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TRIGONOMETRIC APPROXIMATION IN VARIABLE
EXPONENT WEIGHTED LEBESGUE SPACES USING
SUB-MATRIX METHOD

AHMET HAMDI AVSAR, YUNUS EMRE YILDIRIR

ABSTRACT. In this study, we obtain some results related to trigonometric ap-
proximation using matrix submethods of Fourier series of functions in the
variable exponent weighted Lebesgue spaces. The estimations of our main re-
sults are sharper than those of the results obtained in [14]. Furthermore, we
evaluate the approximation using a different matrix method.

1. INTRODUCTION

Variable exponent spaces are used for applications in harmonic analysis, par-
tial differential equations, potential theory, image restoration, fluid mechanics and
applied mathematics [5, 10, 13, 16, 22, 28, 29]. One of the most important of
these spaces is variable exponent Lebesgue space. The theory of variable expo-
nent Lebesgue spaces dates back to study given by W. Orlicz in [26]. Later, in
weighted or non-weighted Lebesgue spaces with variable exponent, many authors
obtain some results [1, 2, 3, 12, 14, 15, 19, 20, 21, 30, 31, 32, 33, 35].

Let T :=[0,27] and p(-) : T — [0,00) be a Lebesgue measurable 27-periodic
function. The set of functions f Lebesgue measurable 2m-periodic satisfying the
condition

b (1) = [ 17 @ d < oo
T

is a Banach space with respect to the norm

Il =it {& > 02y (£) <1}

This space is called variable exponent Lebesgue space and denote Lp(')(T). We
suppose that the exponent functions p (-) satisfy the following conditions

1 <p_:=essinfp(z) < esssupp (z) :=p' < o0, (1.1)
ze zeT
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and
p(@) —p(y)In (

By o (T), we denote the class of exponents p (+) satisfying conditions (1.1) and
(1.2).

Detailed information about variable exponent Lebesgue spaces can be found in
[9, 16].

A measurable 27-periodic function w : T — [0, 00] is called a weight function if
the set w™1({0,00}) has the Lebesgue measure zero.

1
— | < xyyeT,0< |z —y| < <. 1.2
) o=y 02

The variable exponent weighted Lebesgue spaces Lf,(')(T) is defined as the set
of all measurable 27 periodic functions f for which fw € LPC)(T) and |||
[w flly < oo

The weight functions w used in this paper belong to the Muckenhoupt class
Ap(y(T) which is defined by

pO)w "

_ 1 1
1 _
sup || ||WXI||p(.) Hw IXIHq(,) <oo, —+—=1
T p()  a()
where the supremum is taken with respect to all the Lebesgue measurable intervals
I C R with xy is the characteristic function. |I| denotes Lebesgue measure of I.

We can define the Fourier series of f € Lf,(')(T)

f () aoQ(f + i Ycoskx + by, (f) sinkz) . (1.3)
:1
Here ag (f),

) ( f) , k=1,..., are Fourier coeflicients of f.

a (f
Let S, (z, f), (n ...) be the nth partial sums of the series (1.3) at the

point x, that is,

where

Ur(f)(x) := ar(f) coskx + by (f)sinkz, k=1,2,....
By Ey(f) e, we denote the best approximation of f € Lf,(') (T) by trigonomet-
ric polynomials of degree < n, i.e.,
En(f)pper =it [[f = Till 0 5

where the infimum is taken with respect to all trigonometric polynomials of degree
k <n.
The Hardy Littlewood maximal function of f is defined as

Mf(z) = sup|I|/|f )| dt, v €T,

where the supremum is taken over all open intervals I C T, such that xz € I.
The boundedness of the maximal operator M in variable exponent weighted

Lebesgue space L2 was established by the authors in [19], see also [21].
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Thus, we note that for a positive constant ¢(p), the following inequality

IM(Nllpy0 < €@ Nl (1.4)

holds.
Let p(-) € po (T) and w € A,y(T). The modulus of smoothness of the function

’ S L( ()(T) 18 deﬁned as
Sl faé p(-) Sup 41hf . I é > 07
( )l |h‘§ H ||p( ),m

where
h
(Anf) (@) = 3 [ 1#(a+0) = @) .
0

Q(f,0) 0 is well defined because of the inequality € (f,8), »cr < e(p) [ fll,0,0 -
by the estimation (1.4) . Furthermore, one can see that for fi, fa € Lf,(')(T)

;13%9 (f,0) pr =0, Q(f1+ f2,6) oy SQ(f1,0) oir +Q(f2,0) p0 -

For 0 < a < 1, the variable exponent Lipschitz class Lip (a,p (-),w) is defined
as follow

Lip (a,p () ,w) = { € LEO(T) : Q(£,8) 500 = 0(5%), 8> 0.

Let ()\n)zozl be a strictly increasing sequence of positive integers. For a sequence
(zx) of the real or complex numbers, the sub-Cesaro method C) is defined by

Particularly, when ), = n we note that (Cx), is the classical Cesaro method
Ci. Therefore, the sub-Cesaro method C) yields a subsequence of the Cesaro
method C;. The basic properties of the method C) were investigated firstly by
Armitage and Maddox in [4] and Osikiewicz [27]. In these works, the relations be-
tween the classical Cesaro method and sub-Cesaro method were obtained. Further
information about the method C can be found in [4, 27].

We denote by A = (anx) a lower triangular regular matrix with nonnegative

entries and let S,(LA) (n=0,1,...) be the row sums of this matrix, that is

n
S =S
k=0

The sub-matrix means of Fourier series are defined as

An
T,)l‘(f,x) :=Za>\mk5k(f,x), A =0,1,2,... (1.5)
k=0
and
An
T)f;x) = ZaAm)\n_kSk(f;ac), A =0,1,2,.... (1.6)

k=0
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When A\, = n, the method (1.5) turns into matrix method 7,,(f, z) defined by
Ta(fo1) =Y ankSi(f,x), n=0,1,2, ... (1.7)
k=0
and the method (1.6) turns into matrix method T,,(f;x) defined by
n
T.(f;x) = Zan,n,kSk(f;:c), foralln =0,1,2,...
k=0

respectively.
When ay, x,—m = p*lg;m , the method T} turns into sub-Nérlund method given
as

A
LM
N (frx) = o > b Smlfi )
" m=0

and when ay, ,m = 1’;;" , the method 7} turns into sub-Riesz method given as
1 An
Ry(fix) = P > pmSm(f; )
" m=0

where Py, = po+p1+p2+...4+px, #0 (A, = 0) and by conventionp_1 = P_1 = 0.
Also, in the case py, = 1, A, > 0, A, = n, both of N}(f)(x) and R (f)(z) are
equal to the Cesaro method

n()@) = —— 3 Sm(f2).

n+1

A nonnegative sequence u := (uy,) is called almost monotone decreasing (increas-
ing), if there exists a constant K := K (u), depending on the sequence u only, such
that u, < Kuy, (Kug > up) for all n > m. Such sequences will be denoted by
ue AMDS (ue AMIS).

Let

k
1
Anoi= =3 an,.
An,k k+1 e ax, i

If {Ax, 1} € AMDS ({Ax, x} € AMIS), then we will say that {ax, x} is
an almost monotone decreasing (increasing) mean sequence with respect to k =
1,2, ..., \, for all A,,. Briefly, we will write {ax, x} € AMDMS ({ax, x} € AMIMYS).
For detailed information (in the case of A, = n) can be found in [25].

If we choose \, = n?, then the sequence (Py,) = ()\ne(_l)k"> belongs to
AMTIMS and the sequence (K, ) = (/\%e(—n*n) belongs to AMDMS.

We will use sums up to A, in S, and o, and write these sums S;} and a,)l‘
(or Sy, and oy, ), respectively.

The operator Ay, is defined by Agax, r = ax, k — ar, k+1-

The relation = is defined as ” A < B <there exists a positive constant C, inde-
pendent of essential parameters, such that A < CB”.

We set [z] :=max{ne€Z:n <z}.
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2. HISTORICAL BACKGROUND

The basic properties of the sub-Cesaro method C'\ were investigated firstly by
Armitage and Maddox in [4] and Osikiewicz [27].

Later, some researchers obtained results about trigonometric approximation us-
ing different methods in wider spaces than Lebesgue spaces in [6, 7, 8, 11, 12, 17,
18, 23, 24, 34]

Lebesgue space may be generalized in different ways. One of the important
generalizations of this space is variable exponent weighted Lebesgue space. In the
variable exponent Lebesgue spaces (weighted or non-weighted), some researchers
obtained results about trigonometric approximation using different methods [8, 11,
12, 14, 17, 18].

But in these papers degree of approximation using matrix methods obtained by
sub-Cesaro method was not investigated in the variable exponent weighted Lebesgue
spaces. In [14], the approximation properties of the matrix method T;, of partial
sums of Fourier series of functions in the weighted variable exponent Lebesgue
spaces were investigated.

In this study, we examine trigonometric approximation by the matrix methods
T f;z) and 7)(f;z) to the functions in variable exponent weighted Lebesgue
spaces with the degree of O (A;*) (0 < @ <1). Also, our main theorems give the
error of estimation in terms of A;® (0 < o < 1) which is sharper than the results
given in [14], because A,;* < n~® for 0 < o« < 1. We obtain this estimation using
sub-Cesaro method instead of classical Cesaro method.

Note that, in [14] the approximation by 7,)(f; ) method was not examined.

3. AUXILIARY RESULTS

To achieve the aim, which we mentioned above, we need some helpful lemmas
given below.

Lemma 3.1. [14] Let f € e (T) and p(-) € oo (T). If w(-) € Ap)(T), then
there exists a positive constant c(p) such that the following inequality holds:

[Sn (P llpe)w < c@fllpe)w: n=1,2,....
Lemma 3.2. [14] Let p(-) € 9o (T), w(-) € Ap)(T) and 0 < o < 1. If f €
sz (Oé,p () ’w) ) then

[f = Sn(H)llpeyw =00, n=1,2,....
Lemma 3.3. [14] Let p(-) € 9o (T), w(-) € Ay (T). If f € Lip(1,p(-) ,w), then
1

152(f) = ou(Hllpe)w = O(), n =12, ...
Lemma 3.4. 23] Let T = (ax, ) be an infinite lower triangular regular matriz
with nonnegative entries and row sums 1. If either

(i) (ax,x) € AMIMS

or
(i1) (ax,r) € AMDMS and (A, + 1)ax,, =0(1),
then, for 0 < a < 1,

)\n
dar s (E+1)7"=0(X").
k=0
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Lemma 3.5. Let A = (ax, ) be an infinite lower triangular matriz and let 0 <
a < 1. If one of the following conditions:

(1) (ax,.x) € AMDS and (M, + 1)ax, 0 = O(1),

(i1) (an,.k) € AMIS and (M, + Day, » = O(1),
where r integer part of 2 and |S§\’3) — 1] =0(M\,~%) holds, then

AW,

> k%, k= O(A).
k=1
Proof of )\Lemma 3.5
(i) Since i k= =O\") and ay, < Kay, o for k=1,..., A\, we get
k=1

ns

An A

Zkﬁaa}\mk < Ka,\moz:k/’7a
k=1 k=1
1
_ )\1—0{
0551004
= O()\;O‘).

(i1) Since ay, < Kay, » for k=1,...,r and |S§\’:) —1]=0(\,%),

An r An
Zkiaa)\mk = Zkiaa)\mk + Z kiaa)\mk
k=1 k=1 k=r+1
r An
< Ka)\mTZk'_a + (7’ + 1)—a Z ax, .k
k=1 k=r+4+1
<

)\n )\n
Kax,ry k% +(r+1)""Y ax,x
k=1 k=0

_ 1 I—a —ay o(4)
- O()\nJrl)O(An )+ 0N, )8y
= 0()\,).

Lemma 3.6. For every k =1,2,..., A\, the relation

k k
D anem — (k4 Dax, k| <Y mlax,m1—ax.m
m=0 m=1

holds.

Proof of Lemma 3.6 If k = 1, then

1
E ax,,m — 2ax, 1| = |ax, 0 — ax, 1]
m=0
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We assume that the inequality is true for k = v. then for £k = v + 1 we get

v+1
} a')\n m — (v +2)ax, vi1

< wom — (Ut Dax, o + (v +1Dax, o — (v + 1ax, vt1
v
S Zm |a/)\nam_1 - aknam| + (U + 1) |a/)\n7'U - a/)\n7'U+1|
m=1
v+1

= Zm|a)\nam_1 _aknam| .
m=1

4. MAIN RESULTS

Theorem 4.1. Let f € Lip(a,p(),w),0<a<1,p(-) € po(T), w(-) € Ay)(T)
and A = (ax, k) be a lower triangular matriz with |Sf\':) —1=0M\."%). If one of

the following conditions

() (ar,,k) € AMDS and (A, +1)(ax, 0) = O(1)

(79) (an, k) € AMIS and (Ay, + 1)(ax, ) = O(1),
where r is integer part of A, /2, holds, then
1F = T2 (D)llae) .0 = OOZ)-

Corollary 4.2. Let f € Lip (o, p(-),w),0<a<1,p(-) €gpo(T), w(-) € Ay (T)
and (py, ) be a positive sequence. If one of the following conditions

(4)(pr,) € AMDS,

(i) (px,) € AMIS and (A +1)(pa,) = O(Py,),

holds, then
1 = N2 (Pllpy0 = OOG)-
Theorem 4.3. Let f € Lip(1,p(-),w), p(-) € po(T), w(-) € Apy(T) and A =
(ax, k) be a lower triangular matriz with |S§\f) -1 = O(%) If the following
condition
An—1

Y Cu k) an, k-1 —ax,kl =0 (1)

k=1
holds, then

1 = Talloew = OO,

Corollary 4.4. Let f € Lip(1,p(-),w), p(-) € po (T), w(-) € Ap)(T) and (px,)

be a positive sequence. If the following condition

An—1

Z Pk — Prya| = ( )

holds, then
1F = N2 (Dllp.0 = OO
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Theorem 4.5. Let f € Lip(a,p(-),w),0<a<1,p()€po(T), w(:) € Ay)(T)
and A = (ax, ) be a lower triangular matriz with nonnegative entries and row
sums 1. If one of the conditions

(1) 0<a<1and (ar, ) € AMIMS,

(1) 0 < a< 1, (ar,x) € AMDMS and (A, + 1)ax, 0 = O(1),
s valid, then

17 =720y = OG- (4.1)

Corollary 4.6. Let f € Lip(a,p(-),w), p(-) € po (T), w(-) € Ap)(T) and (px,)
be a positive sequence. If one of the conditions

(i) 0<a<1and (pr,) € AMIMS,

(i) 0<a<1, (pr,) € AMDMS and (A, + D)pr, = O (Py,),
is valid, then

1F = RYD 0y = OO

Theorem 4.7. Let f € Lip(1,p(-),w), 0<a<1,p(:) € po(T), w(:) € Ap)(T)
and A = (ay, ) be a lower triangular matriz with nonnegative entries and row
sums 1. If the following condition

An—2

D 1AkA Kl =0 (M)

k=0
holds, then
Hf - Tr/z\(f)Hp(.)w = O(Arjl)'

Corollary 4.8. Let f € Lip(1,p(-),w), p(-) € o (T) , w(-) € Apy(T) and (px,)
be a positive sequence. If the following condition

An—1

N Pe | (P
> A -0 (22)
||f - R;\z(f)Hp(.),w = O()‘r_zl)

k=0
5. PROOFS OF MAIN RESULTS

holds, then

Proof of Theorem 4.1 Let f € Lip(a,p(-),w), 0 < a < 1, p(-) € po(T),
w(-) € Ap)(T) and A = (ax, r) be a lower triangular matrix with |S§’j) -1 =
O(M\,™%). We suppose that one of the conditions (i) and (i) of the theorem holds.
Then by definitions of T2 (f) and Sg‘:) we have

An
TNf) (@) = f(@) = D an, xSkf(z) — f(z)
k=0
)\n
= Y an, wSkf(x) — f@) + SV f(x) — SV ()
k=0

An
= ok Skf(@) = f@)] + (S50 - 1) f@).
k=0



APPROXIMATION IN VARIABLE EXPONENT WEIGHTED LEBESGUE SPACES ... 9

Since |S§\’:) —1]=0(\,™%), using Lemma 3.2 and Lemma 3.5 we get that

An
1f =T (Dperw < anollSof = Flloew + D _an, kllSkf = Fllpe)w
k=1
)\n
O (M) +0(M)D an, kb~ +0 (A\,%)
k=1

A
HS — 1 f

= 0 ()\; O‘) .
Proof of Theorem 4.3 We suppose that the condition
An—1

> (An = k)lax, k-1 — ax, k| = O(1)

k=1
holds. Using Lemma 3.6 we get
An—1 An—1 1 k

1bx, 6 — Ox, k1] < PR m|ax, m—1— ax,,m
Z An,k An,k+1 Zk’(k’—f—l)rnz A 1 A

k=1 k=1 =1

r k
1
< - 1 =
—kzzlk(kﬂ)mz:lm'%’m 1 ]

An—1 k
. )
_ o —ax 5.1
+Zk(,€+1)zml%, 1= Gx,ml (5.1)
k=r m=1
Aw

where r := [ 5 } . For the first term standing on the right side of (5.1), using Abel’s
Transformation and the condition (i) we have

T k T
1
Zm D omlax,mo1 = axml <D lan, k-1 — an, il
k=1 m=1 k=1
_ 1
= — (A —k -1 -
(Anfk)( n = k) lax, k-1 — ax, x|
k=1
<L S 0n-n) |
—_ —k)|ax, k-1 —a
S w2 An,k—1 Anok
1
< —O01)=0(N\1Y). 5.2
< GO =0 (52)
For the second term, standing on the right side of (5.1), we get
An—1 1 k
Z Zm lax, m-1 = ax,.ml
k=r k (k + 1)mzl
An—1 1 r k
< 7. 1) -1 m m—1 m
= ;T k(k+1) {;mmn,m 1= G, |+mZ::Tm|aAn, 1=y, |}

Ap— Ap—1

1 r k
R 1
2 (kT 1)";7” a3 m=1 = @7 m] + kz:: Kkt 1);_7” [ax,m—1 = x,ml

=1 + Is.
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For Iy, using the inequality
T
D lax, k1 —axn k| =0 (A1),
k=1

obtained in the course of the proof of (5.2), we have the estimation

An—1 1 r
L < lax, m—1 = @x,ml
k=r (k + 1)7112:1
= ( k
S Z |akwam_1 a/)\n7m|>
(r+1) — \ i
g Anl [k
< . (Z lax, m-1— a/\n,m|>
n k=r m=r
9 ot 2
<1 (An = k) lax, o1 = ax, k| = —0(1) = O A1)
Hence
ol k
Z Zm|a>\n,m71*a/\mm| <In, +1n, :O(Agl)'
k=r (k + 1)mzl

Using Lemma 3.2, we have

1F = T2 (D)lperw < 1S5, (F) = T lpeyw + 1 = Sx, (F) llp

= 11Sn. () = T2 (Nllperw +O (A1) -
In addition to this, the following inequality is valid.

An—1
|92 (1) = T2 = O ) O (W) + 0 (1) D [orte = ba -
k=1
Now combining (5.1),(5.2) and (5.3) we get
An—1
> bank = axn, k1l =0 (A1),
k=1

which together with the relations (5.4) and (5.5) imply that

1f = T2 (Dllprw = OO

Proof of Theorem 4.5 Since

) 1) =3 an, xS (@) — f ().

(5.3)

(5.5)
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therefore using Lemma 3.2 and Lemma 3.4 we have

172 (F) = Fllpy e < ZaAn,kHSk — fllp()

An
= (Za,\mk k’+1 )

0
= 00

This completes the proof of (i) and (7).
Proof of Theorem 4.7 In the case of a = 1, we will use Sy, as S;. Applying
Abel’s transformation two times,

An—1

Z [Sk(f7 ) Sk+1 f7 Zakn,z

k=0

+ [0 f () — [ (2)]

T2 (f)(@) = f (2)

Ap—1
= S3(N) (@) = f@)= Y (k+1)Urf () Ax, ik
k=0
Ap—2
= Sp(f) (@) = f@) = Y (Ank— Ar, k1) X
k=0
k An—1
S i+ D) Uiprf (@) = Axorey D (i+ D) Usia f (2)
i=0 i=0
Ap—2 k+1
= Sp(f)(@) = f(@) = D (Anek — Ax,ki1) DU (@)
k=0 i=1
1 An
— )\ Z a)\mk Z Zsz (SL')
" k=0 i=1
Therefore by Minkowski inequality, we get
A —2 ||k+1
T2 () = £l S NS0 = Fllyy 0+ D (D iUS | AR A% k|
= =1 p(),w
1 An
1w ZZU f (5.6)
i=1 p()w
We get
An
SA)@) = A ()@) = T D iU (@)
i=1
therefore by Lemma 3.3
An
S| = DS -], =00 6T
i=1 p()w
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If
An—2

Do ARAN =0 (),
k=0

then, from (5.6), (5.7) and Lemma 3.2, we write

p(),w

An—2
72 (F) = £l = oNhH+0Q)- Z |Ak AN, k|
k=0

Therefore, this yields (4.1).

6. APPLICATIONS

In this section, we will give an application of some summability methods obtained
by Fourier series and compare different summability methods of Fourier series using
graphics, examples and value tables. The graphics show oscillation and overshoots
of summability methods. The examples and the value tables give some algebraic

results about approximation error.
The function f defined by

_ 1, for —-mn <t<0
f(t){ -1, for 0 <t <.

For all real values of ¢, we have f(t 4 2m) = f(¢) .
Since it is an odd function, its Fourier series is given as

fit)= Z by, sinnt
n=1

-1+ (="
— )
Therefore, the Fourier series of f(¢) is given by

F(t) = % Z <w> sinnt, t € [—m,7].

where

3w

™

by, = 2 /f (t) sinntdt =
0

The partial sum Sy, (t) of the series (6.2) is given as

4 1 1
Sy, (t) = = (sint + 3 sin3t 4 ... + oW sin ()\nt)) .

Sub-Cesaro mean for (6.2) is

(6.2)

(6.3)
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In (1.5), taking (ax,.r) as below, we will calculate the Sub-Matrix mean for the
series (6.2) .

o
o
o

0= =
WiFI= O
w= o O

o

(e

o

(ar,.k) =

,_.
—
-
—
—
-

o O o O O

Antl  An+l Ap+l Ap+l A+l A+l Ap+l

In (ax,.x), ﬁ repeats (A, + 1) times in the (A,)™ row. For (6.2) and lower
triangular matrix given above, the sub-Matrix mean is

A
= 1
Tr/z\(fat) = Z )\—_Hsk(fat)a )\n = 0a172a""
k=0 """

For A, = 9 and 19, using the definitions of f(¢) (solid), S, (t) (dash dot),
Ch, (f) (dash) and 7 (f,t) (dot) we plot the following graphics. In these graphics,
t is on the axis z. Axis y shows the value of given function or sum at the point .

I

os i

j ‘ This graphic shows
e : ‘ ; : o] oscillation and
overshoots for A\,, = 9.

; “ This graphic shows
oL g { : : — oscillation and
overshoots for A\, = 19.

Figure 2

These graphics inform to us about oscillation and overshoots occurred when we
approximate a periodic function having a jump discontinuity by a finite sum of
Fourier series.

Note that, according to step function f, Sy, (f,t) have peaks in the neighborhood
of discontinuity and its oscillation moves towards discontinuity points (—m,0, —).

If we take A, = 19 instead of A\,, = 9, then the errors of approximation decrease.

When using the sub-Cesaro mean Cly, (f,t) and sub-matrix mean 7, ( f,t) instead
of partial sum or increasing the value \,,, we will have better results in the sense of
straightening effect. So, the peaks become flatter.

The oscillation amplitude on graphics tends to decrease when A, is increases.

We summarized a conclusion related to the approximation errors by following
example. Note that, we calculated the approximation errors both weighted case
(Muckenhoupt weight) and non-weighted case in the variable exponent Lebesgue
spaces.
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Let
9[t| +2
) = T2 e,
p®) 20¢[+ 1
w(t) = |f% —1<a<p—1,p>1.

Then, we write that

w(t) (F ) =) [

dt <1
¢ <

Hf _Tvi\(f)Hp(_)M =inf ¢ €>0 :/

T

For some special cases, the following table gives the norm values of variable exponent
Lebesgue spaces with Muckenhoupt weight.

w®) =]t | w() ="
A=9[A=19 A =9[N\, =19
- r,,i(f)Hp(_)M 0,6812 | 0,5855 | 0,6784 | 0,5827
I /= Cx.flly(yw | 07166 | 0,6008 | 0,7137 | 0,5980
17 = Sx. (Nlly(y | 0,5969 | 0,5054 | 0,5942 | 0,5028

In the case of w(t) = 1 (case of non-weighted space), we get the following values
for the errors of deviations.

X, =9 An = 19
w(t) =™ [wt)=1]w®) =42 [w) =1
7= 0,6812 0, 6819 0,5855 0, 5868
I'f=Cx (Dl | 0,7166 0, 7171 0, 6008 0, 6020
15 = 5% (D) 0, 5969 0, 5982 0,5054 0,5075

We say that the deviation of || f — 7 (f)||p(.) ., 1s better than the deviation of
[ f=Cx, ()l in the sense of approximation error in weighted case or non-
weighted case.
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