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Abstract

In [2], Baik-Howie-Pride defined a set of the generating pictures of m(P) where P is a
presentation of a graph product of the vertex groups. In this paper, as an application of this, we
discuss necessary and sufficient conditions for the presentation P to be p-Cockcroft, where p is

a prime or 0. In addition we examine some special cases of this result.
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1. Introduction

Let
P=<x;r> (1)

be a group presentation. Let F denotes the free group on x and let N denotes the normal closure

of rin F. The quotient G = F/N is the group defined by P.


mailto:facil@balikesir.edu.tr

If we regard P as a 2-complex with one 0-cell, a 1-cell for each x € x, and a 2-cell for each

R e rin the standart way, then G is just the fundamental group of P. We then define the second

homotopy group m(P) of P, which is a left ZG-module. The elements of z(P) can be

represented by geometric configurations called spherical pictures. These are described in detail
in [20] and we refer the reader these for details. Moreover, by [20], there are certain operations

on spherical pictures.

Suppose X is a collection of spherical pictures over P. Then, by [20], one can define the

additional operation on spherical pictures. Allowing this additional operation leads to the notion
of eqgivalence (rel X) of spherical pictures. Then, by [20], the elements <P> (PeX) generate

m(P) as a module if and only if every spherical picture is equivalent (rel X) to the empty

picture. If the elements <P> (PeX) generate z,(P) then we say that X generates z,(P).

For any picture P over P and for any Rer, the exponent sum of R in [P, denoted by expr(P)
is the number of discs of P labelled by R, minus the number of discs labelled by R ™. It is clear

that if pictures P, and [P, are equivalent, then expr(P1) = expr(P,) forallR € r.

Definition 1.1. Let P be as in (1), and let n be a non-negative integer. Then P is said to be
n-Cockcroft if expr(P) = 0 (mod n), (where congruence (mod 0) is taken to be equality) for all

Rer and all spherical pictures P over P. A group G is said to be n-Cockcroft if it admits an n-

Cockcroft presentation. The n = 0 case is usually just called Cockcroft.

The reader can find some examples and details about Cockcroft property, for example, in
[11], [13], [14], [17] and [19] and about p-Cockcroft property, for example, in [8] and [19].
We remark that to verify the n-Cockcroft property holds, it is enough to check for pictures

PeX, where X is a set of generating pictures.

A graph T consist of two disjoint set v = v(I") (vertices) and e = e(I") (edges) and three

functions

ie—>v, t:e—>Vv and Te e

satisfying: «(e) = «(e™), (€M) =e, e* =e for all e € e. We call «(e) and z(e) the initial and

terminal point of e < e, respectively. An orientation e* of " consists of a choice of exactly one



edge from edge pair e,e™ (ece). We will call to pair (v, e*) with the functions ¢, z as an oriented
graph with oriented edge set e*. A graph I is called simple if whenever «(e;) = «(e,) and #(e;) =
7(ey) then e; = e, for all e;, e, € e. A simple graph I" is called complete if for any two distinct
vertices u and v, there is an edge e with #(e) = u, z(e) = v. The details and applications of these

can be found, for instance in [3].

1.1. Graph Product

Let T" be a simple oriented graph with a vertex set v and edge e (thus e is a collection of 2-
element subsets of v). For each v € v, let G, be a vertex group given by a presentation P, = <x,;
s> where the elements of s, are cyclically reduced words on x,. For each e € e with «(e) = u and
7(e) = v, let G be an edge group given by a presentation P, = <Xy, Xy ; Su, Sy, > Where the
elements of r, are cyclically reduced words on x, U X, each involving at least one x,-symbol

and x,- symbol and each r, (e € €) consists of all words [x,y] = xyxy™" (X € Xe, ¥ € Xoge))-
Let
P=<x;s,r> @)

be a presentation where x = Ux,,s= Us, r= U r. The group G = G(I') defined by P is

vev vev eee

called a graph product of the vertex groups G, for all v e v ([2], [5], [15], [16]).
A graph product has two extreme cases:
o |f the edge set e is empty then G is the free product of the groups G, (v € V).

e If T" is complete and each G, is finite then G is the direct product of the groups G,

(Vvev).

If all the vertex groups G, (v € V) are infinite cyclic then G is called a graph group (see [2], [9],
[10], [22], [23)).

The main result of this paper is the following:

Theorem 1.2. (Main Theorem) Let p be a prime or 0 and let P be a presentation as in (2).

Then P is p-Cockcroft if and only if
i) each P, (v e V) is p-Cockcroft,

ii) for each v e v, exp,(S) =0 (mod p) where x € X,, S €5,.



2. Preliminaries

In this section we exhibit the generating pictures of z,(P) where P is a presentation as in

(2), in order to prove the main theorem. We may refer to [2] for the details of this material.

Let T" be a oriented graph. For each triangle {u, v, w} (that is a 3-element subset of v for
which {u, v}, {v, w}, {w, u} € e) in T (see Figure 1-(a)), we have a collection of spherical
pictures of the form depicted in Figure 1-(b) where a € x,, b € Xy, ¢ € Xy Let Z be the union

of all these collections over all triangles of "

For each ec e with #(e) = u, 7(e) = v, let S=XXo ...xn (Xi €X,,i=1,2,....,n where n e
Z") be arelator in s,. Then for each y e x,, we have a spherical picture Ps, over P of the form as

depicted in Figure 2-(a).

(a) (b)
FIGURE 1
Similarly, for each x e x,, we get a spherical picture Pr, over P where T = y1y, ....ym (Vi €

Xy, j=12,.., m where meZ")is arelator ins, (Figure 2-(b)).

Let Yeu = {Psy : S €s,,y e x}and Yo, = {Prx: T €5, X € X} be the sets of these

spherical pictures. Also for each ec e in T, let us define Yo =Y, U Yy and Y = UY..

eee

Let X, be a collection of spherical pictures over P, such that z(P,) is generated by X, and

let X = U X,.

vVev

The proof of the following result can be found in [2] and [3].



Theorem 2.1. Let P be a presentation as in (2). Then z(P) is generated by X uY U Z.

IPs,y IPT,X

(a) (b)

FIGURE 2

3. Proof of the Main Theorem

Throughout this section the notations will be the same as in the previous ones.

Let p be a prime or 0. In this part of the proof, let us suppose that the presentation P, as
given in (2), is p-Cockcroft for any prime p. By Theorem 2.1, since m(P) is generated by X U Y
v Z and, by the assumption, since the exponent sum of the discs of each spherical picture
defined in the sets X, Y and Z is equivalent to zero by mod p then, by Definition 1.1, this gives
that each P, (vev) is p-Cockcroft and then since each of the relators S is defined in the

presentation P, , so we get
expx(S) =0 (mod p),
forall x e x,, S € s, as required.

For the other part of the proof let us assume that conditions i) and ii) hold for the
presentation P. By Theorem 2.1, for a presentation P as in (2), since m(P) is generated by the
union of the sets X, Y and Z then we need to calculate the exponent sum of the pictures in the
sets X, Y and Z under these assumptions. Now by the definition of X, the exponent sum of the
discs s, (vev) of each spherical picture is equivalent to zero by mod p. Additionaly, since the
exponent sum of the discs r. (e € e) of the spherical pictures in the set Z is equal to zero (see
Figure 1-(b)) then it is enough to check that the exponent sum of the discs of spherical pictures
inthe set'Y.



By Figure 2, the spherical pictures Psy, and Prx (Se s, T €5,y € X, X € X,) in the
set Y consist of the discs S, T, [y,xi] (X € Xy, i=1,2,...,n wheren e Z%), [xy] (yj € X, j=

1, 2, ..., m where meZ"). Since the conditions i), ii) hold for P and each of the relators S, T is

defined in the presentation P, then we have

expy; (S)=0(mod p), Vxiex, for i=12..,n
and
expy | (M=0(modp), Wjex, for j=1.2,..,m.
Also it is easy to see that

exppy x1 (Psy) = exp, (S) and EXPrx.y;1 (Pry) = expy, (™)

where Vxiex,, Vyjex,, i=1,2, ..., n, j=1,2,..,mandn, meZ". Therefore we get

eXPyy 1 (Psy) =0 (mod p) and eXPpyy1 (P1,) =0 (mod p).

Moreover, for the discs S, T in the spherical pictures Psy, and Py, it is clear that

exps (Psy) = 1 -1 =expr (Pry) = 0.

Hence, since the above processing can be made for all the spherical pictures in the set Y then we

get P is p-Cockcroft where p is a prime or 0, as required.

Hence the result. ¢

4. Applications of the Main Theorem

Our aim in this section is to investigate what we get by changing some situations in the
main theorem and then trying to get some consequences of it. In fact we will obtain some well-

known results by applying these variations.
Let T" be a graph with vertex set v and edge set e and let G = G(I") be a graph product.

First let us suppose that all the vertex groups G, (vev) are infinite cyclic. Then a
presentation of a group G, is given by P, = < x,; >. Thus the presentation P, as in (2),

becomes



P=<x; > (3

Corollary 4.1. Let p be a prime or 0 and let P be a presentation as in (3). Then P is p-
Cockcroft.

Proof. By the definition of X and Y, it is easy to see that they are equal to the empty sets.
Then by Theorem 2.1, 7m(P) is generated by only the set Z. Additionally, since all the spherical
pictures are Cockcroft in the set Z (see Figure 1-(b)) then P is p-Cockcroft, as required.¢

Now assume that the edge set e is empty in T". Then the set r. (e<e) in the presentations P,
(e<e) will be empty. Therefore r = & and the group G becomes the free product of the groups

Gy (vev). Thus, by [18], G is given by a presentation
P=<x;s> (4)
Corollary 4.2. Let p be a prime or 0 and let P be a presentation as in (4). Then P is p-

Cockcroft if and only if each P, (ve v) is p-Cockcroft.

Proof. It is clear that Y= and Z=@. Then m,(P) is generated by only the set X = U X..

First assume that P is p-Cockcroft for some prime or 0. Therefore, since m(P) is generated by

the union of the sets X, (ve v) then we get each P, is p-Cockcroft.

Now suppose that each P, (ve v) is p-Cockcroft. Since X = U X, and z(P) is generated by

vev

the set X then P is p-Cockcroft, as required. ¢

Finally let us suppose that the oriented edge set is {e1, e,, es} and the vertex set is {u, v, w}
in T as shown in Figure 3. Also let P, = <x ; x"1 > P, =<y ;y’2 > P, =<7z;z°3 > be the

presentations of the vertex groups Gy, G, and G, respectively where pi, p,, ps are distinct

primes. Thus
P=<xyz; x"1,y*2,2°3, [xy], [y.z], [2X] > ()

is a presentation of the graph product of the groups Gy, G, Gy.



FIGURE 3 : Thegraph T

Remark 4.3. 1t is well known that the presentation P, as in (5), is actually presenting the
direct product of the cyclic groups of order p;, p, and ps, respectively where p;, p,, ps are

distinct primes.

Let P be a presentation as in (5). As a consequence of Section 2, we can define the
generating pictures of m(P) as depicted in Figure 4. It is easy to see that set Z is empty for this

group (we may refer [1] for the details of this).

It is clear that the proof of the following lemma is a quick consequence of Theorem 2.1.

Lemma 4.4. Let P be a presentation as in (5). Then m(P) is generated by X U Y.

Now as an application of Theorem 1.2 we can obtain the following result.

Corollary 4.5. Let P be a presentation as in (5) and let p be a prime. Then P is p-

Cockcroft if each prime p; is equal to p (i=1,2,3).

Proof. Let us label the relations in the presentations P, P, , P,, as follows:

XP1 — Rl’ypz — R2,2p3 — Rg,
[X, y]= Sl,[y, Z]: SZ,[Z,x]:Ssl

By Lemma 4.4, we must check the exponent sum of the discs in the sets X and Y. By

Figure 4, the spherical pictures P,, P,, P3 in the set X consist of discs Ry, Ry, Rs and the

spherical pictures P4, Ps, Pg, P7, Pg, Py in the set Y consist of discs Ry, Rz, Rs, S1, S, and Ss.

Then the exponent sum of these discs are

exXpg, (P1) = expg, (P2) =expg, (Ps) =expg (Ps) =expg (Ps) =1-1=0,

EXPg, (Ps) =€XPg, (P7) =expg, (Pg) =expg, (Pg) =1-1=0,



exp,, (P2)=p1, expg (Ps)= pz, exps, (Pe)= p2,

exp,, (P7)= ps =exp;,_ (Ps), exp, (Pg)=p:.
Therefore, by Theorem 1.2, P is p-Cockcroft if each of the presentation P, , P, , Py, is p-
Cockcroft for the same prime p. Thus the primes py, p2, pz must be equal to p, as required. ¢
The set X:

P,

The set Y:

P4

FIGURE 4



Remark 4.6. Although Corollary 4.5 states the p-Cockcroft property of a sphecial case of
the graph product, in fact, by Remark 4.3, it states that the p-Cockcroft property of the direct
product of the cyclic groups of order py, p2, ps respectively which was studied and taken too

much attention by the authors (see, for example, in [21] ).

One can find the definition of efficiency for a presentation P as in (1), for instance, in [4],
[6], [7] and [24]. In [12], Epstein (and later on Kilgour-Pride in [19]) showed that a

presentation P, as given in (1), is efficient if and only if it is p-Cockcroft for some prime p.

As an application of Theorem 1.2, we can also give the following example which is used
the term efficiency instead of the p-Cockcroft property for the presentations of the vertex

groups.

Example 4.7. Let I" be a graph with the oriented edge set is {e.} and the vertex set is
{vi,V2}. Let

1

P, =<a,b;a",aba"b™* > and P, =<c,d;c',cdc™d ™ >

V.
be presentations of the vertex groups le and sz , respectively where (n, m-1) = 1, (t k-1) = 1

(n,m,t,k € Z*)and p isany primewith p|n, p|t. Then
P=<a,b,c,d;a", aba™™, c', cdc*d ?, [a,c], [a,d], [b.c], [b,d] >

is a presentation of the graph product of the groups le and GVZ. By [3], each of the
presentations P, and P,, is efficient (and so is p-Cockcroft by the last paragraph before

example). Moreover the exponent sum of the each letter in the relators of the presentations

P and P,, is congruent to zero by mod p. Then, by Theorem 1.2, we have that P is p-

Cockcroft.

Acknowledgement. The authors are grateful to the referee for his/her helpful suggestions and

for reminded us the reference [24].
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