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Abstract: The aim of this paper is to find arithmetic convolution sums of some restricted divisor functions.
When divisors of a certain natural number satisfy a suitable condition for modulo 12, those restricted divisor
functions are expressed by the coefficients of certain eta quotients. The coefficients of eta quotients are
expressed by the sine function and cosine function, and this fact is used to derive formulas for the con-
volution sums of restricted divisor functions and of the number of divisors. In the sine function used to find
the coefficients of eta quotients, the result is obtained by utilizing a feature with symmetry between the
divisor and the corresponding divisor. Let N, r be positive integers and d be a positive divisor of N. Let e,(N; 12)
denote the difference between the number of % — d congruent to r modulo 12 and the number of those
congruent to —r modulo 12. The main results of this article are to find the arithmetic convolution identities
for Zaﬁmm]_:N(H{:lé(ai)) with é(a;) = ey(a;; 12) + 2e3(a;; 12) + es(a;; 12) and j =1, 2, 3, 4. All results are
obtained using elementary number theory and modular form theory.
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1 Introduction

Throughout this paper, N, Ng, and Z will denote the set of natural numbers, the set of non-negative
integers, and the ring of integers, respectively. For d, m, N e N, r, s € Ng, and 2, 8 ¢ Ny, we define some
restricted divisor functions for our use in the sequel. Let

E.(N; m):= Z 1- Z 1, Er,...,s(N; m) = Er(N; m) te-t Es(N; m),
diN diN
d=r(mod m) d=-r(mod m)
e(N; m) = Yy 1- Y L e, (Nsm)=e(N;m)+-+ e(N; m),
diN diN
%—d:r(mod m) %—ds—r(mod m)
é(N) =e;5(N; 12) + 2e5(N; 12), Ao B={a-blacU, beB}, oN):= st,
diN

BN)= Yy &- ¥y & HWN)= Yy - Yy &
dIN dIN dIN dIN
d=1(mod 4) d=-1(mod 4) N=1(mod 4) N=—1(mod 4)
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and

oN)=2 Y d- ) d|+ Y d- )y df.
d|N dIN dIN d|N
dz%(mod 6) d—%zB(mod 6) d—%zil(mod 6) d—%ziZ(mOd 6)

Here, d|N means that d is a divisor of N. We also make use of the following convention:

o(N) =E(N;m)=e(N;m)=0 if N¢Z or N<0, oW):=0(N)=)d.
d|N

The exact evaluation of the basic convolution sum Z,Jy:’llal(k)al(N — k) first appeared in a letter from
Besge to Liouville in 1862 [1]. Much is known about the convolution sums of the divisor functions

f:’llos(k)o,(N — k) and Zsz’llas,,(k; m)o; (N — k; m), where 0, ,(N; m) =) anv d® withr,s,t e Ngand m,

d=r(mod m)
N e N. Among them, the beautiful results were found by Ramanujan [2,3] and Glaisher [4-7] introduced
interesting results. In recent years, related studies have been fulfilled in [8-11]. The results of Cangul for
special convolution sums related to a new graph invariant Q can also be found in [12,13]. In the convolution
sum of the restricted divisor functions Zsz"llES(k; m)E,(N - k; m), we introduce the results of Farkas [14,15],
Williams [16], Guerzhoy and Raji [17], and Raji [18]. The convolution sum is characterized by having the
same first and last term, and two symmetry structures in each term. Most of the aforementioned studies are
the results of considering the divisors as modulo m. However, this paper attempts to calculate the con-
volution sums with a condition that considers the divisor of a given number and the corresponding divisor
together. In other words, for a given natural number N and its divisor w, we consider a convolution sum

with the condition w = i(mod m) instead of the condition % —w = i(mod m) withi e Ng and 0 <i < m.

Specifically, in this paper, we would like to deal with Zaﬁmw]_: N(]_[Llé(ai)), a,...,q€Nyandj=1,2,3, 4.
Our results are different from those of Ramanujan and Farkas because the condition of the divisors of a
given number is different. In order to derive these results, identities of infinite sums and infinite products
given by eta quotients are needed. So we introduce eta quotients below.

Eta quotients are important subjects that are found in many fields of the theory of basic hyper-geo-
metric series, partition functions, and modular forms [19]. An eta quotient is a function of the form
f(r) = ]_[wlTnbw(an'), where 7 is the Dedekind eta function defined by n(r) = qi]_[m(l - q"). Here, q will
denote a fixed complex number with |q| < 1and b, T € Z, so that we may write g = ™", where Im(t) > 0.

From here, we introduce the basic identity for infinite sums and infinite products through the work
of Fine [20]. Let us define

k

k _gn _ g2n _ 3n oc

H(g)* = (%) _ H(l q )((11 _an))(l 7| Nzoak(N)qN @)
n>1 =

with k € N. Here, a;(0) =1 and ai(N) is the coefficient of gV in H(q)* with N> 1. In this article,
the coefficients of H(q)* related to positive divisors of 6 are studied.
More precisely, we prove the following theorems.

Theorem 1. Let aj,..., ai, k, N € N. If k — N = 2(mod 4), then
Y ) éa) = Y al@)- aa) = 0.

aj+-- +ag=N a+ - +ag=N
a,...,a; odd a,...,ax: odd

For any N, does g(N) become odd? The answer to this is well-known to [21, p. 28]:

“o(N) is odd if and only if N is a perfect square.”
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Naturally, for other arithmetic functions, we can think of this question. Theorems 2 and 3 can give
partial answers in terms of a;(N) withi = 1, 2.

Theorem 2. Let N be an odd positive integer. a(N) is odd if and only if N = 1(mod 12) is a perfect square.
Furthermore,

—-E5(N; 12)  if N=1(mod 12),
4E(N; 12)  if N =5(mod 12),
—4E; 5(N; 12) if N =9(mod 12),
0 if N=3(mod 4).

a(N) = —é(N) =

Theorem 3. There does not exist an odd positive integer N satisfying a,(N) = 1(mod 2).

Theorem 4. Let N(>2) be an integer with N = 2" - 3™ . M’ with gcd(6, M") = 1 and n, m € Nq. Then

-2(x(N; 12) + 6a(M")) if N=0(mod 12),
2(E;5(N; 12) - o(N)) if N=1(mod 12),
4E; 5(M'; 12) - 30(M") if N=2(mod 12),

4o(M") if N =3(mod 12),
~2(Ey,5s(M'; 12) - 30(M")) if N = 4(mod 12),
Nz-lé (OB — k) = | —8E,(N; 12) + o(N) if N=5(mod 12),
= -2(x(N; 12) + 6a(M")) if N=6(mod 12),
—20(N) if N=7(mod 12),

4E; s(M'; 12) - 30(M")  if N = 8(mod 12),
4(2E;5(N; 12) + o(M"))  if N = 9(mod 12),
—-2(Eys(M'; 12) — 36(M")) if N =10(mod 12),

a(N) if N=11(mod 12).
Here,
N: 12) = 0 if m=1(mod 2) or M' = 7, 11(mod 12),
X 2= 4E, 5(M'; 12) if m = O(mod 2) and M’ = 1, 5(mod 12).

In particular, we obtain (Table 1).
Using Theorems 1 and 4, we obtain:

Corollary 1. Let 2N = 2" - 3™ . M be a positive integer with gcd(6, M') = 1, m € Ny, and n € N. Then

N1 -2(x(N; 12) + 6a(M")) if 2N = 0(mod 12),
Z 8(2k)é(2N - 2k) = { -2(E;5s(M'; 12) — 30(M")) if 2N = 4(mod 12),
k=1 4E s(M'; 12) - 30(M')  if 2N = 8(mod 12).

Table 1: Values of 37'é(k)é(N - k) when N = 2" . 3™

N 22n+1 22n+2 32m+1 32m+2 2n+1 . 32m+1 2n+1 . 32m

ztllé(k)é(N -k 1 4 4 12 -12 -20
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From now on, using modular form theory, we obtain the formulas Za1+~~~+a]-:N(H1j:1é(ai))’ a,...,q €N
and j = 3, 4. Here, N is an odd integer. If N is an even integer, then the formula is very complex, so we will
not deal with it in this article.

Let us define

’ 2 4 — a2(1 — a®)2(1 — gl2)%
Ti(q) = )’l([n—) U(ST) 71(121) _ qH(l g1 - ¢®)?(1 - 9
nx1

n(24t)? 1 - g™y ,
Mmzmhwfzgﬂmmo;¢H0—¢M-5PéfWa-wx
Ty(q) = n(ar)‘*n’;ggzn(zzmz . ]‘[(11 - q“)“((ll—_ q(r;;(l - q24)2,
mm:”@WMZﬁ:mwm4:;Eyyﬂﬁa-g¥;¥®a-fw,

and

T(q) = g(ﬂ(q) +2T(q) + T(q) + 2Ty(@)) = ), t(N)g".
N>1

Theorem 5. Let N(>3) be an odd positive integer with N = 3™ - M' with gcd(3, M') = 1 and m € Nq. Then

3E, 5(N; 12) - 60(N) + ;62(1\1) V) if N=1(mod 12),
126(M") - géz(N) - 137502(%) + t(N) if N =3(mod 12),
_12E,(N; 12) + 30(N) + ;az(zv) + ((N) if N = 5(mod 12),
Y é(aé(ay)é(as) = | s
asairio=N ~60(N) = 20,(N) + () if N = 7(mod 12),

12E; 5(N; 12) + 120(M") + ;62(N) + %62(§) + t(N) if N=9(mod 12),

30(N) - ;62(1\1) +H(N) if N = 11(mod 12).

To find the formula of ) yé(a)é(ay)é(as)é(as), we need the following eta quotients:

aj+ax+azt+ay=

Si(q) =

rl(T)10—2in(3T)i—1’1(61—)54”(181—)21‘—2 _ qu (1 _ q)IO—zi(l _ q3)i—1(1 _ q6)5—i(1 _ q18)2i—2
nQ@r)*n(or)-! o (1- g1 - ¢

and

S(q) = —%(78101) + 64S5(q) + 19255(q) + 1925,(q)) + 4T(q) = ) s(N)g".
N>1
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Theorem 6. Let N(>4) be an odd positive integer with N = 3™ - M' with gcd(3, M') = 1 and m € Ngy. Then

z é(apeé(ax)é(az)é(as)
a+ar+az+as=N
ay,ay,as,d,>1

4E; 5(N; 12) - 120(N) + %@(N) " %03(1\1) + 5(N) if N = 1(mod 12),
_16E,(N; 12) + 60(N) + %@(N) - %@(N) + s(N) if N = 5(mod 12),
_120(N) - ?@(N) + %og(N) + s(N) if N = 7(mod 12),
60(N) - ?@(N) - 303(1\1) + s(N) if N = 11(mod 12),
2Ua(M') - 7 G,(N) — #az(g ) " %@(%) + 5(N) if N =3, 15(mod 36),
Lo Buy 0f8) L

_%UB(I;) + s(N) if N =27(mod 36),
16E, 5(N; 12) + 240(M") + 702(1\/) + 354 az(g) - %03(1\1)

+%03(%) - %03(1;’ ) + 5(N) if N =9(mod 36),
16E,5(N; 12) + 240(M") + 26,(N) + 327402(1;’ ) + %@(%) if N= 21, 33(mod 36).

+ 5(N)

This paper is organized as follows. In Section 2, some properties of certain infinite products and infinite
sums are given. By using these equations, we derive computation formulas for the restricted divisor func-
tions. In Section 3, we give values of a;(N) with N = 1(mod 2). Furthermore, we prove Theorems 1 and 2.
In Section 4, we give values of q;(N) with N = 1 + 2, +4(mod 12). In Section 5, we give values of q;(N) with
N = 6(mod 12). In Section 6, we give values of ¢;(N) with N = O(mod 12). In Section 7, we give values of ay;(N)
and prove Theorems 3 and 4. In Section 8, we prove Theorems 5 and 6 using the theory of modular forms.

2 Preliminary

In [20, p. 10, 21], we find two curious identities

1—[ (1-q")? _ 4sinu Zq Z sin(% - w)u 2.1)

(1 - 29" cos2u + qz")

n>1 N>1 w|N
and
(1-gm* .U
=1- 8sin?— N ncos(k — n)u.
1—[(1 - 2q™ cosu + g*")? 2 E’lq n,(Z::N ( ) (2.2)
nx=1 n,k>1

Setu = % in (2.1):

1-gMA - g1 - g . (2N
H( )( 6'1))( ) _ zz qy Z sm(; - a))% (2.3)
n>1

Nx1  w|N
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Now if we set u = % in (2.2), we obtain

2

H (1-¢90 - ngn)(l -4 =1- Zz gV Z n cos(k — n)z. (2.4)
n>1 (1 —4 ) N=1 Zkk=>1\§ ’

Let(a, b) = (a, b)(mod 12), thatis,a = a(mod 12)and b = b(mod 12). Table 2 shows values ofsin(% - a))g

for each divisor w of N. Table 3 is the operation table for the result of calculating the value of % - w (mod 12).

Lemma 1. Let N be a positive integer. Then

2N m
Teyen(N) = sin(— - a))— =0.
even a%v W 6
AN _y=0(mod 2)

Proof. Let w be a positive divisor of N. If N is an odd integer, then % = 0(mod 2), w = 1(mod 2),

% - w = 1(mod 2), and thus Tewen(N) = 0. So, we consider an even integer N and an even divisor

w satisfying % — w = 0(mod 2). It is easily checked that
Z sin(g - w)z =0
ot w 6 (2.5)

2N _y=0(mod 6)

Let Sy := {(%, w) eN x N|% - w = k(mod 12), a)|N} with k = 2, 4, 8, 10.

If% — w = 2 (resp., 4) (mod 12), then N = (%) . % and thus, %IN. Put w' = % Then

2N 2N 2N 2N

——(uzw’——,:—(—,—a}’) and w# —. (2.6)

w w w w
Table 2: Values of sin(ﬂ - w)l when ¥ — =i (mod 12)

] 6 W

N _ = i (mod 12) 0 1 2 3 4 5 6 7 8 9 10 1
w
. (2N " 0 1 V3 1 V3 1 0 _1 3 -1 V3 _1
sin(%' - ) : 3 S 2 : 7 -7 2
Table 3: Multiplicative operation table of (EJ, g) satisfying w|N
E(I) 0 1 2 3 4 5 6 7 8 9 10 1
w
0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 Lt 2 LY 4 *5 6 Q7 8 9 10 A1l
2 0 12 4 b6 8 *10 0 12 4 16 8 *10
3 0 A3 6 $9 0 A3 6 $9 0 A3 6 $9
4 0 O4 8 0 4 V8 0 04 8 0 4 v8
5 0 *5 10 A3 8 L) 6 All 4 <9 2 Q7
6 0 16 0 16 0 16 0 16 0 46 0 16
7 0 Q7 2 &9 4 All 6 &l 8 A3 10 *5
8 0 v8 4 0 8 04 0 V8 4 0 8 04
9 0 $9 6 a3 0 $9 6 a3 0 $9 6 a3
10 0 *10 8 16 4 12 0 *10 8 16 4 12
11 0 All 10 &9 8 Q7 6 *5 4 a3 2 Lt
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By (2.6), we directly see that

o w = 2(resp., 4)(mod 12) if and only if a, - o' = 10(resp., 8)(mod 12).
w w

Thus, by (2.6) and (2.7), f; : Sa — S With ﬁ((% w)) = (% w') is a bijective map and
#Sy = #Spp_o with i =1, 2.
Combining (2.8) with (2.5), we find
5
. (2N T
Teven(N) = Z z sm(— - a))—
k=0 w 6

w|N
% —w=2k(mod 12)

2 . (2N i

= Z Z sin| — - w|=

i1 ot w 6
N _y=+2k(mod 12)

3 3
=(#S; + #&)% + (#Sg + #&0)(‘%)
=0.

This completes the proof of Lemma 1.
Using (2.1) and Table 2 we obtain the following result.

Remark 1. Let w be a divisor of N satisfying % — w = 0(mod 2). It is easily verified that

N w = 0(mod 2) ifand only if w = 0(mod 2).
w

Combining Lemma 1 with (2.9), we obtain

2N b4
Teven(N) = sin(— - w)— =0.
wn®) = 3 sin( 300 )7
w even

Lemma 2. Let N be a positive integer. Then

Toaa(N) = > sin(g - w)% =y sin(& - w)% = %é(N).
wIN w wIN w
2 _y=1(mod 2) w odd

Proof. By (2.9) and (2.10), we can obtain

2N b1 2N b1
Toaa(N) = sin(— - cu)— = sin(— - a))—.
: D P P IR
2N _w=1(mod 2) w odd
Also by Table 2,
& 2N m 1
Toaa(N) = ) D sin(— - a))— = Zé(N).

k=1 w|N w 6 2

N _=2k-1(mod 12)

Theorem 7. Let N € Ny. Then

1 if N=o0,

alh) = {—é(N) if N> 0.

— 347

(2.7)

(2.8)

(2.9)

(2.10)
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Table 4: Infinite product forms of £(N) and é(N)
E) é(N)
Infinite product forms (1- 2™ - g*m2(1 - g6M)3 a-gma-¢ma-g¢>n
hz1 (1- M1 - >N - ¢127)2 P21 a-q5m

References [20, p. 82]

(1.1), Theorem 7

Proof. Equation (2.3) yields a;(0) = 1. In fact, we can see that a;(N) = —=2(Toqa(N) + Teven(N)). Comparing

Lemmas 1 and 2 with (2.3), we obtain the proof of Theorem 7.

O

Remark 2. Comparing the infinite products for é(N) and E(N) = E; 5(N; 12) + 2E5(N; 12), they have curious
forms. E(N) is a simpler arithmetic function than é(N), but from a perspective of infinite products,
the infinite product for é(N) seems simpler than the infinite product for E(N) (Table 4).

3 Coefficient of a;(N) with odd N

Lemma 3. If N = 7(mod 12) is a natural number, then a;(N) = 0.

Proof. By (2.3), oy(N) = _Zzww sin (% - w)%. In Table 3, © represents all cases (N w) satisfying % ‘W=

E’

7(mod 12) and w|N. We note that w? = 1(mod 12) when w = 1, 5, 7, 11(mod 12). Hence,

-w Qw - w? - w) =2w - w = w(mod 12). (3.1)

S

2 1
w YT

Here, % means that w - — = 1(mod 12) and% €eZ.

1
w

Using Table 2 and (3.1),

aN)=-2 ) sinL + > sin2Z + D sin’Z + Y sin 17 |. (3.2)
wIN | 6 Wl ol 6
w=1(12) w=5(12) w=7(12) w=11(12)
Let F == {w|w = i(mod 12), w|N} withi =1, 5, 7, 11. For each w|N, let f; : Fx — Fi.¢ be the maps defined by
filw) = % with k = 1, 5. It is easily verified that f; are bijective maps and #F = #F,¢.

Therefore, a(N) = ~Ey 5(N; 12) = —2{(#F1 - #F7)(%> + (#F5 - #Fn)(%)} =0. O
Lemma 4. If N = 11(mod 12) is a natural number, then a;(N) = 0.

Proof. In Table 3, A represents all cases (%, w) satisfying g - w = 11(mod 12) and w|N. That is, possible
ordered pairs (g, a')) are (1, 11), (11, 1), (5, 7), and (7, 5). Thus,

aN)=-2) sin(% - w)z

w|N 6

. 9 . 9 . 3m . 3m
=-2 ) sm9— + Y 51n9— + Y sin=—+ Y sin—
oIV oIV 6 IV WIN 6 (3.3)
w=1(12) w=5(12) w=712) w=11(12)

== Y D+ Y 1+ Y D+ Y1
w|N w|N w|N w|N
w=1(12) w=11(12) w=5(12) w=7(12)
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It is trivial that w # % If (%,a}) exists, then (w, %) always exists. So, #{w|w = 1(mod 12), w|N} =
#{w|w = 11(mod 12), w|N} and #{w|w = 5(mod 12), w|N} = #{w|w = 7(mod 12), w|N}. O

Lemma 5. If N = 3(mod 12) is a natural number, then a;(N) = 0

Proof. In Table 3, & represents all cases (%, a)) satisfying % - w = 3(mod 12) and w|N. In equation (3.4),
(g, a‘;) = (a, b) is abbreviated as (a, b). Thus,

111 . 9
aN)=-2[ ) sin=—+ ) sm— + ) sm— + ) sm— + ) sin 2~
TN TN TN TN TN 6
a.3) G0 3.5) G.3) 3.9)
(3.4)

. I LT
+ Z sm— + Z sm— + Z sin % Z sin— + Z sin= | = 0.
W[V oIV WIN IV o 6

©,3) .9 ©,7) ©,1) (11,9)

The last identity in (3.4) is derived from the following identities. #{( )l(ﬂ ') =({,3),w|N}= #{(g (D)l
(2,0) = G. D oy, #(2, 0)I(2, @) = G, 5), 0N} = #(Y, 0)1(%, @) = G, 3, wiv}, #1(2, @) (2, 0)-

w

3,9, 0N} = #{(%, 0)I(2, @) = 0,3, o, #(%, 0)I(2, 0) = 7,9, 0N} = #1(2, 0)I(Y, @) = 0, 7),
wiN}, and #(Y, @)I(Y, @) = 0, L, wiNy = #((Y, @)I(2, @) = (11, 9), wINY. O

w

E\ZI

Proof of Theorem 1. If N = 3(mod 4) is a positive integer, then a;(N) = 0 by Lemmas 3-5. Similarly, using
Lemmas 3-5, we obtain

N
2
Y a2k - Day(N -2k + 1) =0 if N = 0(mod 4),
k=1
I Y a@ab)alc) =0 if N = 1(mod 4),
a+b+c=N
a,b,c: odd
Y a@ab)a(c)a(d) = 0 if N =2(mod 4).
a+b+c+d=N
a,b,c,d: odd
Itis easily seenthatk — N = O(mod 2)bya; =...= a; = 1(mod 2) andzll.‘:lai =N.Ifa; =...= a = 1(mod 4)
and N # k(mod 4) then Zl{‘:lai = k # N(mod 4). Thus, there is at least one positive integer, a; = 3(mod 4).
By Lemmas 3-5, a;(a;) = 0. This completes the proof of Theorem 1. O

Lemma 6. If N = 1(mod 12) is a natural number, then a(N) = —E; 5(N; 12).

Proof. (1, 1), (5, 5), (7,7), and (11, 11) are ordered pairs of (g, a')) satisfying % -w = 1(mod 12) and w|N
(see & in Table 3). Thus, we have % - w = w(mod 12) and

a(N) =-2) sm(% - w) =-2 ) > sin% = —E; 5(N; 12).

w|N i=1,5,7,11| wIN
w=i(12)

This completes the proof of Lemma 6. O
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Corollary 2. Let py, ..., p; be distinct primes and ey, ..., e; € N. If p;(1 < i < t) are congruent to 1 or 5 modulo
12, then a1(l—l§:1pi€i) = —Hf‘:l(ei + 1) with H§:1p,~ei = 1(mod 12). In particular, H]f:lpl?i is square if and only if
a([T_p?) is odd.

Lemma?7. Letq,..., gs be distinct primes, fi,...,fs e Nand N = ]‘[?zlqu". Ifg;(1 < j < s) are congruent to 7 or 11
modulo 12, then

u(N) = {(_)1 fAi=fo=..=f=0(mod 2,

otherwise.

Proof. Let N = H;Zlq]f" with ¥° fj = 1(mod 2). Then @(N) = 0 by Lemmas 3 and 4. So, we consider
N = ]‘[?zlqu" with Z?zlf,- = O0(mod 2). Let us first consider the case where N is a square number. That is,

say N = H?zlqu" = H?zlq]-ze". Several sets are defined below for proof. For1 < i < s, let

Xi = {1, qiz, ql'4’ ...,qizei},
Yi = {Qi, qi33 e 5qizei71}’

Ui = {d|d = 1, 5(mod 12), d|TT}_,q;},

Vi = {d|d = 7,11(mod 12), d|[T;_,4;"}.

We want to use mathematical induction to prove a1(1—[?:1que") = —1. First, consider the case of g7
Using #U; = #Xi, #V; = #Y; and #U; — #V; = 1, we obtain al(qlzel) = -1 by Lemma 6. For the ease of under-
standing, we show the case where s = 2. Using 1-1 = 1(mod 4), 3-3 = 1(mod 4), and 1- 3 = 3(mod 4),
we obtain

UL=(Ui® \ue V), h=Ue HLu(he X), and

#U, - #h=(e1+ D(ex+1) + e —(e1+ Des —e(e; +1) = 1. (3:5)

For1l <i<s -1, we assume that #U; — #V; = 1.
Similarly, with the same method as in (3.5), we obtain

U=Usa0 X)u (Vom0 Y), Vo=(U® Y)u (Ve X), and
#Us - #Vi=@)es+ D+ (z-Des — (2)es — (z - D(es + 1) = 1.

Here, #U;_; = z and #V,_; = z — 1. Therefore, by induction, al(]—[;ﬂq.ze") =-1.
Finally, we consider the case N' = H;f:lquef’l[—[;:uﬂq?e’ with u > 1. Then #U; = #V; withi=1,..., u.
Similarly, with the same method as in (3.5), we obtain
U= ® Xpu) U (Vi ® Yi1), V=W ® V) U(V,® Xyq), and
#Upr1 — #Vys1 = Z,(eu+1 + 1) + Zleu+1 - Z,eu+1 - Z,(eu+1 + 1) =0.

Here, #U, = #V, = z'. So, we obtain #U,,; — #V,.1 = 0. If we do this repeated calculation up tou + 2,...,
we obtain #U; — #V; = 0 and al(]_[;.‘:lq-ze"’ll_[S qi2 %) = 0. After all the proof of Lemma 7 is completed. [I

j=u+1

»

Using the method used in (3.5), Lemma 6, Corollary 2, and Lemma 7, we obtain the following corollary for
general numbers.

Corollary 3. Let py,...,p, =1,5(mod 12) and qi,..., qs =7, 11(mod 12) be distinct primes and ey, ...,
er;fi,...,f; € NO. Then

r s —(eg+1)--(e,+1) if fi=..= fs =0 (mod 2),
€; A
aof [ 19/ ][l | =11 iffi=..=f,=0(mod2), e=..=¢=0,
=1 = 0 otherwise.

Here, fi=f, =...= f; = 0 (mod 2) includes f; =...= f; = O.
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Lemma 8. If N = 5(mod 12) is a natural number, then a,(N) = 4E(N; 12).

Proof. Possible ordered pairs of (g, d)) satisfying % -w = 5(mod 12) and w|N are (1, 5), (5, 1), (7, 11), and
(11, 7) (see % in Table 3). Thus, #{w|w = 1(mod 12), w|N} = #{w|w = 5(mod 12), w|N}, #{w|w = 7(mod 12),
w|N} = #{w|w = 11(mod 12), w|N}, and

aN)=-2 ) sin 2% + D sin 2% - > sin3% 4 D sin %
w|N 6 w|N 6 w|N 6 w|N 6
d,5) 5,1) 7,11) (1,7)

=-2L Y D+ Y =4 Y 1+ )Y (-1
wIN w|N w|N w|N
w=1,5(12) w=7,11(12) w=1(12) w=11(12)
= 4E(N; 12). O

Lemma 9. If N = 9(mod 12) is a natural number, then E3(N; 12) = 0.

Proof. Write N = 3™ - M withgcd(3, M) = 1and m € N. Since N = 1(mod 4), we obtain M = 1(mod 4) ifm is
even and M = 3(mod 4) if m is odd. Let Dy = {d|d € N, d|N} and Dy = {d|d € N, d|M}. Then
Dy = Dy U 3Dy U---11 3™Dyy.

Here, 3¥D,; denotes the set {3kd|d € N, d|M} and U is a symbol for disjoint union. Let d; be a positive divisor
of M. Note that d; is not divisible by 2 and 3. If d; = 1(mod 4), then 3%-'d; = 3(mod 12) and 3%d; = 9(mod 12)
for I e N. If d; = 3(mod 4), then 3%~'d; = 9(mod 12) and 3%d; = 3(mod 12) for I € N. This implies that
#{d|d = 3(mod 12), d € 32Dy U 32Dy} = #{d|d = 9(mod 12), d € 32Dy U 32Dy} = #Dy.

We assume that m is even. By the above observation, we have E5(N; 12) = E3(M; 12). Since no divisors
of M are congruent to +3 modulo 12, we conclude E5(N; 12) = 0. Now let m be odd. Then

Es(N; 12) = E5(M; 12) + #{d|d = 3(mod 12), d € 3Dy} — #{d|d = 9(mod 12), d € 3Dy}.

Since M = 3(mod 4), M is not a perfect square. Thus, #Dy, is an even number. Let #Dy; = 2r and write

Dy = {dl, ey M ,%}. We observe that d; = +1(mod 4) if and only if ¥ = 31(mod 4). Thus, 3d; =
+3(mod 12) if and only if Z—M = ¥3(mod 12) and then #{d|d = 3(mod 12), d € 3Dy} = #{d|d = 9(mod 12),
d € 3Dy}. Finally, we obtain E3(N; 12) = E3(M; 12) = 0. O

Lemma 10. If N = 9(mod 12) is a natural number, then ay(N) = —4E; 5(N; 12).

Proof. Possible ordered pairs of (g (D) satisfying% -w = 9(mod 12) and w|N are (1, 9), (9, 1), (3, 3), 3, 7),
7, 3), 3, 1), (11, 3), (5, 9), (9, 5), and (9, 9) (see <> in Table 3). Thus,

. b . 1m . I LT . 3 . 9
aN)=-2[ ) sin>% + Y sin—+ ) sin’% 4 Y sin=+ Y sin>" + > sin 2%
3 59 G 65 6 em 6 Jn 6

6,1 (7,3 (11,3) 4,5 (3.3) 9,9

=-2 Z1+ Z(—1)+ Z(—1)+ Zl+ Zl+ Z(—l)

w|N w|N w|N w|N w|N w|N
[CHY) G.7 G,11) 9,5) 3,3) 9,9)

=-2L Y 1+ Y (-D+ Y D+ Y 1+] Y 1- Y 1- Y1
w|N w|N w|N w|N w|N w|N w|N
w=1(12) w=7(12) w=11(12) w=5(12) w=3(12) w=7(12) w=11(12)
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+1 Y D- Y D- ) (D
w|N w|N w|N
w=9(12) w=1(12) w=5(12)

= —2(2E; 5(N; 12) + E5(N; 12)).

Now from Lemma 9 we have the result. a

Proof of Theorem 2. It is easy to see that a;(1) = —1. If n(<-1) is a negative and odd integer, then we find a
natural number N satisfying N = p; ™"V with a prime p; = 1 (mod 12). By Corollary 3, we obtain a;(N) = n.
So, there is a natural number N where 0;(N) = n for all negative and odd integers n. The remaining part of
the proof of Theorem 2 is completed by Lemmas 3, 4, 5, 6, Corollary 2, Lemma 7, Corollary 3, and Lemmas 8,

10. O

4 Coefficient of a;(N) with N = +2, +4(mod 12)

Lemma 11. When n is a natural number,

-2 if n=1(mod 2),
) =
@(2) {1 if n=0 (mod 2).
Proof. It is well-known that
g+l _ 1 = 3(mod 12) z.f n=1(mod 2), %.1)
7(mod 12) if n= 0 (mod 2).
By (2.3) and (2.10), we obtain
(27 = —2sin(2n+! — 1)%. 4.2)
This completes the proof of Lemma 11 by (4.1) and (4.2). O

Lemma 12. If N = 2(mod 12) is a natural number, then ay(N) = —2E; 5(N; 12).
Proof. Possible ordered pairs of (g, (D) satisfyingg -w = 2(mod 12) and w|N are (1, 2), 2, 1), (2, 7), (7, 2),
(5, 10), (10, 5), (10, 11), and (11, 10) (Table 3). By (2.10), only odd divisors of N are possible. That is, possible

pairs of (g, a‘;) are (2,1), (2,7), (10, 5), and (10, 11) (see T in Table 3). Therefore,

a(N)=-2 ) sin(g - w)z

Wl w 6

Il
|
N

. 3m . 9 . 3m . 9
Y sin=+ ) sin 2" + Y sin=—+ ) sin=
w|N 6 w|N 6 w|N 6 w|N 6
@1 @7 (10,5) (10,11)

=-2f Y 1+ Y (-D+ Y 1+ Y (-1

w|N w|N w|N w|N
w=1(12) w=7(12) w=5(12) w=11(12)
= —2E; 5(N; 12). =

Lemma 13. If N = 10(mod 12) is a natural number, then oy(N) = E; 5(N; 12) = O(mod 2).
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Proof. By (2.10), possible ordered pairs of (g a';) satisfying% - w = 10(mod 12), w = 1(mod 2), and w|N are
(10, 1), (2, 5), (2, 11), and (10, 7) (see ® in Table 3). Thus, we obtain

aN)=-2[ Y sin?® + Y sinlT 4 > sin>% + D sinX
6 6 6
w|N w|N w|N w[N
(10,1) @5 1) (10,7)
1 1 1 1
TR
o \ 2 oiv \ 2 o 2 ol 2
w=1(12) w=5(12) w=7(12) w=11(12)
= E1’5(N; 12).

Since N = 10(mod 12), there exists an integer L = 5(mod 6) satisfying N = 2L. If w is an odd divisor of N
then w|L. If w = 1(resp., 5)(mod 6), then% = 5(resp., 1)(mod 6). So, we obtain

Ey5(N; 12) = E; 5(L; 12)
_#{(L )(% @) ~d,5), a)|L} 24 #{(é,w)(%,d)) - (d, 1), a)|L} 0
{ (£ a‘)) w|L} -0+ #{(L, w)l(E, a‘;) 7,
w w w

11), wlL} (-2)
= 0(mod 2).
Lemma 14. If N = 4(mod 12) is a natural number, then a;(N) = E; 5(N; 12)

Proof. By (2.10), possible ordered pairs of(%, a')) satisfying% -w = 4(mod 12), w = 1(mod 2), and w|N are
4,1), (4,7, (8,5), and (8, 11) (see O in Table 3). Thus, we obtain

aN)=-2[ Y sm— + Y sinL + > sin 1 Y sin>%
TN o 6 O 6 TN 6
(4,1) (4,7) (8,5) (8,1)
! Z(_l)+ Z(_l)+ y 1 1
o \ 2 o \ 2 oIV 2 olN 2
w=1(12) w=5(12) w=7(12) w=11(12)
= El,S(N; 12). D
Lemma 15. If N = 8(mod 12) is a natural number, then a(N) = —2E; 5(N; 12).

Proof. By (2.10), possible pairs of (g, (D) satisfying% -w = 8(mod 12), w = 1(mod 2), and w|N are (4, 5),
(4, 11), (8, 1), and (8, 7) (see V in Table 3). Thus, we obtain

4 s
a(N)=-2 Y sm— + ) sin 2% + D sin2 + Y sin2F

w|N w|N w|N w|N

@.5) (4, 11) @1 @7
=-2L Y 1+ Y 1+ Y (-D+ Y (-1

w|N w|N w|N w|N

w=1(12) w=5(12) w=7(12) w=11(12)
= —2El,5(N; 12)
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5 Coefficient of a;(N) with N = 6(mod 12)

In this section, it is assumed that N is a positive integer that satisfies N = 6(mod 12). Then there exist
integers L and M(=2L + 1) such that N = 12L + 6 = 6(2L + 1) = 6M. Now, we classify odd M into six cases

and compute each o;(N) step by step. Then, by (2.10), possible pairs of (g a')) satisfying% -w = 6(mod 12),

w = 1(mod 2), and w|N are (2, 3), (2, 9), (6, 1), (6, 3), (6, 5), (6, 7), (6, 9), (6, 11), (10, 3), and (10, 9) (see fj in
Table 3).

Lemma 16. Let N = 6(mod 12) and N = 6M with gcd(6, M) = 1. Then a;(N) = 0.

Proof. Let w|N and w'|M with w = 1(mod 2). Then, by (2.10) and Lemma 2, possible ordered pairs of (g, a')) =
(even, odd) = (6%, w’) or (2%, 3w’).

First, we consider the case M = 1(mod 12). Possible ordered pairs (6%, W' ) are (6, 1), (6, 5), (6, 7), and

(6, 11) and possible ordered pairs (2_%, ﬁ) are 2-1,3-1), 2-5,3-5

), 2-7,3-7), and (2-11,3 - 11).
Thus, we obtain

m(N) = -2 T(6M w,>(N) + ) sinL + sin2% + D sin’% Y sin 2%
o’ w|N 6 w|N 6 w|N 6 w|N 6
2137 (25,35) @737 @11,310)
1 1 1 1
=-2Tim \N)+ —+ —+ (——)+ (——)
(635-) (;N 2 0% 2 %v 2 a%v 2
w=1(12) w=5(12) w=7(12) w=11(12)
=0.
Here,
T(6M w,)(N) = Z sinll—ﬂ + Z sin7—n + Z sin5—n + Z sin
o’ w|N 6 w|N 6 w|N 6 w|N 6
(%)) 1 (6,5) 1 (6,7) 1 (6,11) 1 5.1)
= -+ -1+ -+ —.
AR IR SR
w=1(12) w=5(12) w=7(12) w=11(12)

Second, we consider the case M = 11(mod 12). By (2.10) and Lemma 2, possible ordered pairs (6_%, o )

are the same with the case M = 1(mod 12) and possible ordered pairs (2_%, @) are(2-1,3-11),(2-5,3-7),
(2-7,3-5),and (2-11, 3- 1). Using (5.1), we obtain

. 5m LT .1 . I
m(N) = -2 T(6%’w,)(N)+ a;zu:v sin== + a}Z”:V sin + > sin—+ D sin-~

w|N w|N
2-11,3°1) (2:7,3°5) 25,37) (2-1,3°10)
1 1 1 1
=-2 T(émer)(N) + z 5 + Z 5 + Z (—E) + z (—E)
¢ w[N w|N w[N w[N
w=1(12) w=5(12) w=7(12) w=11(12)
=0.

Let M = 5(mod 12) be a positive integer. In the same method as above, we obtain possible ordered pairs
2,30 are (2-1,3-5),(2-5,3-1),(2-7,3-1),(2-11,3-7), and
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. 5m . T . 1m . Im
wm(N) = -2 T(6%,w,)(N)+ wZN sin"= + D sin + a)zu:v sin—+ D sin-~ =0.

Let M = 7(mod 12) be a positive integer. Then possible ordered pairs (2 T a)’) are(2-1,3-7),(2-5,3-11),
2-7,3-1),(2-11,3-5), and

m(N) = -2 T(()%,wr)(N) + ZN sin% + sin% + Zu"v sin%[ + Y sin | Z 0.
w w

This completes the proof of Lemma 16. O

The case of N = 6M with gcd(6, M) = 3 will be shown in Remark 3.

6 Coefficient of a;(N) with N = 0(mod 12)

In this section, it is assumed that N is a positive integer that satisfies N = O(mod 12). Then there exists an
integer M satisfying N = 12M. Now, we classify positive integers M into 12 cases.

Lemma 17. If M = +1, +5(mod 12) is a natural number, then a;(N) = 0.

Proof. Let w be a divisor of M. It is easily checked that w? = 1(mod 12) and w = 1 or -1 or 5 or —-5(mod 12).
Thus, we have

24M - w = -w(mod 12) (6.1)
w

and

M B M _ B _ 5w(mod 12) if M = 1(mod 6),
80 Y= (8“' © 3‘") = (&M - 3w = {w(mod 12) if M =5(mod 6). (6-2)

A+B A-B

Now we have, by (6.1) and (6.2) and by sinA + sinB = 2sin S Cos——,
> (sin(24M - (u)g + sin(SM - Bw)l) =) (sinﬂ + sinﬂ) =0. (6.3)
T w 6 w 6 oIV 6 6

Here, v = 1 or 5. Furthermore, it is easy to see that{(%, a)) = (even, odd)|w = 1(mod 2), w|N} = {(12%, w)|
w = 1(mod 2),a)|M} u {(4%,3a))|w = 1(mod 2), a)|M} and {(12%, w)|w =1(mod 2), w|M} n {(4%, 3w)|w =
1(mod 2), w|M} - .

By (2.9), (6.3), and Lemma 2,

wm(N) =-2 D sin(& - w)l
wN w 6
N _y=1(mod 2)

Il
|
N

. (ZN )n

Z sin| — - w|=

wN w 6
w odd
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oot o)

=0. O
Lemma 18. Let N = 223%-1)f with gcd(6, M) = 1 and k € N. Then (N) = 0.

Proof. Let d|N and w|M. It is the only ordered pair (%, d) = (even, odd) that satisfy (22 -3t %, 3%-t-1, (u)
with 0 < t < 2k — 1. Thus, by Lemma 2,

2k-1 M x
m(N)=-2 Z Z sin(23 N I ) S o O w)—
w|M t=0 w 6

M n A2 m —-wn
=-2 sin[23. = - 3%-1. a))— + sin(-3%*-t-1. @)= + sin(—) .
Z [ ( w 6 Z ( )6 6

w|M t=1

(6.4)

Using w? = 1(mod 12), 3% = -3(mod 12), 3%-! = 3(mod 12),

if M =1, 7(mod 12),

M 5w
327 _ 22k-1,, = — =

and sin“’z—" + sin(%) = 0, equation (6.4) becomes

u(N) = _2( Y. sin(8M - 3)% + (k- 1)(sin(%) + sin%) + sin(%)]

w|M
wn -
=-2 sin(8M - 3)— + sin(—)
PECEECIEC

=4y sin@M - )ZE cos(aM - NZE
S 3 6
- 0.

Here, if M = 1(mod 6), then cos(4M — 1)% =0 and M = 5(mod 6), then sin(2M — 1)? = 0. Therefore,
the proof of Lemma 18 is completed. O

Lemma 19. Let N =23%M with gcd(6, M) =1 and k € N. Then o(N) = 4E;5(M; 12). In particular,
if M =7,11(mod 12), then ai(N) = 0.
Proof. It is easy to see that

M Nw if M =1,7(mod 12),
B— - 3%y = (8M - = 6.5
w S w=@M-9w {nu if M = 5,11(mod 12). (6.5)

In a similar way to Lemma 18, we obtain

2k M P
aN)=-2Y sin(z3 .3t 2 - 3%t w)—
w

w|Mt=0 6
in(23. M _ 3x TN et AT (—wr
=-2)|sin(2- = -3%.w|= + ) sin(-3%. w)= + sin
w|M w 6 et 6 6 6.6)
=-2 Z (SIH(SM - 9)ﬂ + Sin(_3w)£ + Sll’l(ﬂ))
w|M 6 6 6
= 4E1,5(M; 12)

by (6.5) and definition of E; s(M; 12). By Lemmas 3 and 4, the proof of Lemma 19 is completed. O
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Corollary 4. Let N = 12M be an integer with M = 3(mod 6). Then

(V) {0 if M=9 (mod 12),

4E; s(M'; 12) if M =3 (mod 12), M =3'M', and ged(6, M') = 1.

In particular, if M' = 7, 11(mod 12), then o,(N) = 0.

Proof. Let M = 9 (mod 12). For k € N, we have

_]22-3.3%2. M with M'=1,5 (mod 12)or
22.3.3%1. M with M' =7, 11 (mod 12).

By Lemmas 18 and 19, oy(N) = 0.
Let M = 3 (mod 12). For k € N, we have

_]22-3.3%2. M with M' = 7,11 (mod 12) or
22.3.3%1. M with M' =1,5 (mod 12).

— 357

If N=22.3.3%2. M with M' =7, 11(mod 12), then &(N) = 4E;5(M’; 12) = 0 by Lemma 18. Finally,
if M' =1,5 (mod 12), then a(22-3-3%1. M) = 4E; 5(M’; 12) by Lemma 19. This completes the proof

of Corollary 4.

Lemma 20. Let N = 2K . 3 . M with gcd(6, M) = 1 and k(>2) € N. Then o(N) = 0.

O

Proof. Let d|N and w|M. It is the only ordered pair (%, d) = (even, odd) that satisfy (2" -3 %, a)) and

(2" . %, 3a)). By elementary observation, we obtain

2(mod 12) if k=1,
2k = J4(mod 12) if k=0 (mod 2),
8(mod 12) if k=1 (mod 2), and k # 1,

sinwé—n if M =1 (mod 6),
sin(4M — 3)% -

sinszﬂ if M =5 (mod 6),

and
on sin2?™ if M =1 (mod 6),
sin(8M — 3)“7 - wa
6 sin? if M =5 (mod 6).

First, let N = 22"*1. 3. M with n € N. By Lemma 2, (6.7), and (6.8), we obtain

a(N) =-2 z (Sin(22"+2~ M _ w)% + sin(ZZ"+2 M Bw)l)
w

o w 6

-2y (sin(ﬂ) + sin(4M — 3)ﬂ) - 0.
oM 6 6
Next, let N = 22" . 3. M with n € N. By Lemma 2, (6.7), and (6.9), we obtain
a(N)=-2 Z (Sin(Zz"*1 M w)z + sin(zz’Hl M 3w)£)

w 6

o w 6

=-2) (sin(%) + sin(8M - 3)606_71) = 0.

w|M

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)



358 —— NazliYildiz Ikikardes et al. DE GRUYTER

The following corollary is obtained from Lemma 20.
Corollary 5. Let N = 12M be an integer with M = +2, +4(mod 12). Then a;(N) = O.

Lemma 21. Let N = 23 . 3™ . M’ with gcd(6, M') = 1 and m(>2) € N. Then

0 if m=1(mod 2),
a(N) = " .
4E; 5(M'; 12) otherwise.

In particular, if M' = 7, 11(mod 12), then oy(N) = 0. That is, if N = 12M = 23 . 3™ . M' with M = 6(mod 12),
then ay(N) = O or 4E, 5(M'; 12).

Proof. Let d|N and w|M'. First, we set N = 23 . 3%+1. M’, It is the only ordered pair (g, d) = (even, odd) that
satisfies (23 -3t %, 32%k-t+l (u) with 0 < t < 2k + 1. Thus, by Lemma 2 and (6.8),

2k+1 M/ T
a(N) =-2 Z z sin(24 L3t 2 32kt a))—

WM t=0 w 6
=-2 ) (sin(4M’ _3)Yr sin(ﬂ))
o 6 6
=0.

In the same way as before, we prove the case N = 23.3% . M’ It is the only ordered pair (%, d) =

(even, odd) that satisfies (2° - 3 - %, 3%-t. ) with 0 < t < 2k. Using

o |57 i M =1 (mod 6)
sin(4M' - 9)— = _2;71
sinT if M' = 5 (mod 6),
we obtain
2% ,
aN)=-2 ) ) sin(24 .3t M 32kt w)g
w|M't=0 w 6
M’ P 2k-1 - wr
=-2 sinf4- — -3% . w|=+ sin—32k‘f~a)—+sin(_ )
=-2 z (Sin(4M’ _ 9)% + Sin(_Bw)E + Sln(ﬂ))
w|M' 6 6 6
= 4E1’5(M,; 12).
If M' = 7, 11(mod 12), then E; 5(M'; 12) = 0 and ay(N) = 4E; 5(M'; 12) = 0. .

Lemma 22. Let N = 2" - 32"+1. M’ with gcd(6, M') = 1 and n(>4), m(>1) € N. Then &;(N) = 0.

Proof. Let d|N and w|M'. First, we let N = 22 . 32m+1. M’ with n = 21. It is the only ordered pair (%, d) =
(even, odd) that satisfy (22’ -3t %I, 32m-t+1 w) with O < t < 2m + 1. It is clear that

2% = 4(mod 12), 22+1=8(mod 12), 3% =9(mod 12), and 3%**!=3(mod 12) (6.13)

with u € N. By using (6.11) and (6.13), we see directly that

2m+1 M’ T
aN)=-2) ) sin(221+1 30— —3metel, a))—
wlM' t=0 w 6
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2m
=-2 sin|22+1. — _ 32m+l . sin(—32mt+1. ) 4 Sin(ﬂ)
3 o Jg + B on(

w|M'

_ z(sm(SM’ pa +Sm( Lg ))

w|M'
=0.

Second, let N = 22+1.32m+1. M’ Then, by (6.10), we have

2m+1 M/ T
a(N) = -2 z z Sln(221+2 3t. — 32m-t+1, (U)—
w|M' t=0 6
2
=-2 z sin| 22+2. M 3Pl Zm:sm( 32m-t+l a)) + sm( wn)
, w 6 6 (6.14)
w|M t=1
=-2 ) (sin(4M’ _3)Y sin(ﬂ))
S 6 6

=0. -

Lemma 23. Let N=2"-3". M with gcd(6, M) =1 and n(>4), m(>1) € N. Then w(N) = 4E; 5(M'; 12).
In particular, if M' = 7, 11(mod 12) then ;(N) = 0

Proof. Let d|N and w|M'. First, we let N = 22 .32 . M’ with n = 2I. It is the only ordered pair (%, d) =
(even, odd) that satisfy (22’ -3t %,, 3m-t . w) with O < t < 2m. Then, by (6.6), we obtain

2m M’ x
a(N)=-2 Z z sin(zz“l L3t 22 gam-t a))—
w|M't=0 w 6

=-2 )| sin| 22+1. M L) 2r§1 sin(-32" . )2 + sin(ﬂ)
w 6 6 6

w|M' t=1

). ()

Second, let N = 22+1.32m . M’ Then, by (6.12), we have

=-2) (sin(SM' 9T, sin(_3
(U|M’ 6
= 4E, 5(M'; 12).

2m M, 7
a(N)=-2 sin|22+2. 3t . 22 _ gam-t oy |2
=237 ( i )

w|M't=0 6
M’ T 2m-1 p —wn

=-2 ) |sin|222. — - 3Mm. @ |= 1+ ) sin(-3""" . w)= + sin(—)

WM’ w 6 o 6 6 (6.15)
=-2) (sin(4M' - 9)ﬂ + sin(ﬂ) + sin(ﬂ))

| 6 6 6
= 4F, 5(M'; 12).

If M' = 7, 11(mod 12), then E; s(M'; 12) = 0 and o(N) = 4E; 5(M'; 12) = 0. O

By Lemmas 22 and 23, we obtain the following corollary.

Corollary 6. Let N = 12M be an integer with M = O(mod 12), that is, N = 2" - 3™ - M’ with gcd(6, M') = 1 and
n(z4), m(=2) € N. Then

a(N) = 0 if m=1(mod 2) or M' = 7, 11(mod 12),
! 4E; 5(M'; 12) if m = 0(mod 2) and M’ = 1, 5(mod 12).
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Remark 3. We can easily obtain Lemma 16 again using the method in Section 6. In other words,
let N = 23271, M'(resp., N = 2 - 32"+2. M) and gcd(6, M') = 1. Set n = 0 in (6.14) (resp., (6.15)):

) 0 if N=2.321. M or M =7,11(mod 12),
a =
! 4E 5(M'; 12) if N=2-32"2. M and M =1, 5(mod 12).

Here, m € N.

7 Coefficient of ay(N)

We obtain four cases in (2.4):
n if (k- n)=0 (mod 6),

L i (k= n) = +1 (mod 6),
ncos(k — n)z = 1 (7.1)
—En if (k- n)=+2(mod 6),

-n if (k- n) =3 (mod 6).

Here, k, n € N,
By (2.4) and (7.1), we obtain

S amgn < T -4
nz:;)az(n)q - H(l _ qn + q2n)2

nx1

=1-2)| > ncos(k - (g
N>1| nk=N 3
n,k>1

SEEDY DT MR N

|l dw diN div dm
dz%(mod 6) d—%zB(mod 6) d—%zil(mod 6) d—%ztz(mod 6)
=1- Y 6(N)g".

N>1

It follows that ay(0) = 1 and ay(N) = —G(N) for N > 1.
Lemma 24. If N is a positive integer with N = 1(mod 6), then 6(N) = 20(N).
Proof. Let d be a positive divisor of N withd = 1(resp.,—1)(mod 6). Then we obtaing = 1(resp.,—1)(mod 6).

Hence, by the definition of 6(IV), we obtain that

say=2 Y da- Y dl«| Y a- Y 4

dIN dIN dIN dIN
d=%(mod 6) d-%=3(mod 6) d-¥=xi(mod 6)  d-%=+2(mod 6)
=2 ) d=2)d=2N).
d|N d|N

d=Y(mod 6) O
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Similar to Lemma 24’s method, calculating 6(N) from N = 2(mod 6) to N = 6(mod 6) gives the fol-
lowing theorem.

Theorem 8. Let N,M' e N and t,s € Ny. If N = 2!3M’ is an integer with gcd(6, M') = 1, then we have

-20(M") if N=1 (mod 6),
-30(M") if N=2 (mod 6),
40(M") if N=3 (mod 6),
60(M") if N=4 (mod 6),
o(M") if N=5(mod 6),
-120(M’) if N =0 (mod 6).

w(N) = -0(N) = 3

Proof of Theorem 3. If N=1,3(mod 6) is a positive integer, then ay(N) is even by Theorem 8.
Let N = 5(mod 6) be a positive integer. It is well-known that o(N) is odd if and only if N is a perfect
square in [21, p. 28]. But N = 5(mod 6) is not a perfect square. This completes the proof of Theorem 3. [

Proof of Theorem 4. We see from (1.1) and Theorem 7 that

N-1 N-1
Z é(k)é(N - k) = Z a(l)a(N — k) = —2a;(N) + ax(N) (7.2)
k=1 k=1
with N > 2.
Using (7.2), lemmas, corollaries, and Theorem 8 in this article, the proof of Theorem 4 is com-
pleted. O

8 Theory of modular forms

To prove Theorems 5 and 6, we use the theory of modular forms in [22,23]. For N € N, we define the level
N congruence subgroup IH(N) by

T,(N) = {(z 2) € SLy(Z)|c = 0(mod N)}.

Let H = x{7 = u + iv|[v > 0} be the complex upper half plane, and let k € Z. Suppose that g is a holo-
morphic function on H and p is a Dirichlet character modulo N. Then g is called a modular form of weight
k and level N with Nebentypus character p if the following hold:

ab

(1) Forany 7 € H and any(
c d

) € IH(N), g satisfies

atr+b
( ) = p(d)(ct + d)*g().
+d
() Ify= (? 15; ) € SL4(Z), then (Ct + D)"‘g( ?: ﬁ ) has a Fourier expansion of the form

ATt + B

Ct + D)k
(€7 + D) g(CT+D

) — z ay(n)em’nr/N.

n>0

We denote by My(N, p) the space of modular forms of weight k and level N with Nebentypus character p.
If a,(0) = O for all y € SLy(Z), then g is called a cusp form.
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We denote by S(N, p) the space of cusp forms of weight k and level N with Nebentypus character p. If p
is trivial, then we simply write Mi(N, p) = My(N) and Sx(N, p) = Sk(N).
Before we prove the main theorems, we verify a property for 65(N) and 6,(N).

Lemma 25. Let N be an odd positive integer. Then 6,(N) = 6>(N) if N = 1(mod 4) and 6,(N) = —6>(N)
if N = 3(mod 4).

Proof. Let d be any positive divisor of N. If N = 1(mod 4), thend = +1(mod 4) if and only if % = +1(mod 4).
If N = 3(mod 4), then d = +1(mod 4) if and only if% = ¥1(mod 4). By the definitions of 6,(N) and 6>(N),
we have the result. O

We denote by L(s, p) a Dirichlet L-function.

Proof of Theorem 5. Let p be the Dirichlet character modulo 24 with conductor 4. That is, p(1) =
p(5) = p(13) = p(17) = 1 and p(7) = p(11) = p(19) = p(23) = -1. Then H(q)? is a modular form in the space
M;5(24, p) by [23, Theorem 1.64, 1.65]. Using the dimension formula [23, Theorem 1.34], we obtain that the
dimension of M5(24, p) is 12 and the dimension of S3(24, p) is 4. Also we can check that Ty, I, T, and T, are in
S3(24, p) and are linearly independent. Now let

Ex(q) = %L(—z,m + Yo, Bq) = Y e,

nx=1 n>1

where p is the Dirichlet character modulo 4 such that p(3) = -1. In fact, L(-2,p) = —% which can be
calculated by [23, Proposition 1.51]. By arguments in [22, §4.5], the set

{Ti(9), (), (@), T(q), Es(@), Es(g?), Ex(@?), E5(q®), E5(q), E5(q?), Es(a?), E5(q®)}

forms a basis for M3(24, p). Hence, the modular form H(g)> can be expressed as a linear sum of the elements
of the above basis. We have

H(q)’ = ;(Eg(q) - 2E5(q?) + 27E5(q%) - 54E5(q%) — 4E5(q) + 32E5(¢?) + 108E5(¢%) - 864E5(q®) - 18Ti(q)

- 36Tx(q) - 18T3(q) - 36T4(q))

and then we obtain, for N € N,

as(N) = ;(52(1\1) - 252(%) N 27@(%) - 5452(%) 46N + 3252@) + 108@(%) - 86462(%)) .
().

Meanwhile, H(g)® can be expressed as follows:

N-1
H(g)’ = (1 - Zé(N)qN] =1-3) MgV +3) Y e(eN-k)g¥ - Y Y  é(aé(a)é(as)q”.

N>1 N>1 N>2 k=1 N>3m+ar+a=N
ap, az,az>1
Then, for N > 3, we have
N-1
Y ém)é(a)éas) = -38(N) + 3 ) é(k)E(N - k) — az(N).
m+ay+az=N k=1

@, ay,az>1

From Theorem, 2, 4, and (8.1), we obtain
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Z é(a)é(ay)é(as)
a+ay+az=N
ay,az,az>1

3E, 5(N; 12) - 60(N) — ;(52(1\1) ~ 465(N)) + t(N) if N =1(mod 12),

2o(M") - ;(52(1\/) + 2752@) — 46,(N) + 108&2@)) +4(N) if N = 3(mod 12),

_12E,(N; 12) + 30(N) — ;(62(1\1) — 46,(N) + t(N) if N = 5(mod 12),
_)—6o(N) - ;(@(N) — 46,(N)) + H(N) if N = 7(mod 12),
12E, 5(N; 12) + 120(M') — %(@(N) + 27@(%) — 465(N) if N = 9(mod 12),

+ 108@(%)) + t(N)

30(N) - ;(&z(N) ~ 46,(N)) + H(N) if N = 11(mod 12).
Finally, by applying Lemma 25, the proof is completed. O
Proof of Theorem 6. The proof is similar to that of Theorem 5. H(q)* is in the 13-dimensional space M,(18),

which is spanned by the set

{Sl(q)r S2(Q)! S3(Q)’ Sll(‘])r SS(q)’ E4(q)’ E4(q2)’ E4(q3)’ E4(q6)’ El&(qg)’ E4(q18)’ E;(q), E‘(qZ)},

where

1
Efq) = ——+ Y. os(mq", F(q) = Y os(m)g"— ) os(n)g".
240 n>1 nx1 nx1
n=1(3) n=2(3)

Then H(g)* can be expressed as

H(g)* = %(—Ez.(q) + 16E4(q?) + 84E4(q°) — 1344E4(q®) — 243E4(q°) + 3888E4(¢'®) + 3Fi(q) 8.2)
+ 48F,(q%) — 425:(q) — 38455(q) — 115255(q) — 115254(q)).

Meanwhile,

4
H(g)*= (1 -y é(N)qNJ

N>1
N-1
=1-4 Y eN)g" +6 ) Y e(leWN-kg" -4y )  éla)é(a)é(a)g’
N>1 N>2k=1 N>3@t+a+az=N
ay,ap,a3>1
+ Z Z é(ay)é(ar)é(as)é(as)q”,
N>4ai+ax+az+as=N
ay, ay, az,as>1
so we obtain, for N > 4,
N-1
Y E@)éa)eas)é(as) = 46(N) - 6 Y (N - k) +4 Y (a)é(@)é(as) + ayN).
a+ay+as+as=N k=1 a+ay+az=N
ay,a,a3,a4>1 ay,az,a3>1

From Theorems 2, 4, 5, and (8.2), we obtain
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Z é(m)é(a)eé(as)é(as)
a+ay+az+a,=N
a;,ay,a3,a,21

4E, 5(N; 12) — 120(N) + gaz(zv) + %03(1\1) T 5(N) if N = 1(mod 12),
20 540 _(N) 1 4 (N
240(M') - —06,(N) - —0| — | - —0s(N) + —03| —
) - 2o 72(3) L o) 53(3)
-%03(%) + s(N) if N = 3(mod 12),
_16E,(N; 12) + 60(N) + %az(zv) - §a3(N) + s(\) if N = 5(mod 12),
12000 - ?GZ(N) N %og(N) + s(N) if N = 7(mod 12),
12 324 _(N\ 1
16E, 5(N; 12) + 240(M") + 26,(N) + 2226 M) - Loyv
LsN; 12) + 2400 + 2o, + 2 02(3) Lo
6 (NY 243 (N
25N - 235N 4 sv if N = 9(mod 12),
+503(3) 1003(9)+5( ) i (mo )
2 2 .
60(N) - 702(N) - 503(N) + s(N) if N = 11(mod 12).

We note that if N = 3, 15, 21, 33(mod 36), then N is not divisible by 9. In these cases, o5(N) = 05(3)
@(%) = 2803@). Hence, we have —%03(N) + l;—zog(g) - %@(%) = %03(2). Then we have the desired
result. O

Acknowledgements: The corresponding author was supported by the National Research Foundation of
Korea (NRF) grant funded by the Korea government (MSIT) (No. 2021R1F1A1051093).

Conflict of interest: The authors declare that there is no conflict of interest.

References

[1] M. Besge, Extrait daune lettre de M. Besge a M. Liouville |. Math. Pures Appl. 7 (1862), 256.

[2] S. Ramanujan, On certain trigonometric sums and their applications in the theory of numbers, Trans. Cambridge Philos.
Soc. 22 (1918), no. 13, 259-276, (pp. 179-199 of his Collected Papers.).

[3] S. Ramanujan, Collected Papers, AMS Chelsea Publishing, Providence, RI, 2000.

[4] ). W.L. Glaisher, On the square of the series in which the coefficients are the sums of the divisors of the exponents, Mess.
Math. 14 (1885), 156-163.

[5] J. W. L. Glaisher, On certain sums of products of quantities depending upon the divisors of a number, Mess. Math. 15
(1886), 1-20.

[6] ). W. L. Glaisher, On the representations of a number as the sum of two, four, six, eight, ten and twelve squares, Quart. ).
Pure and Appl. Math. 38 (1907), 1-62.

[7]1 ). W. L. Glaisher, On the representations of a number as the sum of fourteen and sixteen squares, Quart. ). Pure and Appl.
Math. 38 (1907), 178-236.

[8] B. Cho, Convolution sums of a divisor function for prime levels, Int. J. Number Theory 16 (2020), no. 3, 537-546,
DOI: https://doi.org/10.1142/5179304212050027X.

[9] B.Cho and H. Park, Evaluating binomial convolution sums of divisor functions in terms of Euler and Bernoulli polynomials,
Int. J. Number Theory 14 (2018), no. 2, 509-525, DOI: https://doi.org/10.1142/51793042118500318.

[10] D. Kim and B. Abdelmejid, Convolution identities for twisted Eisenstein series and twisted divisor functions, Fixed Point
Theory Appl. 2013 (2013), 81, DOI: https://doi.org/10.1186/1687-1812-2013-81.

[11] Y. Park, Evaluation of the convolution sums Y’ o(k)a(l)a(m) with Icm(a, b, ¢) = 7, 8 or 9, Int. J. Number Theory. 14
(2018), no. 6, 1637-1650.

ak+bl+cm=n



DE GRUYTER Arithmetic convolution sums =—— 365

(12]

(13]

(14]

(16]

(17]

(18]

S. Delen, M. Togan, A. Yurttas, U. Ana, and I. N. Cangul, The effect of edge and vertex deletion on omega invariant, Appl.
Anal. Discrete Math. 14 (2020), no. 3, 685-696, DOI: https://doi.org/10.2298/AADM190219046D.

S. Delen and I. N. Cangul, Extremal problems on components and loops in graphs, Acta Math. Sin. (Engl. Ser.) 35 (2019),
no. 2, 161-171, DOI: https://doi.org/10.1007/s10114-018-8086-6.

H. M. Farkas, On an arithmetical function, Ramanujan J. 8 (2004), no. 3, 309-315, DOI: https://doi.org/10.1007/s11139-
004-0141-5.

H. M. Farkas, On an arithmetical function I, in Complex Analysis and Dynamical Systems Il, 121-130, American
Mathematical Society, Providence, RI, 2005.

K. S. Williams, Some arithmetic convolution identities, Ramanujan J. 43 (2017), no. 1, 197-213, DOI: https://doi.org/
10.1007/s11139-015-9745-1.

P. Guerzhoy and W. Raji, A modular look at Farkas’ identities, Ramanujan J. 19 (2009), no. 1, 19-27, DOI: https://doi.org/
10.1007/511139-008-9126-0.

W. Raji, A simple modular proof of Farkas’ arithmetic identity modulo 4, Missouri ). Math. Sci. 20 (2008), no. 3, 160-164,
DOI: https://doi.org/10.35834/mjms/1316032774.

D. Choi, B. Kim, and S. Lim, Pairs of eta-quotients with dual weights and their applications, Adv. Math. 355 (2019), 106779,
DOI: https://doi.org/10.1016/j.aim.2019.106779.

N. ). Fine, Basic Hypergeometric Series and Applications, American Mathematical Society, Providence, RI, 1988.

K. S. Williams, Number Theory in the Spirit of Liouville, Cambridge University Press, New York, 2011.

F. Diamond and J. Shurman, A First Course in Modular Forms, Springer-Verlag, New York, 2005.

K. Ono, The Web of Modularity: Arithmetic of the Coefficients of Modular Forms and g-series, American Mathematical
Society, Providence, RI, 2004.


https://doi.org/10.1007/s11139-015-9745-1
https://doi.org/10.1007/s11139-015-9745-1
https://doi.org/10.1007/s11139-008-9126-0
https://doi.org/10.1007/s11139-008-9126-0

	1 Introduction
	2 Preliminary
	3 Coefficient of a1(N) with odd N
	4 Coefficient of a1(N) with N&#x2261;&#x00B1;2,&#x00B1;4(mod 12)
	5 Coefficient of a1(N) with N&#x2261;6(mod 12)
	6 Coefficient of a1(N) with N&#x2261;0(mod 12)
	7 Coefficient of a2(N)
	8 Theory of modular forms
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


