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Abstract: Let ¢ > 3 be a prime number and let H(),) be the extended Hecke group associated with ¢. In this paper,
we determine the presentation of the commutator subgroup (H (\)c)’ of the normal subgroup H (\;)a, where H ()«
is a subgroup of index 2 in H (),). Next we discuss the commutator subgroup (H2)' (\,) of the principal congruence
subgroup Ha()\,) of H()\;). Then we show that some quotient groups of H (\,;) are generalized M *— groups. Finally,

we prove some results related to some normal subgroups of H ()\;), especially in the case ¢ = 5.
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1. Introduction

In [14], Hecke introduced the Hecke groups H () generated by two linear fractional transformations

1

T(z):—1 and S(z) =TIy

z

where A is a fixed positive real number.
He showed that H(\) is Fuchsian if and only if A = Ay = 2cos 7, for integer ¢ > 3, (A <2),0or A > 2. We
will focus on the discrete case with A < 2 and we denote it by H ()\;). The Hecke group H () is isomorphic

to the free product of two finite cyclic groups of orders 2 and ¢,
H(\) =<T,S|T?=289=1>=CyxC,, [10].

Let T be a subgroup of finite index in H(A;). Then U/T" , where U is the upper half plane of a Riemann
surface. Let ¢ and ¢ be the genus and the number of cusps of U/T, respectively, and let mq,---, my be the
branching numbers of the branch points on U/I". The signature of T is (g;m1, ..., mg;t).

The Hecke group H()\,) can be thought of as triangle groups having an infinity as one of the parameters.
As the signature of H(\;) is (0;2,¢,00), each is an infinite triangle group. Moreover, the quotient space
U/H()\g) is a sphere with one puncture and two elliptic fixed points of order 2 and ¢. Hence the surface
U/H(),) is an orbifold.

Examples of these groups are H(\3) = T' = PSL(2,Z) (the modular group), H(\y) = H(v/2), H(\5) =
H(HT\/E), and H(\g) = H(v/3). It is clear that H(\,) C PSL(2,Z[)\,]), for ¢ > 4.
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The extended modular group, denoted by H (A\3) = Il = PGL(2,7), is defined by adding the reflection

R(z) = 1/ Z to the generators of the modular group H (A3). Then the extended Hecke group, denoted by H(\,),
has been defined in [35] and [39] similar to the extended modular group by adding the reflection R(z) = 1/Z to

the generators of the Hecke group H(\,). Thus the extended Hecke group H(\,) has the presentation
H(\) =<T,S,R|T?=5%=R*>=(TR)*> = (RS)* =1 >~ Dy x¢, D,. (1)
If we take R;(z) = %, Ry(z) = —%, R3(z) = —Z — Aq, where T' = RyRy = R1Ry and S = R;1R3; then
we get the alternative presentation
H()\;) =< R1,Ro,R3 | R = R = R = (R1R2)? = (RiR3)" =1 > .

The Hecke group H(),) is a subgroup of index 2 in H(),). Since the extended Hecke groups H (\;)
contain a reflection, they are proper non-Euclidean crystallographic (NEC) groups [28]. Thus the quotient

space U/H ()\;) is a Klein surface and U/H (),) is the canonical double cover of U/H ().

The Hecke groups H (), the extended Hecke groups H (),) and their normal subgroups have been
(2)

studied for many aspects in the literature (for instances, please see [1, 2, 6, 7, 13, 17, 24, 32, 36, and 45]).

a:T—RT, S—S, R— R,

Here the map
®3)

induces an outer automorphism of H(),), [17, p. 12]. Thus the group
H(\,)a =< RT,S | (RT)*=8%=1>=CyxC,,

is a subgroup of index 2 in H (\g).
Throughout this paper, we identify matrix A in GL(2,Z[\,]) with —A, so that they each represent the

same element of H(),). Thus we can represent the generators of H(\;) as
0 -1 0 -1 0 1
(03 )es= (05 Y wane(01).

Next we give some information about the principal congruence subgroups of H()\,).

The principal congruence subgroups H,(\,) of level p, p prime, of H()\,) are defined in [38] (see

also [15] and [26]) as
b,

Hy(00) = {A_ < Dy d

) €EH(\):a=d==*1, b=c=0 (mod p), det A—:l:l}.
H,(\,) is always a normal subgroup of finite index in H(),). It is easily seen that H,(A\,) = H,(A\;) N H(A,).

I1(2) and T'(4) =1I(4) of T and II,

By [38], we know that if p > 3 is a prime number, then H,()\,) = Hp()\,) and if p = 2, then
H(\,)/Ha(N,) = H(\;)/H2(\;). Thus, the groups Ha()\,) and Ha(),) are very important.

The principal congruence subgroups Hs (A3) = I'(2), Hz(\3)
respectively, have been studied extensively in the literature, for example, in relation to number theory, modular

forms, modular curves, Belyi’s theory, and graph theory (for instance, see [8, 11, 12, 21, 22, 33, and 40)).
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Some normal subgroups (the first and the second commutator subgroups H/()\q) and F”()\q), the
principal congruence subgroups H,(\,) and the m—th power subgroups Fm()\q)) of H(\,;), ¢ > 3 prime
number, have been studied by Ikikardes, Koruoglu, Sahin, and Bizim in [38, 42, 43, 44]. For ¢ > 3 a prime

number, they proved the following results:

a) There are exactly 3 normal subgroups of index 2 in H()\,). Namely, H(\,) =< T,5 | T? = S =] >
Coy x Cy, Ho(Ny) =< R,S,TST | R? = 87 = (TST)? = (RS)? = (RTST)? = I >= D, %z, D,, and
H(\)a=<TR,S|(TR)?>=59=1>~CyxC,.

b) There is exactly one normal subgroup of index 4 in H(),). Namely, F/()\q) =< 8, T8T | S1 = (T'ST)? =
I > (05 % Cq .

c¢) There are exactly 2 normal subgroups of index 2¢ in H()\;). Namely, HI(\,) =< T > % < STS9™! >
*.o0k < SITITS >22 Oy x Oy -+ x Oy, and Ha()\g) =< TR > % < RSTS > *...x < RSI7ITSI71 >~
q times
CoxCo---%Cy.

q times

d) The second commutator subgroup F//()\q) of H()\,) is a normal subgroup of index 4¢® in H(),). Namely
H'()\,) is a free group with basis [S, TST], [S, TS?T), ..., [S, TSTT], [§2, TST), [$%, TS>TY,...,[S2, TS~ 'T),
ey [STLTST), [S97Y,TS?T, ..., [S971,TS971T).

e) The group (H?)'(),) is equal to the second commutator subgroup F//(Aq) and it has index ¢ in H'(\,).

f) The group (H7)'(),) is a free group of rank 1+ (g —2)29~1, of signature ((q—3)29"2+1; 0c0®* ")) and of
index 2971q in H()\,).

Using the above results, we get the following subgroup diagram in Figure 1.

On the other hand, when Sahin et al. were studying in [42] some normal subgroups of the extended
Hecke groups F()\q), for ¢ > 3 prime, they came across an interesting general fact. If a bordered surface
group I' is a normal subgroup of finite index in H(),), then H()\,)/T is a group of automorphisms of the
bordered Klein surface X = U/H()\,). Moreover, the automorphism groups G of order (q4_‘12) (g—1) that act on

compact bordered Klein surfaces X of algebraic genus g > 2 are finite quotient groups of the extended Hecke

groups H(),), where ¢ > 3 is an integer. For example, the groups of orders |G| = 12(g — 1), |G| =8(g — 1),
|G| = (g — 1), respectively, are the finite quotient groups of the extended Hecke groups H(A3), H(A4), or
H()\s) [41] and [3]. Here the orders of these groups are the highest three among the automorphism groups of
the compact Klein surfaces of algebraic genus g > 2 (see [31, p. 221, proposition 1]). The groups of order
|G| = 12(g — 1) are M*—groups. These groups were first introduced in [30], and have been studied in several
papers [4] and [5].

Sahin et al. defined the generalized M*—groups in [41] similar to the M*—groups. A finite group G is

called a generalized M*— group if it is generated by three distinct nontrivial elements r1,ro, 73 that satisfy the
relations
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OH*)'0,)
Figure 1.

11 =13 =13 =(rir2)? = (rir3)? =1,

q > 3 prime, and other relations that make the group finite. It is clear that the order of G is (qﬁqz) (9 — 1),

g > 2 integer.

In [41], Sahin et al. showed that a finite group of order at least 4¢ is a generalized M*—group if and only
if it is the homomorphic image of the extended Hecke group H(},), ¢ > 3 prime. Thus, if the index of a normal
subgroup N in H(),) is greater than 2g, then the quotient group H(\,)/N is a generalized M*— group.

The aim of this work is to generalize some results known for the extended modular group to the extended
Hecke groups H()\,), for ¢ > 3 prime (especially, H()\5)). We obtain the group structures and the signatures of
the commutator subgroups (H (A;))" and (H3)'(A,) of H(\,). For this, we apply the Reidemeister—Schreier

method, the permutation method, and the Riemann—Hurwitz formula. Next, we discuss some normal subgroups

and how they are related under the map « introduced in (2). We also give some relations between some normal
subgroups of H ()\,) and a figure that explain the effect of . Furthermore, we show that some of the quotient
groups of H (\,) are generalized M*—groups. Finally, we determine the generators of Hy(\5) and prove that
(H2)'(As) = Ha(Xs) and Hio(As) # (H?)'(As) N (H®)'(As).

2. Commutator subgroups of H ()\,)a and Hs()\,)

In this section, we study the first commutator subgroups (H (A;)a) and (Hz2)'(A;) of H()\,), for ¢ > 3 a

prime number.
Theorem 2.1 Let q > 3 be a prime number. Then
i) [HAg)e: (H(Ag)a)'| = 2q,

i) the group (H(N\,))' is a free group of rank (q — 1) with basis TSTS, TS*TS?, ..., TS TS
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Proof

i) The quotient group H(A\g)co/(H(Ag))" is the group obtained by adding the relation TRS = STR to the
relations of H(Ag)c in (3). Then

HO\)a/(HO\)a) = Cs x G,
Therefore, we obtain |H(A\g)a : (H(Ag)a)'| = 2g.

ii) We choose ¥ = {I, S, S?,...,897Y TR, TRS, TRS? ..., TRS7'} as a Schreier transversal for (H(\,)a)’.
According to the Reidemeister—Schreier method (see [29]), we get the generators of (H(A,)a) as the

following.

I.TR(TR)™' =1, 1.5.(S) "' =1,
S.TR.(TRS)™! = STRSY'RT, S.5.(8%)"1 =1,
S2.TR.(TRS?)~! = S?TRSY2RT, $2.5.(8%)~"t =1,
Si-LTR(TRS?Y)~! = S4=ITRSRT, S4=*.S.(I)"'=1,
TRTR.(I)™' =1, TR.S.(TRS) ! =1,
TRS.TR.(S)"! = TRSTRS!, TRS.S.(TRS?*)~! =

3

TRS2TR.(S?)"1 = TRS?*TRSI2, TRS%.S.(TRS?)~! I,

TRSILTR.(S971)~1 = TRST'TRS, TRSI.S(TR)"!=

Here STRSY'RT = STST, S*TRS"2?RT = S?TS?T, S 'TRSRT = S9'TS9'T, TRSTRSI ! =
TS '7Se~ 1 TRS?TRSI™2 = TS92T5972 and TRST'TRS = TSTS, as TR = RT and SR = RS? L.
Also as (STST)~! =TS 1TS971, (S?°TS?T)~t = TS972TS972 and (S971TS971T)~! = TSTS, the genera-
tors of (H(\,))" are TSTS, TS*TS?, ..., TSI~1TS9— 1.

Using the permutation method (see [46]) and the Riemann—-Hurwitz formula, we get the signature of
(H(\))" as (0;00,00, -+ ,00) = (0; 0o(@). O

q times

It is clear that the group (H(\g)e) is a subgroup of H(),). From [27], there are only two normal
subgroups of index 2¢ in H(\;), for ¢ > 3 prime. Namely, H'(\;) and Ha(\;). As the signature of Hy()\,) is
(0; 00(@)) (see [16]), we get the following result.

Corollary 2.2 The subgroup (H(\;)a)' is equal to the principal congruence subgroup Ha(Ng) of H(N,), i.e.
(H(Ag)a)" = Ha(Aq).
Theorem 2.3 Let g > 3 be a prime number.
i) [Ha(A,): M)l =
ii) The group (H )’( q) s a free group of rank 1+ (¢ —2)2971,
iii) The group (H2)'(X\,) is of index 2971 in Ha(),).
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Proof

i)

ii)

iii)

If we take k1 = TR, ko = RSTS, ks = RS*TS?, -+, kg = RS97'TS97! as the generators of Ha()\,),then
the quotient group Ha()\;)/(H2)'(A\,) is the group obtained by adding the relation k;k; = kjk; to the
relations of Ha(),), for i # j and i,j € {1,2,--- ,q}. Thus we have

HQ()\Q)/(FQ)/()\Q) = CQ X CQ X e X 02.

q times
Therefore, we obtain |F2()\q) : (FQ)’()\(I)‘ — 920
Let ¥ = {I, k1, ko,..., kg, kiko, kiks, ..., kikq, koks, koka, ..., kokg, ....kq—1kq, kikoks, kikoka,
o k1kokq, ..., kika---ks} be a Schreier transversal for (Hz)'(\,). Using the Reidemeister-Schreier

method, we obtain the generators of (H3)'()\,) as the following.

There are C(q,2) = ( g > generators of the form k;k;k;k;, where i < j and ¢, j € {1,2,--- ,¢q}. There are

2% < g > generators of the form k;k;kikjkik;, or kik;jkik;kik;, where i < j <tand i, j, t € {1,2,--- ,q}.

There are 3 x ( Z ) generators of the form k;kjkik,kikukekj, or kikjkikokikukiks, or kikjkikokikokjks,

where i < j <t <wu and ¢,j,t,u € {1,2,---,q}. Similarly, there are (¢ — 1) x ( Z > generators of the
form klkg s qulquq—l s kQ, or klk'g s qu2quq—1 s kgkl, or ---, or klkg s quq—lquq—Q s kgkl.
Totally, there are 1+ (q —2)297! generators of (Hz)'()\,).

We know that |H(Ag) : (Hz2)'(A\g)| = 29.q and [H(Ag) : H2(A\q)| = 2q. Therefore we get |Ha(Xq) : (H2)'(Ag)]
29—1,

Finally, we find the signature of (Hz) (A\,) as (q2973 — 2971 + 1500,00, - ,00) = ((q — 4)2973 + 1;
—_———

q.2(a=2) times

oo(q'2q_2))‘ O

Corollary 2.4 We have Ha(\,) = (H?) (A\g)(Ha)' (A\g).

Proof As (H?)'()\,) and (Hs)'()\,) are normal subgroups of H’(),), we obtain the chains

(Hz)/(/\q) C (HQ)/()‘Q)(H2)I(/\<1) c HQ(/\q) and (F2)/(/\q) C (HQ)/()‘Q)(FQ)I(/\q) c HQ(/\q)-

Then we get the index |Ha()q) : (H?)'(Ag)(H2)' (Ag)| divides both of ¢ and 2971, Since (¢,277') =1,

we have |Hz(Ag) : (H?)(Ag)(H2)'(Aq)| =1 . Thus we get Ha(Ag) = (H?)'(Aq)(H2) (Aq). O

Corollary 2.5 We have
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Proof a) (H?)'(\;) and (H2)'()\,) are normal subgroups of H(),). By one of the isomorphism theorems of

the groups, we have that
((H?) (Aq) (H2)'(Xg))/(H?) () 2= (H2)' (Aq) /(H?)'(Ag) N (H2)'(Ag))-
As (H?)'(A\g)(H2)'(Aq) = Ha(Ag), we find

Hy(Ag)/(H?)' (Ag) = (H2)' (Ag)/(H?)'(Ag) N (H2)'(Ag)).

Then
|Ha(Ng) : (H?)' (A\g)| = |(H2)'(Ng) = (H?)' (A\g) N (Ha2)'(Ag))] -

As |Ha(\) : (H2(0))'| = g, we get
[(H2)'(A\g) = ((H?)' (X)) N (H2)'(Ng))| = 4.
Thus, we have
[H(Xg) = (H?(A\g))' N (H2)' (\)| = [H(Ag) = H2(Ag)| - [H2(Ng) = (H2)' (Ag)| - [(H2)' (Ng) + (H*(Ag))' 0 (Hz2)' (M) -
As |Ha(Ng) : (H2)'(A\g)| = 2971, we obtain
[H(A) = (H?)' (Ag) N (H2)'(Ag)| = 2%.¢°.

b) The proof is similar to a). O

Remark 2.6 Under the map « in (2), any subgroup of H()\,) is mapped to a subgroup of H()\,) similar to
the extended modular group in [19] and [20]. Indeed one finds

H(\,) & H(\)a
Hi(\g) <« FQ()‘Q)
H'(A\) & Hz()\)
(HY)'(N) <+ (Ha)'(A\g)

Of course, if we know the generators of any one of these subgroups, then we find the generators of its
image under . The subgroups H(N\;), Ho(\g), F/()\q), and F”()\q) of H()\;) are a—invariant and hence
they are characteristic subgroups. Figure 2 summarizes these results.

As shown in [18], if M is a regular or orientably reqular hypermap corresponding to a normal subgroup

M of H(\,), then Ma is the hypermap corresponding to the normal subgroup Mo.
Corollary 2.7 Let ¢ > 3 be a prime number.

i) The quotient groups H(\,)/H'(N\;) and H(\,)/H2(\,;) are generalized M*— groups. These quotient groups
act on surfaces of topological type ((¢ — 1), 1, +) and ((¢ — 1), q, +) respectively, where in the triple
(g,k,€), g is the algebraic genus, k is the number of boundary components, and € describes the orientability

of a bordered Klein surface.
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H'(h)=(H?)'0),)
(H?)'(\,) (H2)'(h)

Figure 2. o Normal subgroups of H()\,) e Characteristic subgroups of H(\q).

ii) The quotient group H(N\,)/H"(\,) is a generalized M*— group. This quotient group acts on surfaces of
topological type (q.(¢q —2)+1, q, +).

iii) The quotient groups H()\,)/(H?)'(\,) and H()\,)/(H2)'(\;) are generalized M*— groups. These quotient
groups act on surfaces of topological type (2971 .(q —2) + 1, 2971 +) and (2971.(¢ —2) + 1, ¢.2972 +)

respectively.

Remark 2.8 If ¢ =3, then H(\3)/H'(\3) and H(\3)/H(\3) act on surfaces of topological type (2, 1, +) and
(2, 3, +); H(X\3)/H"()\3) acts on surfaces of topological type (4, 3, +); H(X\3)/(H?)'(\3) and H(\3)/(H2)'(\3)
act on surfaces of topological type (5, 4, +) and (5, 6,+). If ¢ =5, then H(\5)/H'(\s5) and H()\s)/Ha(\s)
act on surfaces of topological type (4, 1, +) and (4, 5, +); H(Xs)/H"()\s) acts on surfaces of topological type
(16, 5, +); H(As5)/(H®) (\s5) and H(X5)/(Hz)' (Xs) act on surfaces of topological type (49, 16, +) and (49,

40,4). All these results coincide with some results given in [3].

In the following, we focus on the Hecke group H(\5). We know from [37] that the subgroup (Hz)'(A3) is
equal to the congruence subgroup Hy(A3). We want to derive a similar equation for H()5). For this we start

with the special example ¢ = 5 in i) of the proof of Theorem 2.3.

Example 2.9 Let g =5. Then |H2()\5) : (Fg)/()\5)| = 32. We choose X = {1, ki, ko, ks, k4, ks, k1ka, kiks,
kika, kiks, koks, koka, koks, kska, ksks, kaks, kikaoks, kikoka, kikoks, kikska, kiksks, kikaks, kokska,
koksks, kokaks, kskaks, kikoksks, kikoksks, kikoksks, kikskaks, koksksks, kikoksksks} as a Schreier
transversal for (Hs)'(X\s). Using the Reidemeister—Schreier method, we get the following generators of (Hs)' (As)
(here A= X5 = 1+T\/g and X is a root of the polynomial \> — X\ —1=0). There are 10 generators of the form,
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kikokika = (1) 41)\ kakakokq = f28(;\A+—2f2 —4?(;\)\4_—2111 )
Fakahiks = giig 2106);\1192 kot = (5005 T
Fikakiky = 2106AA J:r 192 %A\ig kakaksks = —SE;\A+—54 —8??;—43
kikskiks = 41/\ ? ks kaks = fjok,\t?zl 72?2;71121 )
kokskoks = 4:—5\5 _82)\+_43 ) Fakskaks = —4§\)\+—54 —4i>\—3 )
20 generators of the form,
Frkzkakksks = ——2142);\_—185 :;li?\ - %g ) Fkakakizkakn = 4A4;\L5 :iilg )
aksbkabs = (T 1 TN ) skt = (G0 TH IO
ks by kisky = _8_A4} ’ __23: 2 Fikaokskoksk: = 44);\—:-183 j& ~;
k1 kskakkaks = :ggi - ;g :gii B gg ) kikskakskaky = :ii _ ‘;’ ii i ? >
mhatstksts = (00 50 0N ) kbbb = (T3 TR
Bakahskakohy = (o0~ 20 __23(?__12) bikakshibsbi = (o D0 0
kakskakakaks = ‘jg)fi;gg _512151_33?8) Fakskakshaky = —éi)\+_411 _1%();:1@4)
Bokakshohsks = (o000 AT ) kakakakaksk = (00 T8 TN g )
kakakskaksks = _?AA;LLH 4;1?1 kokakskaksks = __221:4111 _2%2;4:122
pokibskskohs = (s 08 sonedn ) bbbk = ( 000
15 generators of the form,
v kkeskakes Eakaky = ggii " ig‘iigg > ket kokskakokaksky = ( —lo0x 63 1123 :—3638 >
Fukakshakskabob = (103 700 T Fukakshskkshsko = (500 51 a0 :4190)0 )
krkokskskaksksk: = :igi B g}l 582?:2650) kikokskskskskok: = :ig;\ _ Si 16248 AA: 3870
hubahihsbubshibs = (0 oy soniag ) Makakdbskakkib = (0T G5
kikokakskakskaky = fgi:il Séiii’i ) Fikskakskkskaks = ﬁgiigg Sgiiig )
it - Y, (3
kaokskakskokskaks = Ef?;\/\—|—7212112 fggé\)ff?)l??g hokakiaks ks ks kaks = 33121)\2)—\1——1%552)3 5§§3A+3f$5>
ki (8, 10 )
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and 4 generators of the form

—192\ — 119  —372) — 228
Pikakskakshkskakske = _go) 56 —176A 111 )
368\ 4221  —604\ — 372
Rakokshakshohskakshy = {1703 4 119 _aggx — 179
b bbb aks kakaky — [ 232\ 145 —588A—360

11224+ 68  —280\ — 175

T6A+ 53 —164) — 96
Mikokskakskakshskak = 4ox 120 —761 — 51 >

Therefore, the subgroup (Hs)' (Xs) is a free group of rank 49 and of signature (5; 0o(40)).

Corollary 2.10 The subgroup (Hz) (Xs) of H(Xs) is equal to the congruence subgroup Hy()s), i.e. (Hs)' (As) =
Hi(\s).

Proof From Theorem 2.3, the group (Hj)'(\5) is a normal subgroup of index 160 in H()\5). Moreover, the
congruence subgroup Hy(\s) is a normal subgroup of index 160 in H()As5) (see [16] and [23]). Indeed, there are

4 normal subgroups of index 160 in H(\5) (see [9]). However, from the previous example, all generators of the

group (Hz)'()\s) are congruent to the + I (mod 4). Thus (Hz) (Xs) € Hy(As) and we get (Hz)'(\5) = Hy(Ns5).
O

On the other hand, in [34], Newman and Smart showed that
Hg(As) = (H?)'(A3) N (H?)'(Xa).
Now we show that this equality is not true for the Hecke group H(A5).

Corollary 2.11 Hig(Xs) # (H?)'(Xs5) N (H?)'(Xs).

Proof Since (H?)'(\s) C H'(\s) and (H®)'(\5) C H'(\5), we have (H?)'(\s5) N (H®)'(\s) C H'()s). If
Hio(A\s) = (H?)(\5) N (H?) (X5), then Hip(\5) C H'(\5). However, this is impossible since the commutator
subgroup H’()\s) is not congruence, from [25]. Then we get Hig(As) # (H?) (As) N (H®) (Xs). O

Finally, we formulate the following conjectures. It seems to us difficult to prove them.
Conjecture 2.12 i) For all ¢ > 3 prime, (Ha()\;)) = Hy()\,).

i) For all ¢ > 3 prime, Hau(N\;) # (H?) (A\g) N (H?)'(Ay).
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