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APPROXIMATION BY RATIONAL FUNCTIONS ON DOUBLY CONNECTED DOMAINS
IN WEIGHTED GENERALIZED GRAND SMIRNOV CLASSES

A. Testici UDC 517.5

Let G C C be a doubly connected domain bounded by two rectifiable Carleson curves. We use the
higher modulus of smoothness in order to investigate the approximation properties of (p — &)-Faber—
Laurent rational functions in the subclass of weighted generalized grand Smirnov classes E”)"@(G7 w)
of analytic functions.

1. Introduction

Assume that B is a simply connected domain bounded by a rectifiable Jordan curve I'. By LP(T") and EP(B),
1 < p < oo, we denote the set of all measurable complex-valued functions such that |f|P is Lebesgue integrable
with respect to arclength on I'" and the Smirnov class of analytic functions in B, respectively. Recall that if there
exists a sequence (), n = 1,2,..., of rectifiable Jordan curves in B that converges to I" as n — oo such that

sup /\f(Z)}p\dZ! < o0,
Tn

then we say that f belongs to the Smirnov class EP(B) [24, p. 168]. Each function f € EP(B) has a nontangential
limit almost everywhere (a.e.) on I' and if we use the same notation for the limit function of f, then f € LP(T").
Note that LP(I") and EP(B) are Banach spaces with respect to the norm

1/p

1 llzns) = Il oo = / FEPld=] . 1<p<oo.
T

Let G C C be a doubly connected domain in the complex plane C bounded by rectifiable Jordan curves I';
and I'y such that I'y isin I';.

Let G7 = ExtI'y, G1 := IntI', and G, := ExtI's, G2 := IntI'>. Without loss of generality we can
assume that 0 € Gs.

Alsolet T := {w € C: |w| =1}, U:=IntT, and U~ := Ext T. We denote by ¢ and ¢; the conformal
mappings of G and G2 onto U™, respectively, normalized by

p(o0) = 00, lim @ > 0, and »1(0) = oo, lim z¢1(2) > 0.
z—0o0 2 z—0

Let v and 1y be the inverse mappings for ¢ and ¢, respectively. The functions ¢ and 1) have continuous
extensions to I'; and T, their derivatives ¢’ and 1)’ have definite nontangential limit values a.e. on I'; and T.
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They are integrable with respect to the Lebesgue measure on I'; and T, respectively. Similarly, the functions ¢

and v have continuous extensions to I's and T, their derivatives ¢} and 1] have definite nontangential limit

values a.e. on I'y and T that are integrable with respect to the Lebesgue measure on I'y and T [16, p. 19-438].
We set

Lri={z€Gy: |p(z)|=r>1} and Lrp:={z€Gs: |p(z)| =R>1}.
Let G, := Ext L;, G, ;= Int L, and G, := Ext Lr, Gr := Int Lpg.

Note that ¢ is an analytic function in G~ and

[o(2)]* [ (2)]/*

has a pole of kth degree at co, where 0 < € < p — 1. In addition, ¢ is analytic function in G and

2

[01(2))" 77 [ (2)] V)

has a pole of kth degree at 0, where 0 < £ < p — 1. For the construction of polynomials of the approximation
process, we need some expansions. For this purpose, by applying the same technique as in [5], for 1 < p < oo
and 0 < € < p— 1, we obtain

Y(w)]" Fiopee )
[w(u}]—z I;)I;H_l 5 EGT, ’UJEU,

wits [ (w)] 7 —i Fipe(1/2)

R z€Gg, wel™,

where F}, ,, -(2) and fk’p,€(1 /z) are polynomials with respect to z and 1/z, respectively. Note that, for the first
time, Fj, (%) and F}p,-(1/2) were considered in [14]. As in the classical case, F} (%) and F}p,-(1/2) have
the following integral representations for every £k = 0,1,2,...:

dc, ze€ Gy, r>1, (1)

R (i ais
Fope®) = 5 [ Mmc(f ©)
L,

1 [ [ @] (o))
271 E—=2
Lgr

ﬁk,p,a(l/z) = - dg, zeGyp, R>1 2)

The polynomials F, , -(z) and ﬁk7p,€(1 /z) are called the (p— ¢)-Faber polynomials for G, and G, respectively.

If f is an analytic function in doubly connected domain bounded by curves L, and Lp, then, for &k =
0,1,2,..., by using the Cauchy integral formula and the expansions given for Fy ,. and ﬁkvpyg, we get the
following (p — ¢)-Faber—Laurent series expansion:

:Zak(f)Fk,ps +Zak kaa 1/z),
k=0
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where

wk+1

1/(p—e)
ak / f ()) dw, 1<ri<r,

\w\—rl

and

o dw, 1< Ry <R.

B / f wl ( ))1/(10 €) w2/ (P—¢)
|w| R

The rational function

Rn(f)(2) = ar(f) Frpe(2 +Zak ka, (1/z)

k=0
is called the (p — ¢)-Faber—Laurent rational function of f of degree n.

Definition 1. A rectifiable Jordan curve 1 is called a Carleson curve if the condition

Tz, 7)]
supsup —— < o0
z€l' >0 r

is satisfied, where I'(z,r) is a portion of ' in the open disk of radius r centered at z and ’F(z, r)’ is its length.
We denote the set of all Carleson curves by S.

The direct and converse theorems of the approximation theory in weighted and nonweighted Smirnov classes
have been extensively investigated under various conditions imposed on the boundaries of simply connected do-
mains. In the case where I' is an analytic curve, some results were obtained by Walsh and Russel [19]. In the
case where I' is a Dini-smooth curve, the direct and inverse theorems were proved by Alper [27]. For the Smirnov
classes in which I' is a Carleson curve, these results were generalized in [18]. In weighted Smirnov classes, some
similar results for Carleson curves were obtained in [5-9, 17]. Similar theorems of the approximation theory in
Smirnov—Orlicz classes were studied in [26, 30, 31, 34].

For a Dini-smooth curve I', the direct and inverse theorems of approximation theory in the Smirnov classes
with variable exponent were proved in [10, 12]. Earlier similar results were stated without proofs in [15, 25].
The approximation properties of the Faber—Laurent series in Lebesgue spaces with variable exponent were inves-
tigated in [11].

On a doubly connected domain bounded by two Carleson curves, the rate of approximation by the p-Faber—
Laurent rational functions in Smirnov classes was studied in [29]. On doubly connected domain bounded by Dini-
smooth curves, the rate of approximation by the Faber rational functions in Smirnov—Orlicz classes and Smirnov
classes with variable exponent were investigated in [28] and [3], respectively.

The direct and inverse theorems of approximation theory in weighted generalized grand Lebesgue spaces
were proved in [13]. After this, in weighted generalized grand Smirnov classes defined on a simply connected
domain bounded by a Carleson curve, some approximation theorems were proved in [14]. In the present work,
we investigate the approximation property of so-called (p — ¢)-Faber—Laurent rational functions in the weighted
generalized grand Smirnov classes defined on doubly connected domains.

The set of all measurable functions f such that

1/(p—¢)
sup 6/|f JPF w(a)dx <o

O<e<p—1 |F|
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forms a weighted generalized grand Lebesgue space Lp)"g(F,w). It becomes a Banach space equipped with
the norm

1/(p—e)
1 _
lmoway =, s § g [ 1@ wla)ds

<e<p—1 2

If § = 0, then LP)?(T") turns into a classical Lebesgue space LP(I"). In the nonweighted case where 6 = 1,
LP)Y(T) is called a grand Lebesgue space and denoted by LP)(I'). The spaces LP)?(I") were introduced for § = 1
in [32] and for 6 > 1 in [21]. The dual spaces of 2 (T") were characterized in [1]. In the same work, it was shown
that LP)(T') is a rearrangement invariant and Banach function space but it is not reflexive. We can show that

LP(T) C LP(T) c LP~5(D).

It is possible to say that similar embedding relations hold in case of weighted generalized grand Lebesgue
spaces: If 1 < 02 and 1 < p < oo, then the embeddings

LP(T,w) € LP9(T,w) ¢ LP%2(T,w) ¢ LP~5(D,w)

are valid.
LP(T,w) is not dense in LP)?(I", w). We denote by £P)?(I',w) the closure of LP(I',w) with respect to the
norm of LP)?(T",w). We state that (see [20, 22]) £P)(I') is the set of functions satisfying the condition

We now construct the Smirnov class defined on doubly connected domains. Let G* be a doubly connected
domain in C and let f be an analytic function in G*. If there exists a sequence (A,);-, of domains whose
boundaries (Fl,)ioz1 consist of two rectifiable Jordan curves, the lengths of (Fy)fjozl are bounded and such that the
domain A,, contains each compact subset of G* for every n > N for some n € N, and

V—00

lim sup /|f(z)\p]dz\ < 00,
ry

then it is said that f belongs to the Smirnov classes EP(G*), p > 1 [24, p. 182].

Definition 2. Let I' := I'1 ULy and let G be a doubly connected domain bounded by 1"y and I'y € S, where
'y isin I'y. Also let w be a weight function on I'. The set

EPY(G,w) = {f e EY(G): fe Lp)’e(f‘,w)}

is called a weighted generalized grand Smirnov class of analytic functions in G.

For f € EPY(@G, w), the norm is defined by

1 Epro () = If oo (r.w)-
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We denote by £P)¢(G, w) the closure of the Smirnov class EP(G,w) of analytic function with respect to the
norm EPY(G,w).

For almost all zp € I', the Cauchy singular integral St (f) and the Hardy-Littlewood maximal function Mp(f)
with f € LY(T), are defined as follows:

Se(f)(20) = lim T 4o ana be(f)(e0) = sup t | el

r—0 zZ— 20 r>0 7T
F\F(ZO7T) F(ZO7T)

Definition 3. Let w be weight function on I" such that T € S. Let 1 < p < oo and 1/p+1/q = 1. We say
that w satisfies Muckenhoupt’s A, condition on T" if

p—1

sup sup 1 / w(z)|dz| i/ [w(z)]_l/(p_l)\dz] < 0.

el r>0 |\ T
I'(zo,r) T'(z0,r)

Theorem A [33]. LetT' € S, 1<p<oo and 6>0. The operators Sp: f — Sr(f) and My : f — My(f)
are bounded in LP)?(T',w) if and only if w € A,(T).

The norm in the space L)Y (T,w) of 27-periodic functions f is defined as

1/(p—e)

<e<p—1

2
e’ it [P~ i
||fHLp>,9(T7w) = ; sup o / |f (e t) ‘P W (e t) dt
0

Let f € LP(T,w), 1 <p < 0o, § >0, and, for r = 1,2,3, ...,
AT _ -1 rs+1 (T ist t .
¢ f(w) Z( ) < f(we™), t>0

s=0

We define an operator
o Fw / AL f ()] dt.
Now let 0 < h < oo. For given w € Ay(T), 1 < p < oo, 6 > 0, by using Theorem A, we conclude that

|Sl|lp Hffhf HLme(Tw < CHfHLP 0(Tw) < 0

which implies the correctness of the following definition:

Definition4. Let 1 < p < oo, 0 > 0, and let f € Lp)’a(T,w), w € Ap(T), § > 0. A function
Qr(f,)p) o [0,00) = [0,00) defined by

"Wy

Qr(fa 5)p),9,w = |31|1p Hahf HLP) 0 (T,w)

is called the rth mean modulus of f.
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Let I'1,I's € S and let w be a weight function on I'; UT'; . We can consider w as a weight on I'; and I'y
separately.
For any f € LP)}Y (I'1,w) and w € Ap(I'y), we set

folw) = fw()] (' ()P, wo(w) == wlw(w)], 3)

and, for any f € LP9(Ty,w) and w € A,(T'3), we set

2

fiw) = f ()] (W) 7R, wy(w) = wld(w)]w . 4)

In this case, we obviously have fo € LP? (T,wp) and f; € LY (T,w;).

Let f € EY(B), where B is a simply connected domain bounded with a rectifiable Jordan curve I'*. Then
f has a nontangential limit a.e. on I'* and the boundary function belongs to L!(I'*). For given f € LP)?(I'*, w)
the functions f* and f~ defined by

B ) s
’ 2m ( — z 2m (w) — 2
T

_ wie [ (w)] 7= .
27‘(‘1 C — 2,’ 27TZ wl(w) — fl(w)dw7 S B y
T

are analytic in B and B~ respectively, and f~(oo) = 0. The functions f* and f~ have nontangential limits
a.e. on I' and the formulas

PR =SNG + /() and () = o)) - 5 (2) )
hold. Hence,
HOESMOESNC) 6)

holds a.e. on I' [16].
The main result of the present paper is the following theorem:

Theorem 1. Let I'1,I'y € S and let G be a finite doubly connected domain bounded by 1'1 and T’y and
such that the curve Ty lies inside I'. Also let ' := T'y UT'y and let w € A,(I'), wy € Ap(T), w1 € Ay(T),
l<p<oo, 8>0.1Iff€e Ep)’o(G,w), then there is a positive constant ¢ independent of n such that

1 1
QT’(fO?) + QT(flv) ]
"/ p),6,w0 "/ p),6.w1

forr=1,2,3,..., where R, (f) is the nth partial sum of the (p — €)-Faber—Laurent series of f.

Hf - R"(f)HLP)ﬂ(Rw) <c

2. Auxiliary Results

We denote by ¢, ci, ..., various constants (in general, different in different relations) that depend only on the
numbers that are of no interest for our presentation.



1128 A. TESTICI

Some properties of Faber polynomials were investigated in [2, 4, 23]. By analogy with p-Faber polynomials
(see [5]), we can write the integral representations for Fy, , .(z) and F, ,.(1/%):
If z € G, then

1/ [o(O)]* [ ()]

k 1/(p—¢)
Fipe(2) = [0(2)]" [¢'(2)] 777 + 57 s dc. 0
Lr
Further, if z € G, then
2
Fk,p, < > — [¢1(2)] p—e [QO/ (Z)] 1/(p 6)
1 €
L O (23]l C103)
- de. ®)
i §E—z
Lgr
By using Cauchy integral formulas, we obtain
= o | £ Tm g .
I
If z€ G or z€ Gy, then
L fE
2m C—z 2m‘/§—zd£_0' ©)
I
We define
' 2m sz and ’ 2m ffz

The function I; determines the analytic functions I;" and I, for z € Gy and z € G7, respectively, while
the function I determines the analytic functions 1. ; and I, for z € G2 and z € G, , respectively.

Lemmal[l4]. LetT €S, we€ Ay(T), 1 <p<oo,and > 0.If f € LPO(T,w), then f+ € EPY(G,w)
and f~ € EPY(G~,w).

For fo € LPY(T,w) and wy € Ap(T), Lemma 1 implies that f; € EP)Y(U, wp) and fo € EP (U~ wp)
such that f; (00) = 0. Similarly, for f; € LP}9(T,w) and w; € A,(T), Lemma 1 implies that f;" € BP9 (U, w;)
and f; € EPY(U™,w) such that f; (c0) = 0. Thus, by (6), for k = 0,1,2,3,..., we get

Jo (w) 1 [ fiw), 1 [ ff(w)
o | prr o | e w =5 [T g dw
T T T

a(f) =

and

fiw) L W), 1 [ W)
omi | Wb T g | bt T g | T 4
T T T

ai(f) =
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Hence, a; and a, k = 1,2,..., are the Taylor coefficients of f € EP)Y(U,wp) and i€ EPYO(U,w),
respectively.

Lemma 2. Letw € Ap(T), 1 <p<oo,and 0 >0.1If g € LP(T, w), then

Qr(g+7 ')p),e,w < CQT(Q? ')p),@,w
Jorr=1,2,3,....

Proof. Let g € £P)9(T,w). First, we show that
- (S1(9),) ) v < €29, )p) 00

By using the change of variables ¢ = ue® and the Fubini theorem, we get

h
TSt = [ ArSe(g(w)i
0

(—1)T+s+1<r> %(P.V) / 9we™) st Uy

2 uelst — qetst
s=0 T

_ :Lo/h:o(n”sﬂ (Z) ;M(P.V)T/Mdu dt
- ey | T{; L Z:_O(_jjl (Z>g(uem)dt}du

[
_ ;m(P.v)/ {h/o uAj(j(u)dt}du _ SrfoTg(w)].
T

Taking the norm and supremum over h < ¢ and applying Theorem A, we find

Q. (St(9), ')p),e,w = 2‘;1(? o7 (St () (w)] HLP)'Q(TM)
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_supHS'Jr ong(w HLPW(TW)
< 2upCH0’h9 HLP)9 (Tw)
< csup Hahg HLp) G(Tw) Qr(ga ‘)p),@,w- (10)

Hence, by (5) and (10), we obtain

QT (9+7 .)p)ﬂ,w <c {Qr (g, .)p)ﬁ,w + Qr (S’E(Q)a ‘)p)ﬂ,w} < CQr (g, ')p)ﬁ,w'
Lemma 2 is proved.
Lemma3[13]. Let g € EP9(U,w), w € Ay(T), 1 <p < oo, and 6 > 0. Ifz (g)w" is the nth

partial sum of the Taylor series of g at the origin, then there exists a positive constant c lndependent ofn=1,2,.
and such that

=Y (gt
k=0

1
gcQT(g,) , o r=1,23,....
Lp)vg(T,w) n p),0,w

3. Proof of Theorem 1

Let w € Ay(T'), wp € Ay(T), wy € Ap(T), 1 <p < o0, 6 > 0. Also let
I:=T,UTy,
where I';,T's € S and f € EP(G,w). We get

1 = BalDl momy < 11 = BalDll oo (1, ) + 1 = BalD 1o oy

Since f € EPY(G,w), we have fy € LP)9(T'1,w) and f; € LPY(T'y,w). For ¢ € I'; and £ € T', by means
of (3), (4), and (6), we obtain

FO) = [£(2(0) = f5 (2(O)( () (11)
and

7€) = [ (1(9) = 7 (919)] (1) " (i) V0. (12)

It suffices to prove the validity of the inequalities

1 1

1 = Bu(D| v () < € {Q <fo, n)p)m + 0, <f1, n>p>,e,m} (13)
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1 1
_R D) w QT . + QT< ’> ‘ (14)
15 = RalF) oy < { (% n>) s >}

First, we prove estimation (13). We take z’ € G . Thus, by relations (7) and (11), we obtain

Z aka,p,g(Z/) _ [QO/(ZI)] 1/(p—e) Z ap [QO(Z )} k
k=0 k=0

1 PO el
* 2mi ¢— 7 d

and

k=0
1IN [P
+ 2ri ¢— 7 ¢

11 1 (p—2)
1 /[90 (9] fJ(@(C))dC

27 ¢— 2
'y

1 [PO]Y" 8 (v
omi o “/ =
I8
Since
(O] £ (0(0) € ENGY),
we get
) e 1 1O R (0(0))
-l fo(w(Z))—Qm.F/ o (g

Therefore,

N akFipe(2) = [¢'()]Y770 Y ag [p(2)]"
k=0

e 1[5 () = D an[w(O)])'] «
271 ¢—2
Iy
_ [@I(Z/)]l/(pie)fo_(@(zl)) + ;m/gfigi/dg (15)
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If 2/ € G5, then by using relations (2) and (12) we obtain

¢ 1/(p 6) —2/(p—¢)
Zakaps (1/2) = 271” [901( )] 572 Zk 1 d§
1)
1 [ @" @) () - X0kl @)]')
271 i E—2
_ 1 [ @] @) (o Jge L
271 &E— 2 27m § — z

'

and, by virtue of the Cauchy integral formula for

(1) ") P T (01(6)) € EN(Ga),

we find
;@ﬁk,p,s(l/?) = —;m/gfigi/df
= 4
1 @ () 7 ( (00) - X alen©)”) p
27 £E—2 '
1)

Thus, for 2’ € G7, by (15), (16), and (9), we get

n n
> arFipe(Z) + > arFrpe(1/2)
k=0 k=1

= @IS an o]
k=0

L PO @) - X anle()]]
- 2mi ¢—2 —
Iy

— [ g5 (o))

1

S PG e PG R A GG D SR A1

_ k:l
+27m' &E— 2

de.

(16)
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Further, taking the limit as 2’ — z € I'; along all nontangential paths outside I'y, we obtain
n

F2) =) aeFrpe(z) = Y GnFpe(1/2)
k=0

k=1

= [¢'(x)]") [fJ (0(2) =Y a [@(2)}1

1/ [e1(&)] 7= [¢1(&)] 7=

211
I'>

s d¢ a7

a.e.on I';. Since w € A, ("), applying Theorem A for I'; and using (17) and the Minkowski inequality, we get

n

o (w) =D apw’

k=0

Hf - Rn(f)HLp),H(FLw) S C

fif (w) — Z&kwk
k=1

L) (T wo) LP)O(Tw1)

The Faber coefficients a; and ay, are the Taylor coefficients of fgr and f;, respectively, at the origin. Since
wo € Ap(T) and wy € A,(T), by using Lemmas 3 and 2, we get

1 1
f_RTl f p),0 w SC QT(f 7) + QT(f 7) . (18)
H ( )HL) (T'1,w) { 0 n ),0.00 1 n )01

Let z” € G5. Then by virtue of (8) and (12), we obtain

S Fipe(1/2) = [ [1() 7 > [ ()"
k=1 k=1

1 2 n

1 [A©T = @] 7 > ke (©)]"

27 £— 2" a%
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L1 (4 (€))7 [pr(&)] 7 (fr(sol(@)—Zzzla’k[sm(f)]’“)dg

27 &E— 2"

L[ O] [pa©) 7 A (s g L /

21 £E—2" £ — //
Iy
Since
(£19) (€)Y  f7 (21(8) € BY(Ga),
we find
[(pll(zll)] 1/(p—e¢) [901 (Z//)] —2/(p—e) ff (@l(zﬁ))
O e T (219)
- 2mi £— 2" ’
1)
This equality implies that
S Fipe(1/2") = [ N] Y [or ()] 7 S [ (1)
k=1 k=1
L @ @] T (01 ©0) - Y0 alen©]")
o E— 2 dg
I
—€ " -2 — " 1
— [AENY [ S () - o [ e (19
I'>
Let z” € Gy. Thus, by (1) and (11), we get
n 1 @O afeo)"
z_:a‘ka,p,E(Z ) = Tm Cz_kz_,? dC
I
1 O (@ bo) - A (4©)
= o C—2z" ¢
I

1O @), 1 [ Q)
+ 27”./ C— 2 d¢ + QTFiI‘/C—Z//dg
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1
and, by using the Cauchy integral formula for (¢'(¢))7== f; (¢(¢)) € E*(G7), we obtain

- w_ 1 [ f(©
kzoaka,p,s(Z ) = zm'/g—z”dC
— s

1) (X alw)" - 1 (#(0)

2ri C— 2"
I'1

dc. (20)

For 2" € G, relations (19), (20), and (9) imply that

n

n
> Fipe () + > @k Fipe(1/2")

k=0 k=1

= [ YO [T D@ [ ()]

L @) en©] T (A (1) - Y @len©)*

2i £— 2"
I'>

= [N [u () T A ()

L PO (X arleQ]" = £ ()

2mi ¢—2"
I

)dg.

Passing to the limit as 2" — 2 € I'y along all nontangential paths inside I's, by virtue of (11), we obtain

f(z) - Z aka,p,s(Z) - Zakﬁk,p,a(l/z)
k=0 k=1

= (1] (01 (2)] T A (1(2))

- 5 @] o] 7 [Zak [e1(])" - fi(w(Z))]

k=1

— SF2

(2] [p1) 7= (Zak 1] — (fiF o m))] (2)
k=1

/ p—c n a k_ 4
L (#(©)) (Zkogk_[s:(o] f; W)))dc o
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a.e.on I'y. Since w € A,(I"), by applying Theorem A for I'y and using (17) and the Minkowski inequality, we get

wo

1f = Rl ooy < €9 || @) =D ar® + || (w) =Y @
k=0 k=1

LP)0(T wo) LP):6(T,w1)

The Faber coefficients a; and ay are the Taylor coefficients of fgr and ff , respectively, at the origin. Since
€ Ay(T) and wy € A,(T), by using Lemmas 3 and 2, we finally obtain

1 1
f_R (f) ), w <c QT(f()’) + Qr(fh) . (22)
H n HL ),0(Tq,w) ) 6.0 ) 6w

Hence, (18) and (22) complete the proof of Theorem 1.
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