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A MODULUS OF SMOOTHNESS FOR SOME BANACH FUNCTION SPACES

Ramazan Akgiin' UDC 517.5

Based on the Steklov operator, we consider a modulus of smoothness for functions in some Banach
function spaces, which can be not translation invariant, and establish its main properties. A constructive
characterization of the Lipschitz class is obtained with the help of the Jackson-type direct theorem and
the inverse theorem on trigonometric approximation. As an application, we present several examples of
related (weighted) function spaces.

1. Introduction and Main Results

The celebrated theorem of Jackson and Bernstein—Stechkin on the constructive characterization of the Lips-
chitz classes, states that? (see, e.g., [13, Chapter 7, Theorem 3.3])

a necessary and sufficient condition for f € LP, 1 < p < oo, to belong to the Lipschitz class of order o > 0,

Lip(aap) = {f € Lr: w\_oaj-‘,—l(fa 5)17 S 5047 6> 0} )

is that

Jnf ||f = Tolle = En(f)re Sn7 forall neN:={1,2,3,...},
'ILE n

where |x] := max{n € N: n <z} and T, is a class of trigonometric polynomials

Th(x) = Z (ag coskx + by sinkx), ag,bp € R,
k=0

of degree at most n € N,

wr(f,0)rr = sup (I =Th)" fl s
0<h<é

is the modulus of smoothness of order € N, and T}, f(-) := f(- + h), h € R, is a translation operator.

In view of this equivalence, functions from the Lipschitz classes are characterized only by the orders of their
best approximation. To obtain this equivalence, it is necessary to relate the best approximation order E,,(f), with

1
the modulus of smoothness w; <f , > .
Lp
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2 Here and in what follows, A < B means that there exists a positive constant C' independent of essential parameters such that the
inequality A < C'B is true.
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The direct and inverse inequalities of trigonometric approximation give the relations

1
En(f)Lp Swr<f7 > ) TEN, (1)
n )
1 I,
welfi=) S G+ E () )
njpe N
7=0
for any n € N with constants depending only on . We note that inequalities (1) and (2) are true (see [15]) for more
general homogeneous Banach spaces (HBS) X, i.e., the class of measurable functions defined on T' := [0, 27]
such that the translation operator 7}, is a continuous isometry and the relation ||f(—-)||x = ||f(-)||x holds.

See also the results in [20, 21, 27].

Here, the definition of the modulus of smoothness w;, (f,-)x strongly depends on the translation invariance of
the analyzed space X . If the space X is not translation invariant (e.g., for the Lebesgue spaces with a weight),
then the modulus of smoothness w,.(f, ) x may be not well defined.

The main purpose of the present paper is to define a modulus of smoothness €2,.(-,0) x that can be also used
for the spaces X that can be not invariant under the action of the translation operator 7}. Moreover, the role of X
can be played by certain weighted spaces.

We suppose that:

() X is a Banach function space (BFS; see [9]) on T
(II) T, is a dense subset of X;

(IIT) the Steklov operator

f(x)léahf(x)::/f(t)dt, zeT, felX,

is uniformly bounded (in h) on X.

Let S,,(-, f) be the nth partial sum of the Fourier series of f € X C L.
The modulus of smoothness in X satisfying property (III) is defined as follows:

QT(fa 5)X = (I - O—h)TfHXa e N7

sup ||
0<h<6

where [ is the identity operator on 7.
The following theorem is the main result of the present paper; it gives an estimate of the best approximation
error

Ea(f)x = it |If = Tallx

1
from above by the modulus of smoothness ), <f, >
n/x

Theorem 1. Suppose that X satisfy the conditions (I)—(Ill) and that f € X. If

(IV) the operator f — S, is uniformly bounded (in n) on X
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and

d

(V) En(g)x Sn™? 3 9(@)

d
forany ge X" := {geX: ﬁg(x) EX},
X T

then the Jackson—Stechkin-type estimate

Eu(f)x < O (f, i) , ren, 3)
X

is true for n € N with some constant depending only on r and X.

In the approximation theory, inequalities of type (3) are known as the direct theorem of trigonometric ap-
proximation. For X = L2, inequality (3) was proved in [1]. If X is an HBS, then (3) can be obtained from
Theorem 10.7 in [16]. In the case where X is a Lebesgue space with a weight w satisfying the Muckenhoupt
condition A,, 1 < p < oo, inequality (3) of the form

r

H(I - Uhi)f

i=1

En(f)pw S Q (f, i) = sup . reN, )

Dyw 0<h;<1/n

p?w

was proved in [17] (see also, e.g., Theorem 2 in [19]). Considering Example 5 in § 2, we see that (3) clearly
improves inequality (4) for » > 2. Similarly, (3) also improves the direct theorems obtained in [3, 4, 6, 18, 19]
for r > 2.

The weak inverse of the Jackson-type estimate (3) is given in the following theorem:

Theorem 2. Let X satisfy properties (I)—(IIl) and let f € X. If
(VI) the inequality ||T},|| x < nl|Th||x holds for any T, € Ty,

then

1 1 & - 2r—1
QT(fa n)}(s 7'1,2r Z(]+1) Ej(f)X7 TGN,

j=0
for n € N with some constant that depends only on r and X.

Theorems 1 and 2 give the following Marchaud-type inequality:

Corollary 1. Under the conditions of Theorems I and 2,

1
Qr(f) 6)X 5 62T/u_2r_19k(f7 U)Xdu, 0<od< 17
1)

for v k € N with r < k.

Theorem 3. Under the conditions of Theorems 1 and 2, if

E,(f)x <n? neN,
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for some 3 > 0, then, for a given r € N,
88, r>[/2,
Q. (f,0)x (5ﬁlog%, r=0£/2,
5, r<pB/2.

Definition 1. Ler § > 0, let r :== |3/2] + 1, and let X be a BFS satisfying condition (IIl). We define
Lip(8, X) i= {f € X: Qu(f,0)x $9°, 5> 0}.

The following result gives a constructive characterization of the Lipschitz classes Lip(/3, X). As a corollary
of Theorems 1, 2, and 3 and Definition 1, we get the following corollary:

Corollary 2. Let 3 > 0. Under the conditions of Theorems 1 and 2, the following conditions are equivalent:
(i) f e Lip(B, X),
(i) En(f)x Sn P neN

Some examples of the space X are given in Sec. 2. In Sec. 3, we present the proofs of our results.

2. Applications

In this section, we collect some definitions of the function classes suitable for the method proposed in the
previous section.

Nonweighted Setting. Let M be the set of all measurable and scalar-valued functions on 7" and let M™
be a subset of functions from M whose values lie in [0,00]. By xz we denote the characteristic function of
a measurable set £ C 7.

A mapping p: M — [0, 0] is called a function norm if, for all constants a > 0, for all functions f, g, fn,
n € N, and for all measurable subsets £ of T, the following properties hold:

(i) p(f) =0iff f=0ae; plaf) =ap(f) and p(f +g) < p(f) + p(9);
(i) if 0 < g < f ae., then p(g) < p(f);
(iii) if 0 < f, 1 f ae., then p(fn) T p(f);
(iv) ifaset E in T has a finite Lebesgue measure |E|, then p(xg) < oo}

(v) ifaset F in T satisfies |F| < oo, then there exists a positive constant C' depending only on E and p
and such that

/ J(@)de < Cp(f).
E

For a function norm p, the class of functions

X :=X(p) ={f € M: p(|f]) < o0}
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is called a BFS. For each f € X, we define the norm

[fllx = p(fD,  feX.

A BFS X equipped with the norm || - || x is a Banach space (see [9, p. 3-5, Theorems 1.4 and 1.6]). If p is
a function norm, then its associate norm p? is defined on M™ by

p'(g)i=sup{ [ flolgla)dus f e M, p(f) <17, g M.
T

If p is a function norm, then p® is itself a function norm [9, p. 8, Theorem 2.2]. The BFS X (,o“) determined
by the function norm p® is called the associate space of X = X(p) and denoted by X“. It is well known (see,
e.g., [9, p. 9]) that

1fllx = sup /f(ﬂf)g(x)ldx: ge X% llgllxe <1p. 5)
T

The distribution function 1¢ of a measurable function f is defined as the Lebesgue measure of the set {x € T":
|f(x)] > A} for A > 0. A Banach function norm is said to be rearrangement invariant (r.i.) if p(f) = p(g) for
every pair of functions f, g, which are equimeasurable, i.e., 1f(A) = pg(A). If p is an ri. function norm, then
the BFS X (p) is called an r.i. BFS. Let X be a BFS. We say that a function f € X has an absolutely continuous
norm if

Jim || fxa, lx =0

for any decreasing sequence of measurable sets {4, },>1 with x4, — 0 a.e. If every f € X has this property,
then we say that X has an absolutely continuous norm.

Remark 1 [9, Chapter 3, Lemma 6.3, Theorem 6.10]. Let X be an ri. BFS. The following conditions are
equivalent:

(i) the set of trigonometric polynomials T, is a dense subset of X;
(ii) the translation operator Ty, is uniformly bounded (in h) on X;
(iii) X has an absolutely continuous norm;
(iv) the Fourier series of f € X converges in norm in the space X
(v) the operator of partial sum Sy, (-, f) is uniformly bounded (in n) on X.

We also note that if X is a separable r.i. BFS, then condition (i) in Remark 1 is equivalent to the following
condition:

(vi) X has nontrivial Boyd indices aex and Bx (i.e., 0 < ax, Bx < 1;see Chapter 3, Corollary 6.11 in [9]).

We now present some examples of BFS.
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(1) Lebesgue Spaces. We define Lebesgue functionals as follows:

1/p
/f(m)p dz , 0<p<oo, and Poo(f) := essup f(z).
zeT

Then p,(|f|) is a Banach function norm for 1 < p < co. We set LP := X(p,) and || f||, := pp(|f]). In this case,
property (I) was proved in Theorem 1.2 of [9]. Property (II) is well known and can be found in any monograph on
the approximation theory (see, e.g., Chapter 1, Part 1.4.1 in [29]). Property (III) is a consequence of the integral
Minkowski inequality [29, p. 592, (12)] and the translation invariance of LP, 1 < p < oo. Property (V) is known
from, e.g., [13, p. 206, (2.17)]. Property (VI) was proved in [8] for p = oco; in [30], for 1 < p < oo, and in [7],
for 0 < p < o0. For (IV), one can see [28, §3, Theorem 1].

(2a) Lorentz Spaces LP9. let 0 < p,q < oo and let My be a subset of functions from M that are finite
a.e.on T. For f € My, we set

fe'e) 1/‘1
w19 dt
= | [ [P2r0)'F) © 0<p<s,
0
[ fllpoo == sup tY2F5@), [ fllpeo) == sup E/PFH(2),
z€(0,00) x€(0,00)
fe'e) l/q
*k3k th
o= | [ [or0]"F) + 0<p<oc,
0

where f* is a decreasing rearrangement of the function f [9, Chapter 2, Section 1] and

¢
0/ 1 (s >0,

The class of functions {f € My: || f|[p,q < oo} is denoted by LP9. It is known that LP9 coincides with LP for
0 <p <ooand|flpp=|fllp, where f € LP. On the other hand, if 1 < ¢ < p < oo or ¢ = p = o0, then
| [lp,g is an r.i. Banach function norm. If 1 < p < oo and 1 < g < 0o or ¢ = p = oo, then || - || q) is an ri.
Banach function norm (see Chapter 4, Theorem 4.3 and Lemma 4.5 in [9]).

H.M—t

(2b) Lorentz Spaces A and M. Let X be anr.i. BFS on (R, dz). Suppose that X is renormed so that
its fundamental function ¢x is concave. The Lorentz space A(X) consists of all functions f in M (R*,dx)
for which

TINES / F¥(s) diox (s) < oo,
0

The Lorentz space M (X) consists of all functions f in M (R, dz) for which

1fllarx) = sap f*(H)ex(t) < oco.
te(0,00)

The Lorentz spaces A(X) and M (X) are r.i. BFS (see Chapter 2, Theorem 5.13 in [9]).
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(c) Zygmund Spaces. The spaces L(log L) and Ley, are r.i. BFS (see Chapter 4, Part 6 in [9]). If X is anr.i.
BFS and has an absolutely continuous norm, then properties (I), (II) and (IV) can be obtained from Remark 1, while
properties (III), (V), and (VI) were obtained in [18, Lemmas 2.2 and 2.5 and Theorem 1.2].

(3) Orlicz Spaces. A function ¢ is called a Young function if ¢ is even, continuous, and nonnegative in R,
increasing on (0, c0), and such that ©(0) = 0 and lim,_,~, ¢(z) = co. We say that a Young function ¢ satisfies
condition Ay (and write ¢ € Ay) if there exists a constant C' > 0 such that ¢(2x) < Cp(z) for all z € R. Two
Young functions ¢ and ¢ are called equivalent (and we write ¢ ~ (1) if there are constants C, C’ > 0 such that

¢1(Cx) < p(x) < ¢1(C'x)

holds for any x > 0. A nonnegative function M : [0, 00)— [0, c0) is said to be quasiconvex if there exist a convex
Young function ® and a constant C' > 1 such that

O(z) < M(z) < 9(Cx)

holds for any =z > 0. Let ¢ be a quasiconvex Young function. By I:QO(T) we denote the class of Lebesgue
measurable functions f: T'— R, satisfying the condition

/ (1 () )dz < oo.

T

The linear span of the Orlicz class Ly, ("), denoted by (L), becomes a normed space with the Orlicz norm

£l = sup / F(@)g(z)| da: / (gl dz <1, ®)
T

T

where

©*(y) :==sup{zy —p(z)}, y =0,
x>0
is the complementary function of . It can be easily seen that (L) C L'(T) and (L) becomes a Banach
space with the Orlicz norm. The Banach space ¢(L) is called an Orlicz space. In this case, condition (I) can be
replaced by condition (I’), namely, X is a Banach space whose norm satisfies the integral Minkowski inequality.
Hence, the Orlicz norm (6) has this property. Under the conditions that ¢® is a quasiconvex function for some
a € (0,1) and ¢ € Ay, property (II) is a consequence of [23, Lemma 3] and properties (III)-(VI) were proved
in [6, Lemmas 2, 3, and 5 and Theorem 1].

The examples considered in items 1-3 above are HBS and, in these cases, inequalities (1) and (2) can be also
obtained by the method developed in [16, §10]. On the other hand, the examples presented below are, in general,
not translation invariant and, in these cases, the method proposed in [16] is not applicable. The aim of the present
work arises from this fact.

The following example demonstrates a function class that is not rearrangement invariant.

(4) Variable Exponent Lebesgue Spaces. Let P be a class of 27-periodic Lebesgue measurable functions

p = p(z): T — (1,00) such that essup,crp(z) < co. We consider a class L’QQ of 2m-periodic measurable
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functions f defined on 7" and such that

/|f(x)|1><l’>dx < 0.

T

The class ng) is a Banach space [24, Theorem 2.5] with the norm

p(z)
dr <1

. f(x)
I£llp(y := inf ¢ @ >0: /’a
T
We say that the variable exponent p(-) defined on T satisfies the Dini-Lipschitz property DL, of order ~y if

1 v
sup {|p(z1) — p(x2)|: |z1 — z2] < 5} <ln 5) <(C, 0<é<1l (7)

z1,22€T

If p(-) satisfies the properties
1 < essinfzerp(z), essupyerp(z) < 0o

and the Dini—Lipschitz condition (7) of order > 1, then property (I) follows from Theorem 3.2.13 in [14];
properties (I—(IV) follow from [26, Theorems 6.1 and 6.2 and Lemma 3.1], and properties (V) and (VI) follow
from [3, Theorem 1 and Lemma 1].

Weighted Case. A function w: T—[0, 0o is called a weight if w is measurable and positive a.e. A 27-peri-
odic weight function w belongs to the Muckenhoupt class A,, p > 1, if

p—1
1 1
sup /w(m) dz |J|/w1/(1_p)(x) dz <C

7\ IJl
7 7

with a finite positive constant C' independent of .J, where .J is any subinterval of T

(5) Weighted Lebesgue Spaces. For a weight w, by LP(T,w) we denote a class of measurable functions
defined on 7" and such that wf € LP(T'). We set

[fllp = llw £l

for f € LP(T,w). If wP € A, and 1 < p < oo, then properties (I)—(VI) are known from [19] and property (I) is
a consequence of [22, Lemma 2.5 (b)].

(6a) Weighted Orlicz Spaces o, (L). Let ¢ be a quasiconvex Young function. By i}%w(T) we denote the
class of Lebesgue measurable functions f: 7" — R satisfying the condition

/90(|f(x)|)w(:n) dx < oo.

T
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The linear span of the weighted Orlicz class I~/4p,w7 denoted by ¢,,(L), turns into a normed space with the
Orlicz norm

1], = sup / F(@)g() w(z) dar / *(|g)w(z)dz <1y ®)
T T

For a quasiconvex function ¢, we define the index p(p) of ¢ as follows:

= inf {p: p >0, ¢” is quasiconvex }.
p(¥)

If w € Ay, then it is easy to see that ¢, (L) C L'(T) and ¢, (L) becomes a Banach space with the Orlicz
norm. The Banach space ¢, (L) is called a weighted Orlicz space. In this case, condition (I) can be also replaced
by condition (I'). Hence, the Orlicz norm (8) satisfies property (I"). If the conditions that ¢® is quasiconvex for
some a € (0,1), ¢ € Ag, and w € Ay, are satisfied, then properties (I)~(VI) were proved in [6].

(6b) Weighted Orlicz Spaces Lg,. A convex and continuous function M : [0,00) — [0co) such that

M(0) =0, M(z) >0 for x>0,

M M
im M@ _o ana m M

)
z—0 X r—o0 I

is called an INV-function. The complementary Young function N of M is defined by

N(y) := max{zy — M(z): z > 0}

for y > 0.

Let M be an N-function. We denote by L), a linear space of 27-periodic measurable functions f: T'— R
such that

holds for some A > 0. Equipped with the norm

1 Fllar = sup /|f(:n) dx:/N]g dr <1
T

where IV is the complementary function, L); becomes a Banach space. This space is called the Orlicz space
generated by M.
Let M~1: [0,00) — [0, 00) be the inverse of the Young function M and let

-1
h(t) := limsup———~ M ()

D T (/) t> 0.
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The numbers 5y; and «ap; defined by

log h(t log h(t
By = lim og h(t) and ajy = lim og h(t)
t—oo logt t—0t logt

are called the upper and lower Boyd indices of the Orlicz space Ly, respectively.

Let w be a weight function. We denote by Ly, the space of all measurable functions f: 7' — R such
that fw € Ljp;. The norm in Ly, is defined by || f||arw := | fw|[ar. The normed space Ly, is called
a weighted Orlicz space. In the case where M is an N-function, Lz, has nontrivial Boyd indices aps and Sy,
and wl/om ¢ Ay Janrs wl/Bar g Ay Jan properties (I)-(VI) were proved in [19]. We note also that the spaces Ly,
and ¢, (L) are, in general, different (see [10]).

7. Weighted Variable Exponent Lebesgue Spaces. By Lﬁ(') we denote the class of Lebesgue measurable

functions f: T — R satistying the condition wf € Lg;). A weighted variable exponent Lebesgue space ij(') is

a Banach space with the following norm:
1 llp() e = Nl fllp)-

For given p € P, the class of weights w satisfying the condition (see [11])

loxally o™ xall,, S 1@1

for all balls @ in T is denoted by A, ). Here, p'(x) := p(z)/(p(z) — 1) is the conjugate exponent of p(z).
We say that the variable exponent p(z) is log-Holder continuous on 7 if there exists a constant C' > 0 such that

1

< forall zj,z0€T.
’Nlog(e—i—l/]xl—m\) b

Ip(z1) — p(2)

In the case where

1 < essinfyerp(x), essup,erp(z) < oo,

1/p is Log-Holder continuous on 7,
and
Wl € Ay /poy  forsome  po € (1,essinf erp(z)),
properties (I)-(VI) were established in [4].
8. Weighted r.i. BFS. For a weight w, by X (T',w) we denote a class of measurable functions defined on T
and such that wf € X(T'). We set || f| xw = |lwf]||x for f € X(T,w). In the case where X (T) is a reflexive r.i.

BFS with nontrivial Boyd indices ax and Sx such that wl/ax ¢ Ay Jax and wl/Bx ¢ Ay Jax s properties (I)—(VI)
were obtained in [18].

3. Proofs of the Results

The following two lemmas are required to prove Theorem 1. If A < B and B < A simultaneously, then we
write A ~ B.
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Lemma 1. Assume that X satisfies conditions (I)—(Ill), f € X, and t,1 > 0. Then

D (f, 1)x S+ [1))°0(f,t)x

holds with a constant that depends only on r and X.

Proof. Let t > 0. Then there exists n € N such that 1/n <t < 2/n. We define an operator

1/n ¢t w

(Ul/nf = ///f x+s)dsdudt, ze€T, feX.
0 —u
In this case (see [3, p. 14]),
d2
dr ~ 5 Ul/nf( ) CnQ(I_Ul/n)f(x)

holds for almost all x € T" with some constant C' € R.
Hence, in view of the uniform boundedness of the operator f — oy, f in X (for fixed n € N), we conclude
that

d2
SUynf@) e X and  Uppf e X7
On the other hand, it follows from (5) that

1/n t wu

Ui fllx = 3n3 ///f x+ s)dsdudt

0 —u

1/n ¢t
<n3//2u||aufHXdudt
0 0

1/n ¢t

< 308 f1x / / 2ududt = | f]x
0 0

and, hence, f — Uy, f € X. Then

”%ﬂw gllx +2ll¢"Ix} = K2 (f,8, X, X") < 2K5 (f,1/n, X, X")

N

o @2
L P Pt

‘ =1 + I>. )

We estimate ;. By using (5), we get

1/n ¢

If = Uyufllx <08 / / l|(I — o) || dudt
0 0
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1/n ¢

< sup  ||( = oy)f||x3n® / /2ududt
0<u<l/n 50

S osup (L —ou)fllx = (f,1/n)x. (10)
0<u<l/n

For the estimate I, we find
1| a2 o d?
) Uinf(z) M ntos Uinf(z) . = |C(I = o) flix

S osup (L —ou)fllx = (f,1/n)x. (11)

0<u<l/n

Thus, it follows from (9)—(11) that

Ky (f,t,X,X”) 5 Ql(f, l/n)X < Ql(f,t)X

On the other hand, for g € X",

h h t wu
1 1
(I —op)g(z) = 57 /(g(:p) gz +1)) 8],L///g"(az—}-s) dsdudt.
—h 0 0 —u
Therefore,
h t u
(I —on)gllx = = sup / ///g”(x+s)dsdudt lv(x)|dz: ||v]|xe <1
Sh veXa
T 10 0 ~u
h t u
<1//2u 1/ "(x+s)ds|| dudt
= 8h ou | 7
0 0 —u X
1 h t
< = 9 Z — B2y,
S g [ [ 2ol dud = 12",
00
and we find
Q(g,t)x S g"|Ix (12)
for g € X".

Then, for g € X",
N (f)x SIF—allx + 219" llx

Thus, taking the infimum on g € X", we get

i (fit)x S Ko (f, 6, X,X").
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This yields Q1 (f,t)x ~ K2 (f,t; X, X"). By using the last equivalence, we obtain

N (fit)x S inf {[If = gllx +0)%g"lIx}
gEX”
< 2 _ 21|,
S+ it {1 = gllx + 29" lx )

S (L4 [1)*u(f, t)x.

The lemma is proved.

Lemma 2. Suppose that X satisfies conditions (I)—(Ill), f € X, and n,m,r € N. Then there exists a num-
ber 0 € (0,1) depending only on X and such that

O (f,t)x SO Ifllx + C' i (f, t)x

holds for any t € (0,1/n), where C > 0 is a constant that depends only on r and X and C" > 0 is a constant
that depends only on r, m, and X.

Proof. For any h > 0, there exists a constant C > 1 such that

lonfllx < Cllfllx.
We set 0 := C/(1 + C). Further, for any h € (0,1/n), we first prove that
I —on) fllx <0 ||(I=07)" f|lx + CUia(f,h)x. (13)
To prove (13), we observe that

I—o,=2"YI=0,)IT +0p)+27 I - 0p)*

and
on(l —op) =271 (I = on)(I +op) =271 (I — op)*.

Hence, for g € X,

I(Z = on)gllx +llon(I = on)gllx < (I —on) (I +an)gllx + (I —on)’g| - (14)

On the other hand,
1T = on) fllx = 6 (/O I = o) Fllx + 1T =) fll)
<6 (I = 00 Fllpeo + I = 00)" f1l)

=0 (|1 —on) (I =on) ] x + I —0on) fllx)
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=0 (|[(on(T =on) + (I =0n)®) (I =0n)" " f]ly + 1T = 0n)" fllx)
<O (lond —on) (I —on) " f]lx + || = 0n)*T —0n) " f] )

+ 6L —on)" fllx

<6 (lon(l = ou)" fllx + 1T = o) f, , + 1 =0n) Il ) (15)

Setting g := (I — o)" L f in (14), we get

lon(I = on)" fllx + 1 = on)" fllx < I = 0n) (on + D)l + [T —on) " f| -
By using this inequality in (15), we find
1= on) Fllx <6 (lon(T = an) Fllpe, + |1 = o) ]l + I = a) Fll)

S (1L = on) (on+ D fllx + (T —on) T fll) + 61T =an) ™ f]
<GS —on)" (on+ D fllx +20[[(T—on)™ ' f| - (16)

Repeating the last inequality r times, we obtain

I(Z = on)" fllx <6l = on)" (on+ 1) fllx +28[|(I —on) " f|

< ST = on) (on + 1P f||x +26%[|(1 = o)™ (on + D[ +20[[(1 = on) ' f
<(5TH( —O'h) (Uh+I) f”X_|_QZ5kH )r-i—l(ah_'_lk 1fH
1
_5TH —O'h f” —|—225kH T+1(0h—|—lk lfH

Hence,
I = on) fllx < 8" | = op)fl| x + Clr, X)Quia(f, h)x
and the proof of (13) is complete. By using (13), we get
I(Z = on)" fllx < 6" [[(1 = 03)" f|| x + Clr, X)Qsa (£, h)x

<O ||(I = od) f ¢ + (67 + 1) Clr, X)Qusa (f 1) x

<L <0

(I-o}")' f

\X 4O X, m) 1 (f, ) x 17)
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For g € C(T), where C(T) is the class of continuous functions on 7', the inequality
I . 2MN\T H < 27‘
(G A g P P
holds with a constant ¢ independent of m. The last inequality and Theorem 1.5 in [5] imply that
|@=a2"y ||, <2eisix,

where C' is a constant independent of m.
Taking supremum in inequality (17), we arrive at the relation

Q(f,t)x S 0™ fllx + Qe (f, ) x-

The lemma is proved.

Proof of Theorem 1. Case r = 1. Let n € N and f € X be fixed. We use the operator Uy /,, f. By using
(IV), (10), and (11), we find

En(f)x = En(f = Uiynf +Uinf)x

S En(f = Uynf)x + En(Uinf)x

2
SIS = Uadls #0250 )

1
591<f7> (18)
X n/x
for any n € N.

Case r > 2. Following the idea proposed in [12], we proceed by induction on r. We know that the Jackson-
type estimate (3) holds for » = 1 [see (18)]. Suppose that inequality (3) is true for g € X and some r = 2,3,4,...:

1
E.(9)x SO <g, n) - (19)

X

It is necessary to verify the validity of inequality (3) for » 4+ 1. We use the mean S, f and show that

15 = Sufllx £ i (£.7)

X

We set u(-) := f(-) — Spf(+). In this case, S,,(u) = 0. Since S,, f is the near best approximant for f, i.e.,

Hf - SanX 5 En(f)X:

by using the induction hypothesis (19), we obtain

1
lullx = llu = Su(w)llx < En(u)x <CQ, (u ) |
n/x
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It follows from Lemma 2 that

1 1
Q, <u, ) < CO™ |ullx + C'Qpya1 <u, ) .
nJx nJ/x

If we choose m sufficiently large to guarantee that CC§™" < 1/2, then we get

1 1
lullx < CQ, (u ) < CCH ullx 1 Oy <u )
n X n x

and

1
lullx < Qrgr <U> ) .
n/x

It follows from the uniform boundedness of the operator f — S, f in X that

1 1
QT+1<U>> SQT+1<f7 > )
n/x n/x

and the required result

1 1
Eu(H)x < IF = Sfllx = lullx < vt (u ) < (f, )
n/x n/x

holds for » € N.
Theorem 1 is proved.

Proof of Theorem 2. Let T,, € T,, n € {0} UN, be the best approximating trigonometric polynomial
for f € X. By using (12), we get

0, (g,0)x S 6% {|g@"

, Tr€eN,
X

for g") € X and § > 0. On the other hand, for any m € N, we conclude that

Qr(f, (S)X <Qr (f — T2m+1,(5)X +QF (T2m+1,5)X (20)
and
QT (f - T2'm+1 5 5) Hf T2m+1 ||X < E2m+1 (f)X (21)

Then

(2r)

2m+1 X

Q" (Tymi1,6) y <62 ||T

v Z HTQZ'H 7,

< 52 {HTl(QT') _ T02r

J
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S {Eo(f)x + Z 2(i+1)2rE21(f)X}

=1

S 52r {Eo(f)x + 22TE1(f)X 4 Z 2(i+1)2rE2i(f)X} )

i=1

Further, applying the inequality

2m
2PV By (xS ). KTE(f)x, i>1, (22)
k=2t—141
we get
2m
O (Tyms1,6) 5 S 6 {Eo(f)x +2"Ei(f)x + k%_lEk(f)X}
k=2
277‘&
56”{%UM+§:H“%MﬂX}. (23)
k=1
Note that
1 =
Eom+1(f)x S o Z K ER(f)x.
k=2m—141

Thus, if we choose m such that 2 < n < 2m+1, then the required result follows from (20)—(23).
Theorem 2 is proved.

Proof of Theorem 3. Let f € X and let
E,(f)x <n? n=1,23,...,

for some 3 > 0. Suppose that 6 > 0 and n := |1/¢]|. From Theorem 2, we obtain

n

0 Ox < (£7) S S+ VB

J=0

n

SO Eo(f)x + )5 B (f)x

If 2r > 3, then we get
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Further, if 2r = (5, then

n

d o= anfl < 14 log(1/4),

Jj=1 J=1

and, hence,

n
If 2r < j3, then the series Z 0 jz”*l*ﬁ is convergent and
]:

O (f,0)x SO | Eo(f)x + D370 | <o
j=1

is true.
Theorem 3 is proved.
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