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Abstract: In this paper, we obtain a Grobner—Shirshov (noncommutative Grobner) basis for the singular part of the
Brauer semigroup. It gives an algorithm for getting normal forms and hence an algorithm for solving the word problem

in these semigroups.
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1. Introduction and preliminaries

The theories of Grébner and Grobner—Shirshov bases were invented independently by Shirshov [27] for non-
commutative and nonassociative algebras and by Hironaka [20] and Buchberger [14] for commutative algebras.
In [27], the algorithmic decidability of the word problem and the Freiheitsatz theorem for any one-relator Lie
algebra were proved. The technique of Grébner—Shirshov bases has proved to be very useful in the study of pre-
sentations of associative algebras, Lie algebras, semigroups, groups, and {2-algebras by considering generators
and relations (see, for example, the book [11], written by Bokut and Kukin, and survey papers [7, 9, 10]). In
[12], Bokut et al. defined the Grébner—Shirshov basis for some braid groups. In [18], Grébner—Shirshov bases
for HNN-extensions of groups and for the alternating groups were considered. Furthermore, in [16] and [17],
Grobner—Shirshov bases for Schreier extensions of groups and for the Chinese monoid were defined separately.
The reader is referred to [1, 5, 6, 8, 19, 21, 22] for some other recent papers about Gréobner—Shirshov bases.
The symmetric group S,, is a central object of study in many braches of mathematics. There exist
several natural analogues (or generalizations) of S,, in the theory of semigroups. The most classical ones are the
symmetric semigroup 7, and the inverse symmetric semigroup Z.5,,. A less obvious semigroup generalization of
S, is the so-called Brauer semigroup B, , which appears in the context of centralizer algebras in representation
theory (see [13]). B, contains S,, as the subgroup of all invertible elements and has a geometric realization
[25]. The reader can find semigroup properties of B,, in [23, 24, 26]. The deformation of the corresponding
semigroup algebra, the so-called Brauer algebra, has been intensively studied by specialists in representation
theory, knot theory, and theoretical physics. Brauer algebra is an algebra introduced by Brauer in 1937 and
used in the representation theory of the orthogonal group. It plays the same role that the symmetric group
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does for the representation theory of the general linear group in Schur-Weyl duality.

In [25], the authors obtained a presentation for the singular part of the Brauer semigroup, B, — S,
which, by definition, is the set of all noninvertible elements. Thus, it is very natural to find a Grébner—Shirshov
basis of it. Hence, in this paper, we aim to obtain a Grobner—Shirshov basis for B,, —S,, and thus normal forms
of words in this semigroup.

For i,j € {1,2,...,n}, i # j, define o, ; as follows:

Oij = {{17.7}7 {i/>j/}7 {kv kl}k?'fivj}'

We have o0;; = 0j; = Uij and corank(o; ;) = 2. We call these elements atoms. The following result was

proved in [25].

Proposition 1 The set of all atoms is an irreducible system of generators in B, — S, .

Now let us denote by T, the semigroup generated by 7, ;, 4,7 € {1,2,...,n}, subject to the following

relations (i, j, k, [ are pairwise different):

Ti,j; = Tji, sz = Ti,j
TiiTilThkl = TijTjkTkly,  TijTikTjk = Ti,jTj ks
TijTkl = TkI1Tij, TijTilTik = TkITi,jTik,
Ti)jTj,kTi,j = Tij-

In [25], the authors showed that there is an homomorphism ¢ : T,, = B, — Sy, sending 7; ; to o; j. Then they

got the following main result.

Theorem 2 [25] ¢ : T,, — B, — S, is an isomorphism.

2. Grobner—Shirshov bases and composition-diamond lemma

Let k£ be a field and k(X) be the free associative algebra over k generated by X. Denote by X* the free
monoid generated by X, where the empty word is the identity, which is denoted by 1. For a word w € X*, we
denote the length of w by |w|. Let X* be a well-ordered set. Then every nonzero polynomial f € k(X) has

the leading word f. If the coefficient of f in f is equal to 1, then f is called monic.
Definition 3 Let f and g be two monic polynomials in k(X). Then there are two kinds of compositions:

1. If w is a word such that w = fb = ag for some a,b € X* with |f| + [g| > |w|, then the polynomial
(f,9)w = fb— ag is called the intersection composition of f and g with respect to w. The word w is

called an ambiguity of intersection.

2. If w = f = agb for some a,b € X*, then the polynomial (f,g), = f — agb is called the inclusion

composition of f and g with respect to w. The word w is called an ambiguity of inclusion.

We denote the first and the second compositions by f A g and fV g, respectively.
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Definition 4 If g is monic, f = agb, and « is the coefficient of the leading term f, then the transformation
f = f— aagb is called elimination of the leading word (ELW) of g in f.

Definition 5 Let S C k(X) with each s € S monic. Then the composition (f,g)w is called trivial modulo
(S,w) if (f,9)w = a;a;s;b;, where each o; € k, a;,b; € X*, s; € S, and a;8;b; < w. If this is the case, then
we write

(f,9)w =0 mod(S,w).

In general, for p,q € k(X), we write p = q¢ mod(S,w), which means that p — q = > a;a;s;b;, where each
a; €k, a;,b; € X*, 8, €8, and a;5;b; < w.

Definition 6 We call the set S endowed with the well order < a Grébner—-Shirshov basis for k(X | S) if any

composition (f,g)w of polynomials in S is trivial modulo S and corresponding w.

A well order < on X* is monomial if, for u,v € X*, we have u < v = wiuws < wivws, for all
wy,wqy € X*.

The following lemma was proved by Shirshov [27] for free Lie algebras (with deg-lex ordering) in 1962 (see
also [3]). In 1976, Bokut [4] specialized Shirshov’s approach to associative algebras (see also [2]). Meanwhile,

for commutative polynomials, this lemma is known as Buchberger’s theorem (see [14, 15]).

Lemma 7 (Composition-diamond lemma) Let k be a field,
A=K(X|S) = K(X)/1d(3),

and < a monomial order on X* | where 1d(S) is the ideal of k(X)) generated by S.Then the following statements

are equivalent:
1. S is a Grobner—Shirshov basis.
2. feld(S)= f=asb for some s €S and a,bc X*.
3. Irr(S)={ue X*|u+#asb,s €S abe X*} is a basis of the algebra A=k (X | S).

If a subset S of k(X) is not a Grobner—Shirshov basis, then we can add to S all nontrivial compositions
of polynomials of S, and by continuing this process (maybe infinitely) many times, we eventually obtain a
Grobner—Shirshov basis S"P. Such a process is called the Shirshov algorithm.

If S is a set of “semigroup relations” (that is, the polynomials of the form w — v, where u,v € X*),
then any nontrivial composition will have the same form. As a result, the set S also consists of semigroup
relations.

Let M = sgp (X | S) be a semigroup presentation. Then S is a subset of k£(X) and hence one can find
a Grobner—Shirshov basis S€™P. The last set does not depend on k, and, as mentioned before, it consists
of semigroup relations. We will call S°°™P a Grobner—Shirshov basis of M. This is the same as a Grébner—
Shirshov basis of the semigroup algebra kM = k(X | S). If S is a Grobner—Shirshov basis of the semigroup
M = sgp(X | S), then Irr(S) is a normal form for M.
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3. Main result
Let us order the generators lexicographically as
Ti; > Tk if and only if  (4,7) > (k,1).

We order words in this alphabet in the deg-lex way comparing two words first by theirs degrees (lengths)
and then lexicographically when the degrees are equal.

Let us assume that the following notation,
Viza,ya] » Where x4 >y, for 1 <a <4,

is a reduced word obtained by generators depending on the restrictions on z, and y,. For example, we consider

the reduced word V[xhyl] for j > x; and ! > y;. This word can be represented as 7j; or 7y, O Ty Tk, OI
TkpTlrTp,r> €tc. We also note that the word V|, .1 (1 < a < 4) can be empty word 1 as well. In this case,

relations (5) and (6) given in Theorem 8 are the relations of the semigroup 7, as depicted in Section 1 of this
paper.
We will also use the following notations,

V[-'Eaaya] and ‘/["L'avyaP’

where the first notation denotes the word that does not have the last generator of the word V,, ,.; and the
second notation denotes the word that has the last generator twice. For example, we can consider the word

Viea.ys] (1 > @2 and [ > y2) as the word 7;,7; ., so we have V[mm] =Tjp and Vg, 2 = Tj,prj%r.

We also note that throughout this section we will use the ordering ¢ > j >k >1>p>r.

Now we give the main result of this paper.

Theorem 8 A Grébner—Shirshov basis for T, consists of the following relations:
(1) 725 ="ij,
(2) TijTiaTht = TijTikTh
(8) TiyTikTjk = TijTik,
(4) TijThy = TriTij,
(5) Tij T Viws,y1 Tik Vieawwal = ThtViers 1) Ti Tk Vies sl
(6) Tii Tk Vies,ys) T Viea,ya) = Viwa,ys) Tig Vieayal s
where Vi, 4.1 (1 < a <4) are reduced words obtained by generators such that

j>x, k>x", >y and >z, 1>y,

k> x3, l>ys and 1> xy4, k> yy.
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Proof It is obvious that relations (1)—(6) are valid in 7T,,. We need to prove that all compositions of
relations (1)—(6) are trivial. First we consider intersection compositions of relations (1)—(6). We will denote
the intersection composition of polynomials f and g by f A g. Let us consider compositions of (1) with all

other relations. We start by listing all intersection ambiguities of (1):

3
Ti g

T TR @ AQ) TiyTiaTi
sz, Ti,kTj,ks (3) A\ (1) Ti,jT'L-,k‘Tﬁk;a

WAQ) 7,7

Ti i TiiVier pn) Tik Vieswel2 . (J = @1, 1291, 12> 22, 12> yo),

(1)

(2)

(3)

(4)

() TV TikVieaws] (G = @1, 1> w1, 0> a0, 12> 1),
(1)

(6) Tz%jTj,kV[zg,yg,]Ti,jV[u,yd (k>x3, 1 >ys, 1> x4, k>ya),
(1)

Ti i Tjk Vieays) Tivi Vieawa2 (K>3, 1> y3, 1> 14, k> yy).
It is seen that these compositions are trivial. Let us check one of them.

(HAB): w = sz,Ti,ij,m

—
-
s
g

Il

2
(73 = Tig)TikTik — Tig (TigTikTik — TijTik)
= TiiTikTik — TijTi,k Tk — T jTi,kTjk T T jT5k

e 2 . J— .. . .
=TTk = Ti,jTi,kTjk

TijTik = TijTjk = 0.
We proceed with intersection compositions of (2) with (2)—(6). The ambiguities are the following:

Ti, i TilTk Tk, Tp,r,
Ti i Tid Tl Th,p Tlps B)A(2) Ty TikTj kT pTlps

i § Til Th L Tp,rs (DA (2) Tij T T Tp,rs

TiJTjJ‘/[m,yl]Ti,kv[ﬂﬂzyyz]TxmyaTxmya (.7 > Ty, > Y1, © 2> T, 1> Y2, T2 > Y2 > T3 > y3)7

(2) A (2)

(2) A (3)

(2) A (4)

(2) A (5) Ti g TidTh ATl Viey ] Thep Vizows] (L =21, 7291, k> 22, 7> 32),
(5) A (2)

()N (6)  TiiTiaTk 1 TipVies,ys] Tkt Vieays) (0> T3, 7> ys3, k> 24, p>ya),
(6) A (2)

TiJijkV[msyys]Ti;jwl4,y4]7w47y57$57y5 (k >w3, 1 >y3, 1 234, k2>ys, T4>ys> x5 > yS)-
These intersection compositions are trivial. Let us check some of these compositions as examples:

2ANB): w =TT Tk ThpTlps

(fs@Dw = (TigTiaTht = TigTjkTr,) ThpTlp — Ti Tid (Tkd Th,pTlp = Th,dTip)
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= TijTilTkdTh,pTlp — Ti,i TikThATh,pTlp — Ti,i Ti, Tkl Th,pTlp + TijTil Tk, Tlp

= TijTilTk,ITl,p = Ti,jTj,kTk,1Tk,pTl,p

Ti, g Til Tk, U Tlp = Ti,jT5,kTk,1TlL,p

Ti i TjkThITLp — TijTjkThiTlp = 0.

(6) A (2) Cwo= Ti,jTj»k‘/[xs,ys]TiJ‘/[$47y4]7_$47y57_15,y5
such that k > x3, | > ys, © > x4, k> yg, T4 > ys > 5 > Y5,

(fa g)w = (TiJTLk‘/[JL’s,yz]Ti7jvv[$4,y4] - Vv[ll?s,yz]TiJVv[IzL,yd)T$47y57-9357y5

Ti,j T,k V[w37y3]7_i7jv[$47y4] (Tr47y4 Taa,ys Tes,ys — TI47y4Ty47rsTf657ys)
- Ti,jTj7kwmz,y3}7—i7.7‘/[$47y4]7-904)?/5 Tos,ys — V[msyys]Ti,jwz4,y4]7w47y57ws7ys

= TijTik Viea,ys) Tis Viea,ya) Tea,vs Tos.ys + Tii ik Vies,ys) i Vwa,ya) Tea s Tya zs Tes s
= Ti,jTj,kV[xs,yg]Tiyj V[ar4,y4]7'r4,y4 Tys,ws Tws,ys — V[3337y3]7—i1j ‘/[964,2;4] Tza,ys Tas,ys
—— N——
Wiz g val Vieg,ua)Tea.us

V[JE3,ya]Tiij[w4,y4]Ty47xsT$5,ys - V[ws,yg]TiJ V[$4,y4]7-$47y4 Tys,xsTws,ys = 0.
———

Vizg.u4]

Our next compositions will be (3) with (3)—(6). The ambiguities of these intersection compositions are

the following:

BINAB) Ty TikTikTiiTh s

(3) A (4) Ti i Ti,kTj,kTlps (4)AN3)  TijThiThpTlps

(3) A (5) Ti i TikTikThop Vier,u ] T Viesws] (B > 21, D> Y1, J > 22, D> yo),

(5) A (3) Ti’jTj,lV[rl,yl]Ti,kV[fﬂz,yz]Tmz’szy2,y3 (.7 >z, 12> Y1, 1 > a2, > Y2, T2 > Y2 > y3)7
(3) A (6) Ti Tk Tj kTh Vizs,ys) 5k Vizawa) (0> 23, p>y3, J >4, 1> ya),

(6) N (3) Ti,j'rj,k‘/[xg,yg]Ti,j‘/v[a:4,y4]7—z4,y57—y4,y5 (k Z x3, l Z Y3, 1 Z T4, k Z Y, T4 > Yq > y5)

It is easy to see that these compositions are trivial. Let us check one of them.

(5) A (3) W= Ti,jijlV[m,y1]7-i7kv[w2,y2]T$2,y37-y27y3

such that j > 21, k> 21", [ >y1, i > 22, 1> y2, T2 > y2 > y3.

Thus,

(f, 9w

0,315 Y [1,y1] Tk Vza,y2] T TR UV [z y1] 1,510,k VY xa,y2] ) Ta2,ys Ty2,y3
(7, iV 176,k V] | = T V] 1TiiTik V] ])T T,

- Ti’jijlvr[xhyl]Ti,kV[wmyﬂ (TizxszwznyTyz,ys - Twz,szyz,ys)

TiijjJV[xl,yl]Ti,kV[xz,y2]7x27y37y27ys - Tkvl‘/[xl*71/1]Ti7j7—7;7k‘/[$2;QZ]TIQJJSTQ%QS

- Ti’jijl‘/[9617y1]Ti,kv[$2,y2]7—12,y2712,ySTyzny + Ti7jTj,lW$1,yl]Ti’kV[127y2]Tl2,szyzyy?,
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- Ti,jTj,lV[IhyﬂTﬁk V[l‘27y2]7—1627y2 Tya,ys — TkJV[m*,yl]Tivaﬁk V[ivz,yz] Tao,ysTya2,ys
—— ~———

Wiz ya] V[zz,yzlﬂczwyz

= Tkt Vi 1] Ti Tisk Vies o) Tyasys — Tkl Vier =11 763 Tisk Vs 2] Tez,ye Tyz.ys
[y ——

V[$2ﬂJ2]

If
=

Now we proceed with intersection compositions of (4) with (4)—(6). The ambiguities are the following:

Ti,ka,lTp,m
Ti g Thd Tl Viery Top Vieaws) (0= 71, 72 y1, k> 20, 72> 12),

(4) A (4)
(4) A (5)
(5) A (4) Ti i TiaVier i) Tik Vies el Tesys . (J = @1, 12> y1, @2 29, 12>y, 2 > Y2 > 23 > ¥3),
A)NAB6)  TiiThaTipViesws) e Viea,wa] (>3, 7> y3, k> 24, P> ya),

(6) A (4)

TiiTjk Vig,ys] Tis Vieaya) Tosys (K> T3, 1> y3, 02> 34, k> ys, 24> ys > 25 > ys).

Now we consider compositions of intersection of (5) with (5)—(6) and (6) with (6). We have the

ambiguities as follows:

(5) A (5) Ti g Tit Vies ) Tiok Viwe 2] Tvo s Viea vl T os Vies s]

(JZm, L2y, i 22, [ >y2, T2 >y2> 3> Y3, Y2 = T4, T2 >T5, Y3 > Y4, Y3 > Ys),
(6) A (6) Tig Tk Viwa.ya) Tini Viwa yal Tva,s Vies o] Teays Vier yr]

(k>wx3, 1>ys, i >a4, k>ys, Ta>ys>ys >t Ys > x6, t>Ys, Ta>2T7, Ys > Y1),
(5) A (6) Tig Tid Vies i) Tiok Viwa 2] Tyo s Viea val Teaa Vies s]

=z, 1>y, i 222, [>yo, 2>Y2>y3 >t Y3 > T4, t2>ys, T2>T5, Y3 > Ys),
(6) A () Ti g Tk Viwa,ya) T Viza yal Tyaws Vieo o] Toaes Vier i)

(k>w3, 1>y, i >4, k> ys, T4a>Ys>T5>Ys, Y4 > Te, Ys = Yo, Ta > T7, Y5 = Yr)-
These compositions are trivial. Let us check some of them as examples:

HAE): w =TT
(f, g)w = (Tz’,ﬂk,l - Tk,lTi,j)Tp,r — Tij (Tk,lTp,r - Tp,er,l)
= T iTkiTpr = ThATijTpr = TijTh U Tpr + TiiTp,rTh,l

TijTp,rTh — Tk, Ti,jTp,r

Tp,rTi,j Tkl = Tk, Tp,rTi,j

Tp,r ThATij — Tp,rThiTij = 0.
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(5) A (4) Pwo= Tivj’r]}l‘/[mﬂl]Ti,kV'[&Uz,yz]TISny

(J=z1, 12y, i 222, 1 >y2, T2 > Y2 > x3 > Y3),

—~
o
)
~—
S

I

(Ti7jTj7lW$1,yl]Tivk‘/[lzyyz] - Tk7l‘/1$1*7y1]7_i7j7—iyk‘/[$2,yz])T$3>ys

- Tivaj;l‘/[iEl7?!1]7—7;7]’"'?[1327:42](TCEQ,yQTIB»yS - TI3,y3TI2’y2>

= Tig T Vier.sn] Tik Viea ) Tes,ys = Tkt Ve 0] Tiri Tiok Vies o] Tosus

- Tiijj,lV[ml,yl]Ti,kV[zz,ya]Tmz,szrs,ys + Ti,jTj,lV[ml,yl]Ti,kv[zz,yz]TwaysTrfz,yz

- TiJTjJVY[El,y1]Ti,kV[r27y2]T$3;y3Twzyyz - Tk,l‘/[ﬂn*,yl]Ti,jTi’k‘/[ImyﬂTﬂimys

TiJTjJV[m,yl]Ti,kTﬂfs7y3 V[w2’y2]7—$2,y2 _TkJV[m*,y1]7—i7j7—i7k7—$3,y3 V[Iz,yz]
e

Vizg . us]

Ti i Ti0 Viwr 1] Tes,ys Tisk Viea,ya] = Thol Viey ] Tes,ys Tij Tik Vizs ya]

Tk,l‘/[ﬂﬂl*7y1]Twz’ysTZ\jTi’k‘/[Imyﬂ - Tk,l‘/[ﬂfl*7y1]TiEBnyTi’jTi,k‘/[fﬂ%yﬂ

0.

(5) A (6) Pwo= Tivj’rjvl‘/[ﬂ?l7y1]7—iakvr[$2,yz]Ty%%W$4,y4]TI2792W$57y5]

(j=w, 1>y, i>220, [ >y, T2>y2>y3 >t Y3 >4, t2>Ys, To>Ts5, Y3 > Ys),

—~
o
)
~—
S

I

(TLJ'TJ'JV[%,yl]Tika[wzyyz] - TkJV[m*7y1]7i7j7—i7kv[$2,yz])Ty%ys ‘/1$4,y4]7r27yz V[ws,ys]

= T35 Viesw) TikV (w290 (Toa o Tya vs Viea,ya) Toz,we Viesus) — Viea,ya) Toz,ye Vies s))

- TiJTjJ‘/[ﬁ,yl]Tika[I%yz]Ty%yaV[$4,y4]7-3327y2 ‘/[9057215] - Tkalv[wl"7y1]Tiijiyk‘/[ﬂCz,yz]Ty%ysV[w4,y4]
Tﬂ:z;yz V[ﬂ?5’y5]

- TiJTjJV[m,y1]Ti,kV[w2’y2]sz792Tyz,ysV[$4,y4]7-$27y2V[935,y5] + TiJTj,lV[m,y1]Ti7kV[€E27y2]V[:E47y4]
Taa,y2 Viws,ys)

= Ti,jTij[zl,yl]Tika[wQ,yz]V[w4’y4]7_932,y2 V[:L’s,ys] - Tk,lv[wl*,yl]Ti,jTiyk V[:L’z,yz] Tymyzv[u,y‘;]

Vieg,yz] Too,un

Taa 2 Vies,ys]

Ti i T30 Vizr 1] Viza,wa) Tik V [22,92] Tez e Vizs,us] = Thd Vier 1) 76,5 Tisk V [22,52] Viva,ya) Toa,v2 Vies ys)

TiJTjJV[ﬂﬂl,y1]V[M,M]Ti,kv[m»m]V[%»ys] - Tkvlv[wl*7y1]V[I47y4]7i7j7-i>kv[902a92]V[Isayss]
= Tk»lv[xl*7y1]V[nyzt]nvjnvkv[uvyz’]V[xsvyS] - Tkvlv[xl*vyl]‘/[90472!4]713]'7—1'7’“‘/[3?27112]V[EUSJJS]

0.

Now we consider the left-hand sides of relations (1)—(6). These words are Tf,j, Ti i TidTh,lys TijTikTik
TijThis TiiTidView,y ) Tisk Viea,yo) s Tii Tk Vies,ys] Tivj Viza,ya) - We see that no word contains other words as a
subword. By Definition 3, it is seen that there are not any inclusion compositions. Consequently, since all
intersection compositions of relations (1)—(6) are trivial and there are no inclusion compositions, by Definition

6, relations (1)—(6) are a Grobner—Shirshov basis for the singular part of the semigroup. O
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Two generators 7; ; and 75 are said to be connected if {i,j} N {k,1} #0. A word 74, j, Tiy j, =+ Ti, j, 1S

to be connected if 7, ;, and 7, j,., are connected for all 1 <t <s—1.

Now let R be the set of relations (1)—(6) and C(u) be a normal form of a word u € T,,. By using

the composition-diamond lemma, the normal form for the singular part of the Brauer monoid can be given as

follows:

Corollary 9 [25] C(u) has a form

WTilvjl’”%jQ © T, g

where W is an R-irreducible word, W, ;, is connected, and all sets {is,j:}, 1 <t <s are pairwise disjoint.
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