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Abstract: The modular group Γ = PSL(2,Z) is isomorphic to the free product of two cyclic groups of orders 2 and 3 .
In this paper, we give a necessary and sufficient condition for the existence of elliptic and parabolic elements in Γ with
a given cusp point. Then we give an algorithm to obtain such elements in words of generators using continued fractions
and paths in the Farey graph.
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1. Introduction
The modular group Γ = PSL(2,Z) consists of 2 × 2 matrices over the ring of integers with determinant 1 .
Since this is the quotient of SL(2,Z) by {±I} , every element is identified with its negative. The modular group
is generated by two elements,

T =

(
0 −1
1 0

)
U =

(
1 1
0 1

)

By taking S = TU =

(
0 −1
1 1

)
then the presentation of Γ is:

Γ =< T, S : T 2 = S3 = I >≃ Z2 ∗ Z3

The modular group acts on the upper half plane H = {x+ iy : x, y ∈ R, y > 0} via linear fractional transforma-

tions (

(
a b
c d

)
, z) → az+b

cz+d . This action is discontinuous and these transformations are orientation preserving

isometries of H . There are numerous studies about the modular and extended modular group in the literature,
relating many branches of mathematics such as group theory, number theory automorphic functions, etc. The
algebraic structures of subgroups of the modular and extended modular group and related topics are studied in
[1–12].

The complex number z is called the fixed point of an element V ∈ Γ if

V (z) = z (1.1)
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where V (z) is the Möbius transformation corresponding to V . For V =

(
a b
c d

)
∈ Γ the solutions of the

equation 1.1 are calculated as

z =
a− d±

√
(a+ d)

2 − 4

2c
(1.2)

It can be seen from the equation 1.2 that the number of fixed points of an element V ∈ Γ is related to
the trace of V . Based on this consideration, the elements of Γ are classified as follows:

• |trV | > 2 , then there are two fixed points in R ∪ {∞} and V is called a hyperbolic element.

• |trV | = 2 , then there is one fixed point in R ∪ {∞} and V is called a parabolic element.

• |trV | < 2 , then there are two conjugate fixed points in C ∪ {∞} and V is called an elliptic element.

Since Γ is a discrete subgroup of PSL(2,R) , all elements of finite order are elliptic and vice versa. Parabolic
and hyperbolic elements are of infinite order. The generator U is a parabolic element while the other generator
T is elliptic of order 2 . Elliptic elements are used in the presentation of Γ for describing the algebraic group
structure. For this purpose, we consider the elliptic generator of order 3 , S . Hence the modular group is
isomorphic to the free product of two cyclic groups of order 2 and 3 . Furthermore, every element in Γ can be
expressed as a word W (T,U) or W (T, S) .

In this study, we give a necessary and sufficient condition for the existence of elliptic and parabolic
elements in Γ with a given cusp point. A cusp point is the image of infinity under transformation defined by
an element of the modular group. We then express these elements as words in generators. For this purpose, we
use continued fractions and the Farey graph.

2. Materials and methods
There are impressive relationships between the modular group and continued fractions. In recent years many
studies have contributed to the theory of continued fractions by considering the action of some subgroups of
Möbius transformations. In [13] integer continued fraction expansions and geodesic expansions are studied from
the perspective of graph theory. Short and Walker represented Rosen continued fractions by paths in a class of
graphs in hyperbolic geometry[14]. The same authors also studied connections between even integer continued
fractions and the Farey graph[15]. Relations between cusp points and Fibonacci numbers are studied in [16]
using the Farey graph and continued fractions. Algebraic and combinatorial properties of continued fractions
and the modular group related to the Farey graph are given in [17].

In [18], Rosen defined λ continued fractions for λ ∈ R ;

[r0λ; r1λ, ..., rnλ] = r0λ− 1

r1λ− 1
r2λ− 1

...rn−1λ− 1
rnλ

where the coefficients ri are integers, which can be positive, negative, or zero. In this expansion, for i ≤ n ,
Ci =

pi

qi
= [r0λ; r1λ, ..., riλ] is called ith convergent of the expansion. And it can be seen by calculation that

pi.qi−1 − qi.pi−1 = ±1 . Owing to this viewpoint, Rosen revealed a criterion for the membership problem for
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Hecke groups H(λ) , a general class of the modular group. He proved that an element
(
a b
c d

)
∈ H(λ) if and

only if a
c has a finite λ continued fraction expansion. For λ = 1 this expression is called an integer continued

fraction and is related to the modular group; the membership problem for the modular group is obvious because
Γ = PSL(2,Z) . Continued fractions provide an interesting viewpoint for several problems of the modular group.
Consider the transformations

U(z) = z + 1 and T (z) = −1

z

that correspond to the generators U and T of Γ . Let us observe the corresponding transformation of the

element V =

(
a b
c d

)
= Ur0TUr1TUr2T...UrnT ∈ Γ ;

V (z) = Ur0TUr1TUr2T...UrnT (z)

= Ur0TUr1TUr2T...Urn(−1

z
)

= Ur0TUr1TUr2T...T (rn − 1

z
)

...

V (z) = r0 −
1

r1 − 1

. . .rn− 1
z

It can be seen that every word in Γ is associated to an integer continued fraction expansion. Moreover,
the image of infinity under the corresponding Möbius transformation is the integer continued fraction expansion
of the cusp point. Conversely, every integer continued fraction expansion of a rational number p

q is associated

to a word V = W (U, T ) ∈ Γ such that V (∞) = p
q .

A real number is rational if and only if it has a finite integer continued fraction expansion. There are
some algorithms in the literature for obtaining integer continued fraction expansions of a real number, one of
the best methods is using the Farey graph.

The Farey graph is a graph with vertex set Q̂ = Q ∪ {∞} and two reduced fractions p
q and r

s are
adjacent if and only if ps − rq = ±1 , i.e they are Farey neighbours. An edge between two vertices is drawn
by a hyperbolic line in H . The edges between 1

0 = ∞ and every integer a are vertical lines. To construct the
graph, first join the vertices 1

0 ,
0
1 and 1

1 and obtain a big triangle. If the endpoints of a long edge are a
c and

b
d , the label of the third vertex of the triangle is a

c ⊕ b
d = a+b

c+d , see in Figure 2.

A path in a graph consists of consecutive adjacent vertices. So a Farey path < v1, v2, ..., vn > is a
path such that vi = pi

qi
for i = 1, 2, ..., n are reduced rationals and since the consecutive vi ’s are adjacent

pi.qi−1 − qi.pi−1 = ±1 . We know from [19] that C1, C2, ..., Cn are consecutive convergents of an integer
continued fraction expansion of a rational x if and only if < ∞, C0, C1, ..., Cn, x > is a path in the Farey graph.
Moreover, the geodesic path corresponds to the geodesic integer continued fraction expansion. We combine
both this result and Rosen’s result to obtain word forms of elliptic and parabolic elements.
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Figure. The Farey Graph

3. Results
In this section, we first give necessary and sufficient conditions for the existence of parabolic and elliptic elements
in Γ with a given cusp point p

q . Then we give an algorithm to express these elements in words of generators.
First, we start with elliptic elements. An elliptic element V ∈ Γ has trace trV = −1, 0, 1 . We investigate all
cases.

Theorem 3.1 Let p
q be a reduced rational. Then there exists an elliptic element of order 2 in Γ with cusp

point p
q if

q|p2 + 1 (3.1)

Furthermore, the aforementioned element is

V =

(
p −p2−1

q

q −p

)

Proof Let V =

(
p r
q s

)
be an elliptic element in Γ . Since V is elliptic we have |trV | = |p + s| < 2 . In

addition, as V is of order two we know from [20] that V must be conjugate to T . Hence trV = 0 . We have
p = −s . Using ps− qr = 1 we calculate

r =
p(−p)− 1

q

Here r must be an integer hence the proof is done for the case p+ s = 0 . 2

The elliptic elements of order 3 in Γ have trace ±1 . The proof of the following theorem is similar to
that of Theorem 3.1 so we omit it.

Theorem 3.2 For a given reduced rational p
q there exists an elliptic element of order 3 in Γ if,

q| ± p− p2 − 1 (3.2)
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Additionally, the matrix representation of this element is

V =

(
p ±p−p2−1

q

q ±1− p

)

Corollary 3.3 Let p
q be a reduced rational number. Then there exists an elliptic element in Γ with cusp point

p
q if and only if

q| − p2 − 1− trV.p (3.3)

Furthermore, if the condition 3.3 holds then the desired element is;

V =

(
p trV.p−p2−1

q

q trV − p

)

Here trV is the trace of V which can be 1, 0,−1 in this case.

Now we examine the parabolic case.

Theorem 3.4 Let p
q be a reduced rational number. Then there exists a parabolic element in Γ with cusp point

p
q if and only if

q| (p∓ 1)
2 (3.4)

Moreover, the aforementioned parabolic element is

V =

(
p −(p∓1)2

q

q ±2− p

)

Proof Suppose V =

(
p r
q s

)
is a parabolic element in Γ . Then trV = p + s = ±2 . We have s = ±2 − p .

Using the equation ps− rq = 1 one can calculate,

r =
− (p∓ 1)

2

q

As r is an integer we have the proof. 2

So far, we have given necessary and sufficient conditions for the existence of parabolic and elliptic elements
in the modular group with given cusp point p

q . Our aim is now to obtain these elements as words in generators.
We use the relationships between continued fractions and the Farey graph. Here we give an algorithm for
obtaining the word W (U, T ) of the elements mentioned in 3.3 and 3.4. Let the reduced rational p

q satisfy the
condition 3.3 for the elliptic case or 3.4 for the parabolic case.

• Calculale r
s

• Choose a path from infinity to p
q in the Farey graph such that the penultimate vertex is r

s

• Obtain the associated integer continued fraction expansion of p
q .
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• Obtain the word W (U, T ) .

We explain this process with an example. Consider the rational 4
7 . One can see that 4

7 satisfies the
condition 3.3 for trace −1 . Hence there exists an elliptic element V of order 3 in the modular group.

V =

(
4 −3
7 −5

)

In the first step, we have r
s = 3

5 . In the second step, we need an arbitrary path in the Farey graph from infinity
to 4

7 such that the penultimate vertex is 3
5 . It can be seen in Figure 2 that 3

5 is the third vertex of the triangle
obtained by the Farey sum of 1

2 and 2
3 . The Farey sum of 1

2 and 3
5 is 4

7 . Hence we choose the path,

< ∞, 1,
2

3
,
3

5
,
4

7
>

Next, we need an integer continued fraction of 4
7 . We obtain this expansion via the Farey path. The associated

integer continued fraction expansion is

4

7
= 1− 1

3− 1
2− 1

2

= [1, 3, 2, 2]

Finally, we obtain the element V as a word W (U, T ) .

V =

(
4 −3
7 −5

)
= UTU3TU2TU2T

For convenience, throughout this paper, we need to define a function τα : Q → Q where α is an integer
continued fraction expansion of a fixed rational number a

b . Let α : [r0, r1, ..., rn] , then for all x ∈ Q ,

τα(x) =
1

rn − 1
rn−1− 1

...r1− 1
r0−x

It is obvious that if the rationals x and a
b are adjacent in the Farey graph then τα(x) will be an integer. Hence,

we can extend every Farey path < ∞, ..., a
b > to < ∞, ...ab , x > . As a result, this process gives us a path from

infinity to x such that the penultimate vertex is a
b . Since every path from infinity to a

b defines an integer
continued fraction expansion of a

b , such an extended path defines an integer continued fraction expansion of x .
Here τα(x) is the last digit of the integer continued fraction expansion of x . We explain this result in the next
theorem.

Theorem 3.5 Let a
b and c

d be adjecent rationals and let α = [r0, r1, ..., rn] be an integer continued fraction
expansion of c

d . Then the integer continued fraction expansion of a
b is;

[
r0, r1, ..., rn, τα(

a

b
)
]
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Proof The integer continued fraction expansion of c
d is associated to the path < ∞, ..., c

d > , in the Farey graph.
Since the rationals a

b and c
d are adjacent in the Farey graph, one can extend this path to a

b as < ∞, ..., c
d ,

a
b > .

This path represents an integer continued fraction expansion for a
b . Hence, we can write,

a

b
= [r0, r1, ..., rn, rn+1]

In this equation one can solve rn+1 = τα(
a
b ) . 2

We can use this result to obtain an element in the modular group as a word in generators.

Corollary 3.6 Let V =

(
a c
b d

)
be an element in the modular group and let α = [r0, r1, ..., rn] be an integer

continued fraction expansion of the rational c
d then;

V = Ur0 .T.Ur1 .T.....Urn .T.Uτα( a
b ).T

Proof

If V =

(
a c
b d

)
is an element in Γ then ad− bc = 1 i.e the rationals a

b and c
d are adjacent in the Farey

graph. We need an integer continued fraction expansion of a
b such that the last convergent is c

d , to obtain the
element V as a word in generators. Such an integer continued fraction expansion is given in Theorem 3.5.

2

Every element in Γ can be expressed as a word of T and S denoted by W (T, S) . Consider the blocks;

TS =

(
1 1
0 1

)
and TS2 =

(
1 0
1 1

)
Using these blocks every reduced word W (T, S) in Γ can be expressed as;

Si (TS)
m0
(
TS2

)n0
... (TS)

mk
(
TS2

)nk
T j

Here i = 0, 1, 2 , j = 0, 1 m0 and nk may be zero and other exponents are positive integers. This repre-
sentation is known as block reduced form [21]. For example the block reduced form of the word W (T, S) =

TSTSTSSTSST is (TS)
2
.
(
TS2

)2
T . Trace classes of the modular group and extended modular group are

studied in [21, 22] by using block reduced form. Also relations between cusp points of the modular group and
block reduced forms are investigated in [23].

Here we express the elliptic and parabolic elements obtained from Theorem 3.1,3.2 or 3.4 in block reduced
form.

Theorem 3.7 Let x = p
q be a reduced rational such that one of the conditions 3.3 or 3.4 holds, and r

s be the
corresponding rational, calculated from Theorem 3.1, 3.2 or 3.4, to obtain an elliptic or parabolic element in Γ .
If r

s has integer continued fraction expansion α = [r0, r1, ..., rn] then the block reduced form of the elliptic or
parabolic element V is;

V = (TS)r0−1.TS2.(TS)r1−2.TS2(TS)r2−2.TS2.....(TS)rn−2.TS2.(TS)τα(x)−1.T
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Proof For a given rational x = p
q and calculated x = r

s we have the aforementioned element;

V =

(
p r
q s

)
∈ Γ

Using the integer continued fraction expansion of x = r
s we obtain this element as a word in generators W (U, T ) ;

V = Ur0 .T.Ur1 .T.....Urn .T.Uτα( a
b ).T (3.5)

Now we consider;

U =

(
1 1
0 1

)
=

(
0 −1
1 0

)
.

(
0 −1
1 1

)
= TS

We write U = TS in 3.5;

V = (TS)r0 .T.(TS)r1 .T.....(TS)rn .T.(TS)τα( a
b ).T =

= (TS)r0−1.TS.T.TS.(TS)r1−2.TS.T.....TS.(TS)rn−2TS.T.TS.(TS)τα( a
b )−1.T

Since the elliptic generator T is of order 2 , we have the result. 2

Now we sum up all our results with two examples.

Example 3.8 Consider the rational 18
7 . By Theorem 3.2 there exists an elliptic element of order 3 in the

modular group; (
18 −49
7 −19

)
Now we need an integer continued fraction expansion of 49

19 . One can obtain this expansion by using the next
multiple algorithms or by considering the consecutive vertices of a path from infinity to 49

19 in the Farey graph,
as convergents of the expansion.

49

19
= [3, 3, 2, 3, 2]

Next step we obtain the integer continued fraction expansion of 18
7 via the tau function where α = [3, 3, 2, 3, 2]

τα(
18

7
) = 1

Hence using Corollary 3.6 we get the elliptic element as

U3.T.U3.T.U2.T.U3.T.U2.T.U.T

Finally, by Theorem 3.7, we have the block reduced form of this word;

(TS)2TS2TS(TS2)2TS(TS2)2T
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Example 3.9 Let the given rational be 15
4 . By Theorem 3.4 we get the parabolic element;(

15 −64
4 −17

)
The integer continued fraction expansion of 64

17 is;

α = [4, 5, 2, 2, 2]

This expansion can be obtained by choosing a path from infinity to 64
17 . Here we use < ∞, 4, 19

5 , 34
9 , 49

13 ,
64
17 > .

The last digit of the integer continued fraction expansion of 15
4 is;

τα(
15

4
) = 1

Hence we obtain a word form of the parabolic element by Corollary 3.6;

U4.T.U5.T.(U2.T )3.U.T

Finally, by Theorem 3.7, we have the block reduced form of this word;

(TS)3.TS2.(TS)3.(TS2)4.T

4. Conclusion
In this study, we focus on the parabolic and elliptic elements in the modular group. These elements play an
important role in describing the algebraic group structure and obtaining the presentation. We give conditions for
the existence of such elements in Γ with given cusp point. Then we use the Farey graph and continued fractions
to find the word form of these elements. We give an algorithm for obtaining elliptic and parabolic elements as
words in terms of generators. Finally, we study the block-reduced forms of these elements. For further research
one can consider the new block reduced forms defined in [24] to obtain these elliptic and parabolic elements as
a product of matrices that have entries as Fibonacci numbers.
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