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1. Introduction

In [1], the notion of a statistical manifold was defined by Amari. It has applications in information
geometry, which represents one of the main tools for machine learning and evolutionary biology.
In 2004, K. Takano [2] defined and investigated K&hler-like statistical manifolds and their statistical
submanifolds.

A statistical manifold is an m-dimensional Riemannian manifold (M, §) endowed with a pairing
of torsion-free affine connections V and V* satisfying:

Z§(X,Y) =3(VzX,Y) +3(X, VyY), 1)

forany X,Y,Z € T(TM). The connections V and V* are called dual connections (see [1,3]), and it is
easily seen that (V*)* = V. The pairing (V, g) is called a statistical structure.
Furthermore,

(Vx8) (Y. 2) - (Vx8) (x,2) =0 @

holds for X, Y, Z € TM [4]. Formula (2) is also known as the Codazzi equation.
Any torsion-free affine connection V always has a dual connection given by:

V+ V=2V, (3)

where VY is the Levi-Civita connection on M.
Similar definitions can be considered for semi-Riemannian manifolds (see also [5]).
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A statistical structure is said to be of constant curvature € € R [6] if:

R(X,Y)Z = €e[g(Y, Z)X — g(X,2)Y],

for any vector fields X, Y, Z. The same equation holds for R* (X, Y)Z.
A statistical structure of null constant curvature is called a Hessian structure.
In [2,7], K. Takano considered a (semi-)Riemannian manifold (M, §> with an almost complex

structure J, endowed with another tensor field J* of type (1,1) satisfying:
F(xy)+3(xTY) =0 @

for vector fields X and Y on (]\71, §) Then, <A7I, g ]~> is called an almost Hermite-like manifold. It is
~\ * ~ /~1\2 ~ o~ ~ ~
easy to see that (]*) =], (]*) =—-Jland g (]X, ]*Y) = g (X,Y).If ] is parallel with respect to V,

then (Z\7I, g \ T) is called a Kahler-like statistical manifold [7].

One also has:

(V) v.z) +2 (v, (ViI) z) =0
(see [2,7]).

On the other hand, in 1993, B.-Y. Chen introduced new intrinsic invariants, more precisely
curvature invariants, called Chen invariants (or J-invariants) (see [8] for details). In [9], the author
proved the Chen first inequality for arbitrary submanifolds in Riemannian space forms.

The Chen first invariant of a Riemannian manifold M is given by ¢ H=T— inf K, where T and K
represent the scalar and sectional curvatures of M, respectively.

Furthermore, the Chen §(2,2) invariant is defined by 6(2,2)(p) = t(p) — inf(K(711) + K(712)),
where 71 and 77, are mutually orthogonal plane sections at p € M. This is a generalization of the Chen
first invariant, but also, a particular case of the §(ny, n, ..., 1) invariant, introduced by B.-Y. Chen, as
well (see [8]).

Statistical submanifolds in statistical manifolds were considered by few authors, and the interest
in this subject grew in the recent period. Closely related to our research target, we would like to
mention the following.

In [5], M. E. Aydin, A. Mihai, and I. Mihai studied statistical submanifolds in statistical manifolds
of constant curvature and proved inequalities for the scalar curvature and the Ricci curvature associated
with the dual connections. The same authors obtained in [10] a generalized Wintgen inequality for
statistical submanifolds in statistical manifolds of constant curvature. In their paper, another definition
of the sectional curvature, due to Opozda, given in [11], was used (see also [12]).

Recently, in [13], B.-Y. Chen, A. Mihai, and I. Mihai established the Chen first inequality for
statistical submanifolds in Hessian manifolds of constant Hessian curvature. The study was continued
in [14], where the authors obtained a Chen inequality for the §(2,2) invariant. Recall that a Hessian
manifold of constant Hessian curvature c is a statistical manifold of null curvature and also a
Riemannian space form of constant sectional curvature —c/4 (with respect to the sectional curvature
defined by the Levi-Civita connection) [6].

In the present article, motivated by the above studies, we obtain a Chen first inequality and an
inequality for the Chen §(2,2) invariant for statistical submanifolds in Kahler-like statistical manifolds.

Furthermore, for our next study, we would like to point out that, by referring to the
papers [15-17], the curvature invariants of statistical submanifolds in Kéhler-like statistical manifolds
will be investigated.



Mathematics 2019, 7, 1202 30f 19

2. Preliminaries

In general, the dual connections are not metric; it follows that one cannot define a sectional
curvature with respect to them by the standard definition from Riemannian geometry. B. Opozda
proposed two different definitions, in [11,12]. We will work in this article with the definition from [12].

Let M be a statistical manifold, and consider 7 a plane in TM, with an orthonormal basis {X,Y};
the sectional K-curvature was defined by [12]:

K (m) = 5 [2(R(X, )Y, X) + &R (X, V)Y, X) = 23(R* (X, Y) Y, X), 5)

N —

where R denotes the curvature tensor field of the Levi-Civita connection V° on TM.
Denote by R and R* the curvature tensor fields of V and V*, respectively. Then, R and R* satisfy:

g(ﬁ (X,Y)Z, w) = -7 (ﬁ* (X,Y) w,z) ®)

(see [4]).
Let <A7I, S %) be a statistical manifold and f : M — M an immersion. One defines a pair g and
V on M by:

§=F3% 8(Vx,2)=§(Vsxfiv,Z),

for any X,Y,Z € TM, where the connection induced from \V/ by f on the induced bundle f* : ™ —s
TM is denoted by the same symbol V. Then, the pair (V, g) is a statistical structure on M, which is

called the induced statistical structure by f from (6, §) [4].

Let (M, g, V) and (1\71, g, 6) be two statistical manifolds. An immersion f : M — M is called a

statistical immersion if (V, ) coincides with the induced statistical structure.
Let M be an n-dimensional submanifold of M. Then, we have the Gauss formulae:

VxY = VxY +h(X,Y),

ViY = VY + 15 (X,Y),

where 1 and h* are symmetric and bilinear, called the imbedding curvature tensors of M in M for
V and V*, respectively. In this case, V and V* are called the induced connections of V and V*,
respectively.

Since h and h* are bilinear, there exist linear transformations Az and AZ on TM defined by:

8(AgX,Y) = g(h(X,Y),G),
(A X,Y) = g(W(X,Y),§),
forany ¢ € I(T+M) and X,Y € I'(TM). Further (see [3]), the corresponding Weingarten formulas are:
Vx& = —AfX +Dx¢,

V&= —AsX + D}&,

for any ¢ € T(T+M) and X € I'(TM). The connections D and D* are Riemannian dual connections
with respect to the induced metric on T'(T+M).
Let R and R be the Riemannian curvature tensors of V and V, respectively. Then, the Gauss
equation is given by:
g(R (X,Y)Z, w) = ¢(R(X,Y)Z W) @)
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+8(h(X,Z),h* (Y,W)) =g (h* (X,W),h(Y,Z)),
where X,Y,Z,W € TM (see [3]).

3. An Example of a Submanifold of a Kidhler-Like Statistical Manifold

We start this section by recalling an example of a Kéhler-like statistical manifold, given by
K. Takano in [2].

Example 1. Let R2" be a 2n-dimensional semi-Euclidean space with a local coordinate system
(X1, +er X1, Y1, - Yn ), Which admits the following almost complex structure | and the metric §:

= 0 (51‘]‘ ~ 251']' 0
]_<-4ﬁ 0)’ g‘( 0 -5 )

Denote the flat affine connection by V. Then, (R,%”, v,3, T) is a Kihler-like statistical manifold. The

= 100 =4
2\ 45 0 )

Next, we will present another example of a Kahler-like statistical manifold and construct a

conjugate connection V* is flat and

submanifold.
Example 2. We consider the half upper space:
M = {(xq, .0 X, X)) | X1 >0}

admitting components of the metric g as follows:

& (UZ

- ; . . -

8ij = — i, Sint1 = 8n+1i = 0, Sntintl = —5—
Y41 Ynt1

where w is a positive constant and €; is —1 or +1. The signature of gis (v,n+1—v).

We consider the following two connections:

vila; =0,
ﬁg)anﬂ = ?éi)ﬂai = - xn2+1 9;,
Vot = = s
and:
ﬁgjl)aj - wzj , €i0ij Ont1,

where 9; = d/9dx;.



Mathematics 2019, 7, 1202 50f 19

We define the a-connection V(@) (see [1]) by:

6(0(): 1+«

v g,

2 2

It follows that:

oWy, — l—a e:5:: 0
wzxn—i—l i%j n+1s

= = 1+a

= (x) o 1+ 2«
va"“anﬂ R

i1

Then, (Z\7I, g 6("‘)) is a statistical manifold.

Furthermore, the curvature tensors R(®) with respect to the a-connection V(*) are:

R (35,009 = ——<W (35,9, — 1640 i, k 1

( i ) k wzxle (S] ik0i — €i0ik ]) (Z J #Fn+ )
R®(3;,0)9,11=0  (i,j#n+1)

~ clu .
R™(3;,8,11)9 = # €i0ikOn+1 (i, k#n+1)

w xn+1

~ clu .

RO @001 = — o, (i£nt1),
n+1

where c(a) = (1 —a)(1 +a).
Therefore, (1\71,55,%(“)) is of constant curvature fccg—az). Especially, (]\71, ng,%(ﬂ)) is flat,

respectively.

We put:
_ - _ Xn41
e =2x,110; (i=1,2,...,n), epi1 = Oni1-
From g(e;,e;) = €;0;; and g(eqy1,€441) = 1, it follows that the set {ey,...,en, €441} is an
orthonormal base.
Then, the x-connection can be rewritten as follows:
= (@) 1—n ..
Ve 'ej = 0 €i0jj en+1 (i,j#n+1)
~ 1+« .
Vﬁf‘)enﬂ =T ¢ (i#n+1)
~ x .
Vilei=——¢ (i#n+1)
w
~ 20
Vgﬁlerurl =~ fnt1-

w
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e Almost complex structures:

We will construct almost complex structures J) and J=1 satisfying V@@ = 0. We get:

L4 1 + w® 1
6’1‘7](- e 7(0“ 5ik7](' 1 (L= 0 w 2)e 51177121 =0,

7](04)n+1 4 (1—a)e; (7( )i _ 5 T(zx)nJrl) -0,

w j I n+1
ok 1+a k() n+1) _
ei]nlil +T (]“ —9; ]niln ) =0,
Ha)nt1l | 14+ s@nr1 | (1 —a)g; ~a)i
€ilyrr =i +Tl]n+l 0,
en_;'_lj;-(lx)k = 0,
en+1]loc)n+1 . ijl(a)n+1 0,
w
Kk, o« k
eﬂ+1j(ﬂjr)1 + ;7}1‘21 =0,
1
en+lj<0_(|_)1n+ 0

Because M is of constant curvature, we have that M is flat, n +1 > 4, thatis a = +1 [18].
When a« = 1, we find:

1)k iékjﬂ)n+l —o,
w

€; il

—

1

)

7

~

7( )
ﬂl)n+l -0
A.(

ei]n+1 +— w

Dk, 2 F1)k k7(1)n+1Y _
( =9 ]nJrln ) =0,
D+l | 2 1) n+1
T
en—i—l] O/
enJrlj(l)n—i-l - 7}1)n+1 _o,
Dk, 1 ~1)«k
en+1jfz+)1 T 75:21 =0,
€n+]T§l?f+1 =0.
Thus, we obtain:
Nk 2
7]( ) = —C]-xk—i-Ajk,
7](1)n+1 = G2y,
Mk _ 2 k k
Joi1 = R {( Csxs+D) Xp+A:xs+ B }
=2 e -,

where we used the Einstein summation convention.
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If we put:

then (J(1)2 = —id if and only if the constants A{, B/,C; and D satisfy ¥? = —id.
We remark that:

trace (V) = Y Ai—D = traceX.

Then, (1\71, g, 6(1), T(l)) is a Kéhler-like statistical manifold.

Furthermore, we set:
Tk~ oo (2 Cox; + Al
]]. = —gek | KX+ Ap ],

_ 2¢; : )
ﬂj Dnt+l _ f{(i Csxs—l-D) x]«+Asfxs+Bf},

W Xpt1
-1)k
71(1+1) = —&;Cr X 11,
-1 1
7}1+1) " — Csxs + D

Then, g (T(l)ei,e]-) +g (el-, T(_l)ej) =0and VU] = 0 hold.

e A submanifold of M1

We consider a submanifold of M t1:
Mg ={(x1,x2,...,%,0,...,0)| —o<x;<o0(i=1,...,0)} = R:,

where ¢ < v. Let {ey,...,e,} and {esy1, ..., €441} be orthonormal bases of T, M and le-M, respectively.
Weseti,j,s € {1,...,l}andabe {{+1,...,n}.

We have:
~ 1—a
ng‘)ej = €i0ij ent1,
%f‘)eh =0,
~ 14+«
Vg)enJrl =

~ 11—«
4
Vga)eb = €a0ah €1,

Ve = —Le,
ﬁgle = iejf
6&21 €y = ———€ps
6gﬁfn-i—l = _27“ €nt1-
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It follows that:
ng‘)ej =0,

1
W (ej,ef) = — Gidijen+1,

Ag:)ei =0,

14«
AG) e = — &
De(fé)eb =0,

D{Vey1 = 0.

Moreover, the mean curvature vector H () with respect to V(@) satisfies:
O - 1=,
w n+1

T ple) = 0(0;)
! w

ir

vgz‘)H(oc) _ C(D‘)

wz eﬂ/
S pp(e) _ 28 )
VenHH R H\%Y,

Next, we consider (A7I, g, v, T(l)) a Kihler-like statistical manifold.
We have:

~ 2 2
]mei = (w Cixs + Af) es + <w Cixg + Ai“) eq + Cixyi1epa1,

~ 2 2
](1)ea = <(U Caxs + A;) es + (w Caxb + A;) ep + Caxn+1 €n41,

{ (i Csxs + D) xs + Alxs + BS} es

2
{ (w Cgxg + D> Xq + Adxs + B”} ea

W Xpt1
- iCx +De
w SAS n+1s

where S € {1,...,n}.
Let X € [(TM) and ¢ € T(T+M). We decompose JX = POX 4+ FIX and JW¢ =t 4
FWE, respectively, where PV X, t(V¢ € T(TM) and FVX, fE € T(T-M).
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Therefore, we find:

P, — (2 Cixs + Af) e,
w
1) 2 7
F\Ve; = o Cixg + Aj" ) ea + Cixpi1eny1,
t(l)ea = (2 Caxs + A;) s,
w
&) 2 b
e, = o Coxp + A ) ey + Caxppr €41,
We 2 ACx +D)xs+ASxg+B te
n+1 W X1 W -S%s s S+S 8/
ey =— 2 iCx +D | x,+Afxs +B" re
n+1 T o Cs*s a sXs a
2
_ (a) Csxg + D) €ni1
and
(Vg})P(l)) ej = — Cixpi1 €,
2
(V) e = = Cue,
w
. 2 2 2
(VD) enia = — e { (w Csxs + D) O+ Cixs + A;} s,
(vgll)f(l)> ea =0,
2 2
(Ve(‘ll)f(l)) ny1 = — e { (w Cixg + Aia) eq +Cixpqq en-i-l} =
n
2 p,,
W Xp+1

4. A Chen First Inequality

On a Kahler-like statistical manifold (]\7[, g, v, T) , K. Takano [7] considered the curvature tensor
R of V such that:

R z={s2)x-gx2)y -5 (v,]JZ) [x+§ (X.J2) J¥

N

+[g(x7v) -5 (v.7x)] Tz} ®)
We point out that a Kdhler manifold satisfying (8) is a space of constant holomorphic sectional

curvature (complex space form), which gives sense to this condition.
In the same paper [7], the following Lemma was proven:

Lemma 1. On a Kihler-like statistical manifold whose curvature tensor R is of the form of (8), one has ¢ = 0 or
trace(AB) = trace(AB)?, where A = (§,p) and B = (3*P) (as defined in [7]).
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More precisely, one denotes by gus = & (%, %), Sup = 8 (%, %), etc., and P the
components of the inverse matrix of g, where C,D € {«,&|a € {1, ..., n}}.

As a consequence, such a manifold is not a trivial one.

Let (1\71, A T) (for simplicity, we will write next ¢ and ] instead of g, respectively J) be a
2m-dimensional Kahler-like statistical manifold whose curvature tensor R is of the form of (8) and
M an n-dimensional statistical submanifold of M, p € M and 7t a plane section at p. We consider an
orthonormal basis {e, ey} of 77 and {ey,...,en}, {€n+1, ..., €21 } Orthonormal bases of T, M and TPLM,
respectively.

The mean curvature vectors are given by:

n

n 2m
H - % Z h (ei/ei) - % Z (2 hﬁ) etX/ hf; = g(h (ei/ej) /elx) 7
1

i=1 a=n+1 1
and:
1 L * 1 Zm L *K *Q ~ (1%
H* =+ Y h*(eje)) =+ L Wi )ea, M =g (h* (eivej) ea) -
i=1 a=n+1 \i=1

We denote by K the sectional curvature of the Levi-Civita connection V? on M and by /° the
second fundamental form of M w.r.t. the Levi-Civita connection.
From (5), the sectional K-curvature K (77) of the plane section 7t is:

K(m) = % [g (R (e1,e2)ex,e1) + g (R (e1,e2) ep,61) — 2g (RO (e1,€2) e, el)} )

From (6)—(8), we have:

{1 +2¢% (e1, Je2) — g (e2, Je2) g (e1, Jer)

IR

g(R(e1,e2)e0,e1) =

2m
—g(Jer,e2) g (er, Je2)} + ), (miihs, — Hi3hiy),
a=n+1

g (R (er,e2) ea,e1) = —g (R(en,e2) er,e2) = 3 { ~1 =28 (Jew,e2) + g (2, Je2) g (en, Jer)

2m

+g (Jer,e2) g (e, Jea) } + ) (hishiy — hfyhs5).
a=n+1

Therefore, we obtain

K(m) = {1 +g2 (e1, Pep) +g2 (Peq,e3) — g (ea, Pey) g (1, Peq)

= o

—g (Pe1, e2) g (e1, Pea) } — Ko (1)
1 2m
%, * *
+§ Y. [Hhas + BithS, — 2hi5hY,],
a=n+1

where [ X decomposes into its tangent and normal parts, i.e., J[X = PX + FX.
By using ki + h* = 210, the last equality can be written as (see [13]):

c
K(m)= 1 {1 +g2 (e1, Pep) —l—gz (Peq,ep) — g (e, Pey) g (eq, Pey)

—g (Pey, e2) g (e1, Pea) } — Ko (1)

w2 ¥ [h%h%_ (h(f%‘ﬂ - 3 { [y — 02)?] + [mismsg — i)}
a=n+1 a=n+1
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By using the Gauss equation with respect to the Levi—Civita connection, we find:

c

K(7) = Ko (7) +

{1 +g2 (e1, Pep) —l—gz (Peq,ep) — g (e2, Pey) g (eq, Pey)

—8 (Pey, e2) g (e1, Pe2) } — 2Ky (1)
12m o g0 a \2 12m KT, KO *n\2
-3 Y [hnhzz — (h12) } -3 ) [hnhzz = (h3) } / )
a=n+1 a=n+1
where Kj is the sectional curvature of the Levi-Civita connection V0 on M2,
Next, we will calculate 7, the scalar curvature of M, corresponding to the sectional K-curvature.
Then, using (5) and (6), we get:

1 *
T=3 Z [g (R (ei,ef) ejei) + & (R* (e ef) ej,ei) — 28 (RO (eie)) ej, e,-)}
1<i<j<n
1
=5 L [s(R(eve)eje) =g (R(eie)) eie)] -, (10)
1<i<j<n

where T is the scalar curvature of the Levi-Civita connection V? on M".
By the use of (7) and (8), we obtain:

L s(Rlee)ee) = 21 Y. {8 (eey) g (eier) — g (eiej) g (eirey)
<i<j<n <i<j<n
—g (ej, Jej) g (Jeiei) + g (ei Jej) & (ei Jej)
+ (8 (e, Jej) — g (ej, Jei)] g (ei, Tej) }
+8 (1" (eivei) T (ej ef)) — g (I (eirej) 1" (eivef))] -

Then, we have:

Y. 8(Reie)ejer) = %n (n—1)

1<i<j<n

C
+3 2 {8(eiPej) g (Pej,ei) — g (e, Pey) g (Pei )

1<i<j<n
+ [g (ei, Pej) — g (Peisej) ] g (ei, Pej) }
+ ) [8(h (eier) h(eje) — g (h(eiej) 1 (eivey))] -

1<i<j<n
Similar calculations will give:

Z g (R (eizej) eirej) = fén (n—1)

1<i<j<n
+£ 1 Z {g (ej, Pej) g (Pej,ei) — g (Pe;, ej) g (ej, Pe;)
<i<j<n
+ [ (ei, Pej) — g (Pej e)] g (Pej,ef) }
+ ), g (eiey) (i) — g (hleiei) h (eje5))]-

1<i<j<n



Mathematics 2019, 7, 1202 12 of 19

If we insert the last two equalities in (10), we obtain:

T= %n (n—1)+ 2 Y. {g(ei Pej) g (Pejei) — g (e, Pej) g (Pej, e;)

1<i<j<n
-g (el-, Pe;j) g (Pej,ej) + g (Pei,ej) g (Pei,ej) } — 1o
+ = Z Yo [ = 2ming) (1)
0( n+11<i<j<n
By using the the following standard notations:

IPI* = Y g% (Peiej) = Y g (Peiej) g (Peiey)
ij=1 ij=1

n
traceP = ) ¢ (Pej,¢;),
i=1

traceP? = Zg (P e, e )

and formula (4), we find:

Y, e (e Pej) g (Pejei) =g (ej, Pej) g (Peisei) — g (eir Pej) g (Peir¢))

1<i<j<n

traceP)>? 1 & .
+g (Pej ej) g (Pei ej)} = |[P||* — % +5 28 (Pei, Prer).
i=1
The equality (11) becomes:

1 1
= %n (n—1)+ 2 {HP|2 - E(traceP)2 - 2tracePz}

+7 Z Yo [hns e =2t - .

ii'tjj
1x n+11<i<j<n

The above equality can be written as (see also [13]):

-1+ -t 2 Liacep?
T= Sn(n 1)—i—4 {||P| 2(’craceP) 2traceP

& 0u7,0 0n') 2
+2 ), ) {hiiahjf—(hi}x)}

a=n+11<i<j<n

2

— Z y {hﬁh;*] (n) } — Z y [h;;“h;ﬁ — (1) ] — 7.
zx n+11<i<j<n a n+11<i<j<n

By using the Gauss equation for the Levi-Civita connection, we have:

ot Chn—1 4+ & 2_1 2_1 2| _ox
T—T0—|—8n(n 1)—0—4 {||P|| 2(traceP) 2’cmceP 27

A8 [ )] X x e )] W)

uc n+11<i<j<n uc n+11<i<j<n
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By subtracting (9) from (12), we obtain:

(=K (m) ~ (10— Ko (1)) = & (n—2) (n+1) + & {||p||2 — 3 (traceP)? — JtraceP?

8 2

—g2 (e1, Pey) — g2 (Peq,e3) + g (€2, Pey) g (e, Per) + g (Pey,en) g (el,Pez)}

1 Z Y thﬁh}x] (h;?)z} + {h;}“h;‘j"‘ — (h?ja)z}}

oc n+11<i<j<n

W28 ([ — 7] + [mithis — i)} + 2R () — 25,

zx n+1
Furthermore, let H and H* denote the mean curvature vectors with respect to the dual connections
V and V¥, respectively.

We recall the following algebraic lemma from [13], which is essential for the proof of the Chen
first inequality.

Lemma 2. Let n > 3 be an integer and aq, - - - , a, n real numbers. Then, we have:

n i n 2
Y. a4 — a1a2§281_21)<2ai>.

1<i<j<n 1
Furthermore, the equality case of the above inequality holds if and only if ay +ay = a3 = ... = ay.

Applying Lemma 2 (see also [13]), we have:

n— n 2 n?(n—
Y mh - 1h"2‘2§2((n_21>)<;h§;> _n=2) ey

1<i<j<n 2(1’1—1)

2
KT KO *0 n—2 < Ed n2 n—2 *0
2 hii hj —hithy < 2(( 1)) <2hii ) = 7( ) (H )2~

1<i<j<n i=1 2(n—1)
Using the above inequalities, we continue our calculations, and we get:

(r=K ()~ (0~ Ko (7)) > & (1=2) (n+1) + § {||P||2 ~ 3 (traceP)? — J traceP?

—g2 (e1, Pey) — g2 (Peq,e3) + g (e, Pey) g (eq,Per) + g (Pey,e2) g (el,Pez)}

n?(n—2) 2 |2 ~
~Tn=1) WHF+IH ] =2 (5 Ko (m)).
which represents the Chen first inequality for arbitrary statistical submanifolds in a Kahler-like
statistical manifold whose curvature tensor R is of the form of (8).
Recall that a submanifold M of an almost Hermitian manifold M is called holomorphic (resp.
totally real) if each tangent space of M is mapped into itself (resp. the normal space) by the almost

complex structure J of M (see [19,20]). A totally real submanifold of maximum dimension is a
Lagrangian submanifold.

We can now state the following main theorem of this section:

Theorem 1. Let (1\7[, g v, i ) be a 2m-dimensional Kihler-like statistical manifold whose curvature tensor R

is of the form (8) and M an n-dimensional statistical submanifold of M.
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(a) If M is holomorphic, then:

(1 - 1) — (K () — Ko (7)) > (nZ +2n— z) - 2 {;(trace])z

[o ]9

8% (o1, Je2) + 8 (Jer,e2) — g (e2. Je2) g 61, Jen) — g Jen,e2) g (o1, Jeo) |

n?(n—2)
4(n—-1)

(b) If M is totally real, then:

HHI+ 1B 1P] =2 (% - Ko () -

(t = 10) = (K(7) = Ko()) = & (1 —2) (n+1)

n?(n—2) 2 o2 L
TAn—1) [||H|| + | H ] ~2 (To — Ko (n)) .
Moreover, one of the equalities holds in the all cases if and only if:

Iy =y = = I
g = S = =
W= =0, i £, (i) # (1,2),(2,1),

foranya € {n+1,...,2m} .

Remark 1. (a) If V is the Levi-Civita connection, K = 0, and consequently, T = 0. Then, we refind Chen first
inequality for submanifolds in complex space forms.

(b) The difference K (1) — K (1) is the sectional curvature of 1t defined by B. Opozda in [11]. We used
the sectional K-curvature K because it is the most known sectional curvature on statistical manifolds (see, for
instance, [6]). The sectional curvature K — Ko was used only by a few authors.

Corollary 1. Let (A7I, 3V, ]) be a 2m-dimensional Kihler-like statistical manifold whose curvature tensor

R is of the form (8) and M an n-dimensional totally real statistical submanifold of M. If there exists a point
p € Mand 7t C TyM a plane such that:

T— 1 < K(7t) — Ko(71) + (n—2)(n — 1) % —2 [?o—lzo(n)},

then M is non-minimal, i.e., H # 0 or H* # 0.

We also obtain the following characterization of a Lagrangian submanifold, which satisfies the
equality case of the inequality in Theorem 1.

Theorem 2. Let (]\71, g v, ] ) be a 2n-dimensional Kihler-like statistical manifold whose curvature tensor Ris

of the form (8) and M an n-dimensional Lagrangian statistical submanifold of M. If n > 4 and M satisfies the
equality case of the Chen first inequality, identically, then it is minimal, i.e., H = H* = 0.

Proof. We will give two alternative (equivalent) proofs of this theorem.
Proof 1. For X, Y € T(TM), we have:

0= (Vx))Y = VxJY — JVxY

= —AnX+Dx]Y = JVxY —Jh(X,Y).
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It follows that the tangent component vanishes, i.e.,
A X —Jh(X,Y) =0,

and then:
AnyX = —Jh(X,Y) = —Jh(Y,X) = AjxY,
which implies h;;*k = h’klfj = h;’k“, foralli,j,k € {1,..,n}.
Applying this in the relations that characterize the equality case of the Chen first inequality, we

obtain:
(i) For a« € {1,2}, hi% = 113 = 0, which implies h{® + b5 = 0, and then:
33 a3 P 11 22

+ + +a _
S R = 0,

(i) Fora € {3,--- ,n},leti € {3,--- ,n},i # a. Then, h)* = h?{ji = 0and:

11
+ + +a _
W+ o™ 4+t = 0.

It follows that H = 0 and, in a similar way, H* = 0, and then, M is minimal.
Proof 2. M being Lagrangian, we have P = 0, and by similar arguments as in the first proof,
ArxY = ApyX. We consider the basis {Feq, - - -, Fe,} € T+M (rankF = n).
. Fe; .
Fori > 3, hiig’ = g(Apejei,ei) = g(Areej,e;) =0, for j # i.
From the characterization of the equality case of the Chen first inequality, we have:

W +hy =h33 =+ =hy, =0,

foranya € {n+1,..,2n}.
Moreover, hf;" =0, fori > 3.
Therefore, h?} =0,fora >n+3andanyi,je {1,..,n}.

We obtain:
F =
hy' = g(Aree2,e1) = g(Arer,e1) = by > = —h3?,
F — = =
hlgz = g(Aree1,62) = §(Are €2, 02) hgz“ _hilql+1

and h3, = —h{,, fora > n+3.
Similar calculations hold for h* and A*.
Then, M is minimal.
We remark that from the second proof, we also obtain:

B =hit =0,

foro >n+3andanyi,je {1,..n}
O

5. A Chen 6(2,2) Inequality

We will use the same notations as in the previous sections.
The following algebraic lemma from [14] has the key role in the proof of the main result of
this section.
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Lemma 3. Let n > 4 be an integer and {ay, ..., ay } n real numbers. Then, we have:
2
Y aaj—ajay —azay < 2 <Zal> )
1<i<j<n
Equality holds if and only if a1 +a; = a3 +ay = as = -+ - = ay.

Let p € M, i1y, mp C Ty M, mutually orthogonal planes spanned respectively by sp{e;, e} = 71,
sp{es,es} = my. Consider {ey,..,en} C TyM, {€y41,....e2m} C T;—M orthonormal bases. Then, by
Formula (9), we have:

C
K(my) = Ko(mmy) + 1 {1 + ¢%(e1, Pey) + g% (Pey, e)

—g(Peq,e2)g(e1, Pey) — g(Peq,e1)g(Pey,e2)} — ZKO(nl)

1 & « uc 2 1 & T RN *n\2
—5 Z [ (h12) } 3 )y [hn 2 — (h2) } (13)
tx n+1 a=n+1

and:
c
K(m3) = Ko(m2) + § {1+ &% (e3, Pes) + g (Pes, ey)

—g(Pes, e4)g(e3, Pes) — g(Pes, e3)g(Pes, e4)} — 2Ko(712)

1 2m ) 1 2m s
) Z [h§3hi4 — (h34) } 5 2 [hgé‘ 1 — (h31) } ) (14)
a=n+1 a=n+1

From (13), (14), and (12) we have:
(T —K(m) — K(m2)) — (10 — Ko(711) — Ko(712)) =

24\ ¢ 21 21 2
(n n 4)8+4{||P|| 2(tlraceP) 2traceP

—g*(e1, Pey) — g% (Pey, e2) + g(Pey, e2)g(e1, Pea) + g(Pey, e1)g(Pey, e2)
—g?(e3, Pey) — §%(Pe3, eq) + g(Pes, e4)g(e3, Pey) + g(Pes, e3)g(Pey, e4)}
1 2m
) Z Z { {hlalh;x] 1M — h%3hff4]
oc n+11<i<j<n
+ [mmt = nighsg — ngnis] }
+2120(7l’1) + ZKo(ﬂ'z) — 27p.
Lemma 3 implies:

Y [ty — g — h ]

1<i<j<n

-3 (v n(n=3) a2
_2 (n—2 (; > 2(n—2) (H)
and similarly for h*.
Summing, we get:

i 7,0 o ® 1,0 (1’1— 2
Y X {huh]] 1h22_h33h44} < 20n=2) | Hl

a=n+11<i<j<n
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and similarly for H*.
We obtain the following inequality:

(t —K(m) — K(m2)) — (10 — Ko(711) — Ko(712))

> (w2 —n—4) £ = 23 [+ o]

clipp— X 2 Liracer?
+1 {HPH 2(traceP) 2traceP

—gz(el,Pe2) - gz(Pel,ez) + ¢(Pey,ep)g(eq, Pex) + g(Pey, e1)g(Pey, e2)
—g%(e3, Pey) — g*(Pes, e4) + g(Pes, e4)g(e3, Pey) + g(Pes, e3)g(Pey, e4)}
-2 [fo — Ko(my) — kvo(ﬂz)} ,

which represents the Chen §(2,2) inequality for an arbitrary statistical submanifold in a Kahler-like
statistical manifold.
We can state now the following theorem:

Theorem 3. Let (]\7[, g, 6, ]) be a 2m-dimensional Kahler-like statistical manifold whose curvature tensor R

is of the form (8) and M an n-dimensional statistical submanifold of M.
(a) If M is holomorphic, then:

(T — 1) — (K(m1) — Ko(711) + K(712) — Ko(712))

c n’(n-—
> <n2+2n—4)8—4((nz3))

HH)? + | H )]
~ I3 (trace])? + £(e1, Jea) + §(Jer )
—g(Jer, e2)g(e1, Jea) — g(Jer, e1)8(Jez, €2)
+8%(e3, Jea) + 87 (Jes,ea) — g(Jes, e4)g(e3, Jes) — g(Jes, e3)g(Jea, e4)]
-2 [%0 — Ko(ﬂl) — Kvo(ﬂz)} .
(b) If M is totally real, then:
(T — 1) — (K(rm1) — Ko(m1) + K(712) — Ko(712))

> (2 n4) 5 )

-2 [?0 —Ko(my) — 120(”2)} .

Moreover, one of the equalities holds if and only if:

[IH + ()]

Wiy + hyy = hgs + hiy = h55 = ... = hy,,
hii +h3y = hig + hyy = hss = ... = hyg,

W= =0, i £ () £ (12),(21),(3,4), (4,3)
whereaw € {n+1,..,.2m},1<i<j<n.
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Corollary 2. Let (1\71, 3V, ]) be a 2m-dimensional Kihler-like statistical manifold whose curvature tensor

R is of the form (8) and M an n-dimensional totally real statistical submanifold of M. If there exists a point
p € M, 1, ma C Ty M mutually orthogonal planes such that:

T— 1 < K(7m1) — Ko(m1) + K(72) — Ko(72)

24\ o[ _
+ (7’1 n 4) 3 2 [10 KO(“l) K0(712)] ,
then M is non-minimal, i.e., H # 0 or H* # 0.

The following theorem represents a characterization of a Lagrangian submanifold that satisfies
the equality case of the inequality in Theorem 3.

Theorem 4. Let (]\71, 9 6, J ) be a 2n-dimensional Kihler-like statistical manifold whose curvature tensor Ris

of the form (8) and M an n-dimensional Lagrangian statistical submanifold of M.
If n > 6 and M satisfies the equality case of the Chen 6(2,2) inequality, identically, then it is minimal.

The proof follows the same idea as in the proof of Theorem 2.
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