) is an
extended b-metric space.

Proof. (dy1) Using the conditions (1) and (2) given in Definition we have
my(z,y) = 0 mp(x,y) — 2masy + My, =0
< m0(£7 y) = 2m91,y - M0w7y
and
Moey < mo(2,y) = 2moay — Moo,y < Mogy < me(z,y) < Mogy = mo(z,y)
& my(x,x) =me(y,y) = me(z,y) <z =y.

(dp2) From the condition (3) given in Definition it can be easily seen

mg(z,y) = mg(y, z).
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(dg3) Using the condition (4) given in Definition [2.2)and the inequality (3) given
in Proposition [2.4] we obtain

mg(m,y) = mg(z,y) = 2moasy + Moay = (Mo(@,y) — Mowy) + (Moz,y — Moay)
< 9(.’17, y)[(mg(x, Z) - mGa;,z) + (mg(Z, y) - m&z,y)] + (Mez,y - m@w,y)
S 9(1’, y)[(mg(x, Z) - mGz,z) + (m9(27 y) - m@z,y)]

+0(z,y) [(Moz,> — moa,z) + (Maz,y — moz,y)]
0(x,y) [mg(x, 2) + mg(z,9)] -

Consequently, m} is an extended b-metric and the pair (X, m}) is an extended
b-metric space. (I

Proposition 2.9. Let (X, mp) be an extended My—metric space and xz,y € X.
Then we have

m@(xvy) - Mez,y S mg(l.vy) S me(l’,y) + M0r,y~
Proof. By Proposition the proof follows easily. O

In the following propositions, we see the relationship between an extended M, —metric
space and an M,—metric space (resp. a partial metric space).

Proposition 2.10. Let (X, mg) be an extended My-metric space and 6 : X2 —
[1,00) be a function defined as

O(z,y) =1,
for all z,y € X. Then my is an M -metric.
Proof. By the conditions (1), (2) and (3) given in Definition we can easily seen
that the condition (1), (2) and (3) given in Definition From the condition (4)
given in Definition 2.2} we get
(mo(z,y) —moay) < 0, y)[(mo(z,2) —mps =) + (Mo (2,y) — Moz y)]
= (m9($7 Z) - mQ:E,z) + (mG(Z7 y) - m@z,y)-

Consequently, an extended Mp-metric my is an M-metric. O

Proposition 2.11. Let (X,p) be a partial metric space. Then the partial metric p
is an extended My-metric.

Proof. (1) It can be easily proved by the condition (pl).
(2) Using the condition (p2), we have

p(z,z) < p(z,y)
and
Pey = min {p(z,z),p(y,y)} < p(z,r) < p(z,y),
for all z,y € X.

(3) Tt follows easily from the condition (p3).
(4) We get the following cases:

L | p(z,2) = py,y) = p(2, 2),
2. | p(z, ) <ply,y) <p(z,2),
3. | plz,z) = ply, y) <p(z,2),
4. | p(x,x) = p(y,y) > p(z,2),
5. | plz,z) <ply,y) = p(z,2),
6. | p(z,x) > p(y,y) = p(2,2).
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Under the above cases, the condition (4) given in Definition [2.2] is satisfied. For
example, if we consider the case 2, we obtain

p(z,y) < p(x,2) +p(2,9) —p(z,2) <p(z,2) +p(2,9) — p(Y,y)

and so
p(2,y) —pry < plo,y) —plo,z) < p(x,2) — ple, ) + p(z,9) — p(y, y)
< O(z,y)[p(x,2) — p(z,2) + p(2,y) — Py, y)]
< 9(.’[3, y) [(p(x, z) - px,Z) + (p(z, y) - pz,y)] )
for all z,y,z € X.

Consequently, the partial metric p is an extended Mjp-metric. O
Example 2.12. Let X = {1,2,3} and the function 6 : X? — [1,00) be defined by
0(z,y) = vy,
for all z,y € X. Let us define the function my : X2 — [0,00) as

mg(L 1) = m9(2,2) = m9(3,3) = 1,
mg(L 2) = m9(2, 1) = 67
m9(173) = m9(371) :47
mg(2,3) = mp(3,2) =2,

for allx,y € X. Then my is an extended My-metric, but neither it is an M -metric
nor a partial metric. Indeed, for x =1, y =2, z = 3, we have
me(1,2) — me12 =5 < [(me(l,?)) — maLg) + (me(3,2) — mgg’g)] =4
and
m9(1,2) =6< m9(1,3) + m9(3,2) — m9(3,3) =5,
which is a contradiction. Therefore, the condition (4) given in Deﬁnition and
the condition (p4) are not satisfied, respectively.

3. TOPOLOGICAL STRUCTURE OF EXTENDED Mj-METRIC SPACES
In this section, we give some topological notions on an extended Mjp-metric space.

Definition 3.1. Let (X, my) be an extended My-metric space. Then
(1) A sequence {x,} in X converges to a point x if and only if

lim (mg(2p,x) — Moy, o) = 0.
n—oo
(2) A sequence {xy,} in X is said to be mg-Cauchy sequence if

lim (mg(zn, Tm) — Moz, 2,,)
n,m—oQ

and

lim (Mexnyxm, - mexnvxm)
n—oo

exist and finite.
(3) An extended My-metric space is said to be mg-complete if every my-Cauchy
sequence {x,} converges to a point x such that

nhﬁngo(mﬂ(lwu 1‘) - m&zn,z) =0
and

lim (Mga:n;a: - mewruw) =0.
n—roo
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Remark. If we consider Fxample then it is not difficult to see that, (X, myg)
is a complete extended My-metric space.

Lemma 3.2. Let (X, mp) be an extended My-metric space. Then we get

(1) {zn} is an my-Cauchy sequence in (X, mg) if and only if {x,} is a Cauchy
sequence in (X, mb).

(2) (X, mg) is complete if and only if (X, mb) is complete.
Proof. Using Proposition [2.8] the proof follows easily. O

Lemma 3.3. Let (X, myg) be an extended My-metric space. If the sequence {x,} in
X converges to two points x and y with x # y, then we have mg(x,y) — Mo,y = 0.

Proof. Let {x,} converges to two points z and y with « # y. Then we get

nlglgo(me(wn?x) - m&zn,z) =0

and
T (m (. 4) M, ) = .
Using the conditions (3) and (4) given in Definition we obtain
me(T,y) —mosy < O(z,y)[(me(z, 2n) — Moz, ) + (Mo(Tn,y) — Moz, y)] — mo(zn, Tn)
< Oz, y)(me(x, 2n) — Moz z,) + (Mo (Tnsy) — Moz, 4)]

and

T [mo(z,9) ~mar,y) < lim O, y)] im (mo(x,2,) — mas.s,)

+nll>H;O(m9 (J?n, y) - maxn,y)]'

Therefore, we get mg(z,y) — mggy = 0 by the condition (2) given in Definition
2.2 O

As seen in the proof of Lemma the limit of a sequence is not to be unique.
Then we give the following lemma.

Lemma 3.4. Let (X, my) be an extended My-metric space. If my is a continuous
function then every convergent sequence has a unique limit.

We use the following lemma in the next section.

Lemma 3.5. Let (X, myg) be an extended My-metric space such that mg is contin-
uwous and T be a self mapping on X. If there exists k € [0,1) such that

mo(Txz, Ty) < kme(z,y) for allz,y € X, (%)

then the sequence {xy}n>0 is defined by xp41 = Txy. If T, — u as n — oo, then
Tx, = Tu as n — oo,

Proof. First, note that if mg(Tx,,,Tu) = 0, then mgrp,, 7 = 0 and that is due to
the fact that mgrs, 7o < me(Tx,, Tu), which implies that

meg(Txy, Tu) — mory, 7o — 0 as n — oo and that is Tz, — T'u as n — oo.

So, we may assume that mg(Tx,,Tu) > 0, since by (%) we have mg(Tx,,Tu) <
meg(Zn,u), then we have the following two cases:

Case 1: If mg(u,u) < mg(xy,,x,), then it is easy to see that mg(z,,z,) — 0,
which implies that mg(u,u) = 0 and since mg(Tu, Tu) < mg(u,u) = 0 we deduce
that mg(Tu, Tu) = mg(u,u) = 0, and mg(z,,u) — 0, on the other words we have
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mg(Txy, Tu) < mo(z,,uw) — 0. Hence, mg(T'xy, Tu) — mory, 7o — 0 and thus
Tx, — Tu.

Case 2: If mg(u,u) > mg(xn, x,), and once again it is easy to see that m(x,, z,) —
0, which implies that mg,, ., — 0. Hence, mg(z,,u) — 0 and since mg(Tzp, Tu) <
mg(zy,u) — 0 then we have mg(Tx,, Tu) — Moy, 7o — 0 and thus Tx,, — Tu as
desired. |

Finally, we define the following topological concepts.

Definition 3.6. Let (X, my) be an extended My-metric space. For ¢ > 0 and
x € X, the open ball B(x,€) and the closed ball B[z, ] are defined as follows:

B(z,e) ={y € X [ mg(z,y) — mpay <c}
and

Bla,e] = {y € X [ mg(2,y) — moay < e},
respectively.

Definition 3.7. Let (X, my) be an extended My-metric space and A C X. If there
exists € > 0 such that B(xz,e) C A for all x € A, then A is called an open subset of
X.

Definition 3.8. Let (X, mg) and (Y, m}) be two extended My-metric spaces and
T:X =Y bea function. Then T is continuous at x € X if and only if {Tx,}
converges to a point Tx whenever {x,} converges to a point x.

4. FIXED-POINT THEOREMS ON EXTENDED M,-METRIC SPACES

In this section, we prove some fixed-point theorems on a complete extended Mp-
metric space. Using the technique of the Banach’s contraction principle [], we
obtain the following theorem.

Theorem 4.1. Let (X,my) be a complete extended My-metric space such that myg
is continuous and T be a self mapping on X satisfy the following condition:

me(Tx, Ty) < kme(z,y), ()

for all z,y € X where 0 < k < 1 be such that limy, m— 0o (T, T™x0) < % for
every xg € X. Then T has a unique fixed point say u. Also we have lim,, .. T"y = u
for every y € X. Moreover, we get mg(u,u) = 0.

Proof. Since X is a nonempty set, consider zg € X and define the sequence {x,,}
as follow:
z1 =Tag, 0 = Tay = T?x0,- 2y = T g,
By using (#) we obtain
Mo (Tn, Tny1) < kmo(Tp—1,2n) < -+ < k"mg(z0, 21).

Now, consider two natural numbers n < m. Thus, by the triangle inequality of the
extended Mp-metric space we deduce

Mo (Tny Tn) — Moz, ey, < 0Ty T ) (k) Mg (20, 21) + 0(Tr, T )O(Trig1, T ) (k)" g (w0, 71)
+o 0@y Tn) - 0T 1, T ) (B)™ Y (20, 1)
< mg(xo, 1) [0(21, 2m)0 (T2, Tm) - O(Tp—1, T )X, T) (k)"
+0(x1, )02, ) - O( Ty T )Ty 1, 2 ) (B) T
+o 021, )02, Tn) - O( T2y T ) 0T 1, T ) (k)™ ],
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It is not difficult to see that
lim O(zp,2m)(k) < 1.

n,m—oo

Hence, by the Ratio test the series > > (k)™ [];—, 0(xi, zm) converges. Let

i=1

B=Y (&)"[[0(zi,zm) and By => (k) ] 0(zi,2m).

i=1 j=1 i=1
Thus, for m > n we deduce that
Mo (Tny Tm) — Moz, 2, < Mo(To,21)[Bm—1 — Bnl.
Taking the limit as n, m — oo, we conclude that

lim (me(-frul'm) - mGIn,Im) = 0'
n,m—00

On the other hand, without loss of generality we may assume that
Moz, ., = mH(CUnawn)-
Hence, we obtain
Moz, @0 — Moz 20 < Moz, 2,
< mg(Tn, Tn)
< kmo(zn—1,25-1)
< ...
< k"mg(x0, o).
Taking the limit of the above inequality as n — oo we deduce that

lim (Mos, 2, — Moz, 2,,) = 0-
n—00

Therefore, {z,} is an mg-Cauchy sequence. Since X is mg-complete, hence {z,}
converges to some u € X.
Now, we show that Tu = u. By Lemma we have for any natural number n

lim my (2, w) — Mpg, w =0
n—oo

= lm oy (ni1, 1) = Mz, yyu

= lim my(Tzp,u) — Myre, u

n—oo

= mp(Tu, u) — Myry u-

Hence, we find
mp(Tu, ) = Mpy,Tu-
Note that, since mg(Tx, Ty) < kmg(x,y) for all z,y € X then we have
Maa:n,Txn = m@(xnvmn) < km@(irnflaxnfl) <. < knme(x(hx())'

Taking the limit of the above inequality as n — oo we conclude that Mg, 7., = 0,
and that leads us to conclude the following:

me(Tu, v) = Moy, 70 < Moy, 10 =0
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and that implies that Tu = u. To show the uniqueness of the fixed point u, first we
show that if u is a fixed point, then mg(u,u) = 0, assume that u is a fixed point of
T, hence
me(u, u) = mg(Tu, Tu)

< kmg(u,u)

< mg(u,u) since k € [0,1),
thus mg(u,u) = 0. Now,assume that T has two fixed points u # v € X, that is,
Tu =wu and Tv = v. Thus,

mg(u,v) = me(Tu, Tv) < kmg(u, v) < mg(u,v),

which implies that mg(u,v) = 0, and hence v = v as desired. Therefore, T has a
unique fixed point u € X such that mg(u,u) = 0 as desired. O

In the following theorem, we extend the classical Kannan’s fixed-point result [8]
using appropriate condition defined on a complete extended Mj-metric space.

Theorem 4.2. Let (X, my) be a complete extended My-metric space such that mg is
continuous and T be a continuous self mapping on X satisfy the following condition:

me(Tvay) < )\[mg((E,TIL') +m0(y7Ty)]7 (A)
for all z,y € X where A € [O, %) Then T has a unique fized point u such that
me(u,u) = 0.

Proof. Let xg € X be an arbitrary point. Consider the sequence {z,} defined by
Xy = T"xg and my, = my(zpn, Tny1). Note that if there exists a natural number n
such that 1 = x,, then z, is a fixed point of T" and we are done. Assume that
ZTp # Tpai, for all n > 0. By (A), we obtain for any n > 0,
my, = Mo(Tn, Tny1) = Mo(Txp_1,Txy)
< ANmyg(xp—1,Txpn_1) + me(zn, Tx,)]
= Amo(n-1,2n) + Mme(Tpn, Tnt1)]
= A[mg,_, +mag,].
Hence, mgp,, < Amy,_, + Amy,,, which implies mg, < pmg, ,, where p = % <1
as \ € [0, %) . By repeating this process, we obtain
mg, < pu'mg,.
Thus, lim,,_, o mg, = 0. By (&), for all natural numbers n, m we have
mo (T, Tm) = me(T"xo, T x0) = me(Txp—1,TTm—1)
< Amg(xn—1,Txn-1) + me(xm-1,TTm—1)]
= ANmg(Zn_1,2n) + Mo(Tm—1,Tm)]
= A[ma,_, + mo,,_,].
As limy,_, 00 mp, = 0, for every € > 0 we can find a natural number ng such that

me, < 5 and mg,, < 5 for all m,n > ng. Therefore, it follows that

m

e € e €
Mo (Tny Trm) < A[ma,_, +ma,, ] <A [5 + 5] < 3 + 5= g,
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for all n,m > ng which implies that
me(x'ruxm) — Moz, ,xm, <e§g,
for all n,m > ng. Now, for all natural numbers n, m we have
MBw,,L,w,,,L =My (Txnfla Txnfl)
< Amg(xn—1,TTp-1) +me(xn_1,Txy_1)]
= )\[mG(xn—h In) + me(xn—h zn)]
= )\[menfl + menfl]
= 2)\771971’71 .

As limy, oo My, _, = 0, for every € > 0 we can find a natural number ng such that
me, < 5 and for all m,n > ng. Therefore, it follows that

£ g £ g
Moz, ,, < Nme, _, +mg, ] <A [5 + 5} <z3tsz=¢

for all n,m > ng which implies that
Moz, @0 — Moz, 20 < €

for all n,m > ng. Thus, {z,} is an mep-Cauchy sequence in X. Since X is complete
there exists u € X such that

lim mg(zn,u) — Moy, » = 0.
n—oo

Now, we show that u is a fixed point of 7" in X. For any natural number n and by
the continuity of T', we have

lim meg(zp,u) — Moy, v =0
n—0o0
= nh_}H;Q Mo (Tpt1,U) — Moa, 1 u
= lim mo(Txp,u) — Mors, u
n— o0

=me(Tu,u) — MoTuus

which implies that mg(Tu, u) — Mgy, 7o = 0, hence mg(T'u, u) = Mgy, Ty Using the
fact that lim, o0 (Mg, w—M0s, ») = 0 it not difficult to deduce that Tu = u. Thus,
u is a fixed point of T. Now, we show that if u is a fixed point, then mg(u,u) = 0,
assume that v is a fixed point of T, hence

meg(u,u) = me(Tu, Tu)

< A[meg(u, Tu) + mg(u, Tu)]

= 2 myg(u, Tu)

= 2 mg(u, u)

1

< mg(u,u) since \ € [O, 2) ,
that is mg(u,u) = 0. To prove uniqueness, assume that T has two fixed points say
u,v € X, hence we get
mo(u,v) = mo(Tu, Tv) < Amg(u, Tu) + me(v, Tv)] = A[mg(u, u) + mg(v,v)] =0,

)

which implies that mg(u,v) = 0, and hence u = v as required. (]
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In the following theorem, we generalize the classical Chatterjea’s fixed-point
result [5] using appropriate condition defined on a complete extended M;,-metric
space.

Theorem 4.3. Let (X, mgp) be a complete extended My-metric space such that mg
is continuous and let T be a continuous self mapping on X satisfy the following
condition:

mQ(TI7 Ty) S )\[mg (I, Ty) + m@(y7 TI)L
) . Then T has a unique fized point u such that

for all z,y € X where A € [0,%
mg(u,u) = 0.

Proof. By the similar arguments used in the proof of Theorem [£.2] the proof follows
easily. ([

Finally, we prove the following fixed-point result.

Theorem 4.4. Let (X, my) be a complete extended My-metric space such that mg
is continuous and T be a continuous self mapping on X satisfying the following
condition:

me (T(E, Ty) <A max{mg ({E, y)7 me ((E, TSL'), me (ya Ty)}v (&)

for all z,y € X where \ € [0, %) and there exists xg € X such that for all i > 0 we
have mg(zo, T'xo) < k, for some real number k. Then T has a unique fived point
u € X and mg(u,u) = 0.

Proof. Let zo € X be the point that satisfies the hypothesis of the theorem and
define a sequence {z,} by ©,+1 = Tz, for all n > 0 (i.e. @, = T"xp). Let my, =
mg(Tn, Tnt1). Note that if there exists a natural number n such that z, = x,41,
then z,, is a fixed of T and hence we are done. So, we may assume that mg, > 0
for all n > 0. By (&), we obtain

me, = me(Tn, Tny1) = mo(Trn_1,Tay,)
S )\max{me(xnflaxn)vm@(xnfluTxnfl)am@(xanmn)}
= Amax{meg(Tn_1,Zn), My(Tn_1,%n), Me(Tn, Tny1)}

=A maX{mG(ajn—h xn)y mG(xnv xn—i—l)}-

If max{mg(xn_1,2n), me(Tn,Tni1)} = me(Tn,Tny1), then by using the above in-
equality we deduce that

Mo (Tny Try1) < AMg (T, Tpi1) < Mo(Tp, Tpi1),
which leads us to a contradiction. Hence, we must have
max{meg(Tn_1,Tn), Me(Tn, Tnt1)} = Me(Tpn_1,Tn),
by using the above inequality we obtain
me(Tn, Tnt1) < Ame(Tp—1,Zn),
where A € [0, %) By repeating this process we obtain

mg, = Mg(Tn, Tnt1) < AN'mg(xo, 1),
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for all n > 0. Thus, lim, - my, = 0. For any two natural numbers m > n, we
obtain
me(Tn, Tm) = me(T"xo, T xp)

= mg(Tn—1,Tm—1)

< Amax{mg(Tn—1,Tm-1), Mo (@n—1,TTpn_1),mo(Tm—1,TTm-1)}

= Amax{mg(Tn—1,Tm-1), Mo(Tn—1,%n), Me(Tm—1,Tm )}
Iflmax{mg(xn_l,xm_l),mg(mn_l,xn),mg(xm_l,xm)} = mo(Tpn_1,Tn) = Mg, _,,
then

me(Tn, Tm) < Ay, _, < myg

n—1 n—17

which leads us to a conclude that

lim mg(xn, Tm) — Mos, 2, = 0.
7n,M—00

Similarly, if max{mg(zn—1, Tm—-1), Mmo(Tn-1,Zn), Mo (Tm-1,Tm)} = Me(Tm-1,Tm) =
me then

m—17

lim mg(xn, Tm) — Mo, 2, = 0.
n,Mm—00
Hence, we may assume that max{mg(z,—1,Zm-1), mo(Tn-1,Tn), Me(Tm—1,Tm)} =
mg(Tn—1,Tm—1). Thus, from the above inequality we deduce that
Mo (T, T) < AMg(Tr—1,Tm—1),
for all n > 0. By repeating this process, we get
Mo (T, Tm) < A'mg(20, Tm—n),

for all n > 0. Hence, we obtain

mo(Tn, Trm) — Moz, 2, < A"Me(Z0, Trm—n)
< \"k.

As A €[0,1), it follows from the above inequality that

lim me(zn, Tm) — Mos, 2, = 0.
n,Mm—00

Similarly, one can show that

llm Mewvuw'm - meﬁn;ajm = 0'
n,m—00

Thus, {z,} is an my-Cauchy sequence in X. Since X is complete there exists u € X
such that

lim mg(n,u) — Moy, = 0.

n—,oo

Now, we show that u is a fixed point of T" in X. For any natural number n, by
continuity of T" we have,

lim meg(zp,u) — Moy, v =0

n— oo

= lim me(@pq1,u) — Mow, v
n— o0

= lim mo(Txp,u) — MoTs, u
n— o0

= mg(Tu,u) — Moy u-
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This is mg(Tu, u) = Mery, Using the fact that lim,, oo (Mog, u — Moz,,.0) = 0 it
not difficult to deduce that

MGTu,u = MTu,u-
Thus, Tu = u as desired. To show that if u is a fixed point, then mg(u,u) = 0.
Consider the following

mo(u, u) = mg(Tu, Tu)
< Amazx{meg(u,u), meo(u, Tuw), mg(u, Tu)}
= dmg(u,u)
< mg(u, u)
which leads to a contradiction. Thus, mg(u,u) = 0 as required. To prove unique-
ness, assume that 7" has two fixed points in X say w and v, hence
me(u,v) = mg(Tu, Tv)
< Amazx{meg(u,v), mg(u, Tu), mo(v, Tv)}
= Amax{mg(u,v),0,0}
= dmyg(u,v)
< mg(u,v),

which implies that mg(u,v) = 0, and thus u = v. O

5. CONCLUSION AND FUTURE WORK

We have introduced a new generalized metric space which is called an extended
Mj-metric space. We obtain some fixed-point theorems as the generalizations of
some known fixed-point results. More recently, a new direction of extension called
fixed-circle problem has been studied on various metric spaces (see [11], [12], [I3],
[14], [16] and [I7] for more details). Now we define the concepts of a circle and of
a fixed circle on an extended Mj-metric space (X, mg) as follows:

For » > 0 and z¢ € X, the circle C;’;‘j,, with the center zg and the radius r is
defined by

e ={x e X |mg(x,y) — mos,y =1}

xo,T
Let (X,mg) be an extended My-metric space, C;1%. be a circle and T': X — X
be a self-mapping. If Tx = z for every x € C7°,. then the circle C, is called as

the fixed circle of T'.

Let us consider the following example:

Let Ay = {z|z=a+iy, e +y* =9}, Ay = {z|z=a+iy, a® +y? =1} C
C where C is the set of all complex numbers and X = A; U Ay. If we define the
functions 6 : X2 — [1,00) and my : X2 — [0,00) as

0(21,22) = |21] |22
and
me(z1, 22) = |Z1 - 2’2\ )

for all 21,29 € X, respectively, then (X, my) is an extended My-metric space. Let
us consider the circle Cpy = {z € X [ my(2,0) —myg.0 =3} = {z € X | [2] = 3}
and two self-mappings 77 2 : X — X defined by

9 if z € Aq
le{a if z€ A,

wll
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TQZ:{

for all z € X where Z is the complex conjugate of the complex number z and « is
a constant with |a| = 1. Some straightforward computations show that the circle
C’{)’? 4 is the fixed circle of T7 while it is not fixed by 7%. Then it is natural to consider
the following question:

What are the existence and uniqueness conditions for a fixed circle of a self-
mapping on an extended Mjy-metric space?

For a future work, it can be investigated some fixed-circle theorems and their
applications.

and
if ze€ Ay
if z€ Ay

SRS [te)
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