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TRIGONOMETRIC APPROXIMATION IN VARIABLE

EXPONENT WEIGHTED LEBESGUE SPACES USING

SUB-MATRIX METHOD

AHMET HAMDI AVSAR, YUNUS EMRE YILDIRIR

Abstract. In this study, we obtain some results related to trigonometric ap-
proximation using matrix submethods of Fourier series of functions in the
variable exponent weighted Lebesgue spaces. The estimations of our main re-
sults are sharper than those of the results obtained in [14]. Furthermore, we
evaluate the approximation using a different matrix method.

1. Introduction

Variable exponent spaces are used for applications in harmonic analysis, par-
tial differential equations, potential theory, image restoration, fluid mechanics and
applied mathematics [5, 10, 13, 16, 22, 28, 29]. One of the most important of
these spaces is variable exponent Lebesgue space. The theory of variable expo-
nent Lebesgue spaces dates back to study given by W. Orlicz in [26]. Later, in
weighted or non-weighted Lebesgue spaces with variable exponent, many authors
obtain some results [1, 2, 3, 12, 14, 15, 19, 20, 21, 30, 31, 32, 33, 35].

Let T := [0, 2π] and p (·) : T → [0,∞) be a Lebesgue measurable 2π-periodic
function. The set of functions f Lebesgue measurable 2π-periodic satisfying the
condition

ρp(·)(f) :=

∫

T

|f (x)|p(x) dx < ∞

is a Banach space with respect to the norm

‖f‖p(·) := inf

{

ξ > 0 : ρp(·)

(

f

ξ

)

≤ 1

}

.

This space is called variable exponent Lebesgue space and denote Lp(·)(T). We
suppose that the exponent functions p (·) satisfy the following conditions

1 < p− := ess inf
x∈T

p (x) ≤ esssup
x∈T

p (x) := p+ < ∞, (1.1)
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and

|p (x) − p (y)| ln

(

1

|x− y|

)

≤ c, x, y ∈ T, 0 < |x− y| ≤
1

2
. (1.2)

By ℘0 (T) , we denote the class of exponents p (·) satisfying conditions (1.1) and
(1.2) .

Detailed information about variable exponent Lebesgue spaces can be found in
[9, 16].

A measurable 2π-periodic function ω : T → [0,∞] is called a weight function if
the set ω−1({0,∞}) has the Lebesgue measure zero.

The variable exponent weighted Lebesgue spaces L
p(·)
ω (T) is defined as the set

of all measurable 2π periodic functions f for which fω ∈ Lp(·)(T) and ‖f‖p(·),ω :=

‖ωf‖p(·) < ∞.

The weight functions ω used in this paper belong to the Muckenhoupt class
Ap(·)(T) which is defined by

sup
I

|I|
−1

‖ωχI‖p(·)
∥

∥ω−1χI

∥

∥

q(·)
< ∞,

1

p(·)
+

1

q(·)
= 1

where the supremum is taken with respect to all the Lebesgue measurable intervals
I ⊂ R with χI is the characteristic function. |I| denotes Lebesgue measure of I.

We can define the Fourier series of f ∈ L
p(·)
ω (T)

f (x) ∽
a0 (f)

2
+

∞
∑

k=1

(ak (f) cos kx+ bk (f) sin kx) . (1.3)

Here a0 (f) , ak (f) , bk (f) , k = 1, ..., are Fourier coefficients of f .
Let Sn(x, f), (n = 0, 1, 2, ...) be the nth partial sums of the series (1.3) at the

point x, that is,

Sn(f, x) =

n
∑

k=0

Uk(f)(x),

where

U0(f)(x) :=
a0(f)

2
,

Uk(f)(x) := ak(f) cos kx+ bk(f) sin kx, k = 1, 2, ....

By En(f)Lp(·)
ω

, we denote the best approximation of f ∈ L
p(·)
ω (T) by trigonomet-

ric polynomials of degree ≤ n, i.e.,

En(f)Lp(·)
ω

= inf ‖f − Tk‖p(·),ω ,

where the infimum is taken with respect to all trigonometric polynomials of degree
k ≤ n.

The Hardy Littlewood maximal function of f is defined as

Mf (x) := sup
x∈I

1

|I|

∫

I

|f (t)| dt, x ∈ T,

where the supremum is taken over all open intervals I ⊂ T, such that x ∈ I.
The boundedness of the maximal operator M in variable exponent weighted

Lebesgue space L
p(·)
ω was established by the authors in [19], see also [21].
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Thus, we note that for a positive constant c(p), the following inequality

‖M(f)‖p(·),ω ≤ c(p) ‖f‖p(·),ω (1.4)

holds.
Let p (·) ∈ ℘0 (T) and ω ∈ Ap(·)(T). The modulus of smoothness of the function

f ∈ L
p(·)
ω (T) is defined as

Ω (f, δ)
L

p(·)
ω

= sup
|h|≤δ

‖Ahf‖p(·),ω , δ > 0,

where

(Ahf) (x) :=
1

h

h
∫

0

|f(x+ t)− f(x)| dt.

Ω (f, δ)
L

p(·)
ω

is well defined because of the inequality Ω (f, δ)
L

p(·)
ω

≤ c(p) ‖f‖p(·),ω ,

by the estimation (1.4) . Furthermore, one can see that for f1, f2 ∈ L
p(·)
ω (T)

lim
δ→0

Ω (f, δ)
L

p(·)
ω

= 0, Ω (f1 + f2, δ)Lp(·)
ω

≤ Ω (f1, δ)Lp(·)
ω

+Ω(f2, δ)Lp(·)
ω

.

For 0 < α ≤ 1, the variable exponent Lipschitz class Lip (α, p (·) , ω) is defined
as follow

Lip (α, p (·) , ω) =
{

f ∈ Lp(·)
ω (T) : Ω (f, δ)

L
p(·)
ω

= O (δα) , δ > 0
}

.

Let (λn)
∞
n=1 be a strictly increasing sequence of positive integers. For a sequence

(xk) of the real or complex numbers, the sub-Cesàro method Cλ is defined by

(Cλx)n :=
1

λn

λn
∑

k=1

xk, (λn = 1, 2, ...).

Particularly, when λn = n we note that (Cλx)n is the classical Cesàro method
C1. Therefore, the sub-Cesàro method Cλ yields a subsequence of the Cesàro
method C1. The basic properties of the method Cλ were investigated firstly by
Armitage and Maddox in [4] and Osikiewicz [27]. In these works, the relations be-
tween the classical Cesàro method and sub-Cesàro method were obtained. Further
information about the method Cλ can be found in [4, 27].

We denote by A ≡ (an,k) a lower triangular regular matrix with nonnegative

entries and let S
(A)
n (n = 0, 1, ...) be the row sums of this matrix, that is

S(A)
n =

n
∑

k=0

an,k.

The sub-matrix means of Fourier series are defined as

τλn (f, x) :=

λn
∑

k=0

aλn,kSk(f, x), λn = 0, 1, 2, ... (1.5)

and

T λ
n (f ;x) =

λn
∑

k=0

aλn,λn−kSk(f ;x), λn = 0, 1, 2, .... (1.6)
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When λn = n, the method (1.5) turns into matrix method τn(f, x) defined by

τn(f, x) :=

n
∑

k=0

an,kSk(f, x), n = 0, 1, 2, ... (1.7)

and the method (1.6) turns into matrix method Tn(f ;x) defined by

Tn(f ;x) =
n
∑

k=0

an,n−kSk(f ;x), for all n = 0, 1, 2, ...

respectively.

When aλn,λn−m =
p
λn−m

Pλn
, the method T λ

n turns into sub-Nörlund method given
as

Nλ
n (f ;x) :=

1

Pλn

λn
∑

m=0

p
λn−m

Sm(f ;x)

and when aλn,m =
pm

Pλn
, the method τλn turns into sub-Riesz method given as

Rλ
n(f ;x) :=

1

Pλn

λn
∑

m=0

pmSm(f ;x)

where Pλn
= p0+p1+p2+...+pλn

6= 0 (λn > 0) and by convention p−1 = P−1 = 0.
Also, in the case pλn

= 1, λn ≥ 0, λn = n, both of Nλ
n (f)(x) and Rλ

n(f)(x) are
equal to the Cesàro method

σn(f)(x) =
1

n+ 1

n
∑

m=0

Sm(f ;x).

A nonnegative sequence u := (un) is called almost monotone decreasing (increas-
ing), if there exists a constant K := K(u), depending on the sequence u only, such
that un ≤ Kum (Kun ≥ um) for all n ≥ m. Such sequences will be denoted by
u ∈ AMDS (u ∈ AMIS) .

Let

Aλn,k :=
1

k + 1

k
∑

i=1

aλn,i.

If {Aλn,k} ∈ AMDS ({Aλn,k} ∈ AMIS) , then we will say that {aλn,k} is
an almost monotone decreasing (increasing) mean sequence with respect to k =
1, 2, ..., λn for all λn. Briefly, we will write {aλn,k} ∈ AMDMS ({aλn,k} ∈ AMIMS) .
For detailed information (in the case of λn = n) can be found in [25].

If we choose λn = n2, then the sequence (Pλn
) =

(

λne
(−1)λn

)

belongs to

AMIMS and the sequence (Kλn
) =

(

1
λn

e(−1)λn
)

belongs to AMDMS.

We will use sums up to λn in Sn and σn and write these sums Sλ
n and σλ

n

(or Sλn
and σλn

) , respectively.
The operator ∆k is defined by ∆kaλn,k = aλn,k − aλn,k+1.
The relation � is defined as ”A � B ⇔there exists a positive constant C, inde-

pendent of essential parameters, such that A ≤ CB”.
We set [x] := max {n ∈ Z : n ≤ x} .
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2. Historical Background

The basic properties of the sub-Cesàro method Cλ were investigated firstly by
Armitage and Maddox in [4] and Osikiewicz [27].

Later, some researchers obtained results about trigonometric approximation us-
ing different methods in wider spaces than Lebesgue spaces in [6, 7, 8, 11, 12, 17,
18, 23, 24, 34]

Lebesgue space may be generalized in different ways. One of the important
generalizations of this space is variable exponent weighted Lebesgue space. In the
variable exponent Lebesgue spaces (weighted or non-weighted), some researchers
obtained results about trigonometric approximation using different methods [8, 11,
12, 14, 17, 18].

But in these papers degree of approximation using matrix methods obtained by
sub-Cesàro method was not investigated in the variable exponent weighted Lebesgue
spaces. In [14], the approximation properties of the matrix method Tn of partial
sums of Fourier series of functions in the weighted variable exponent Lebesgue
spaces were investigated.

In this study, we examine trigonometric approximation by the matrix methods
T λ
n (f ;x) and τλn (f ;x) to the functions in variable exponent weighted Lebesgue

spaces with the degree of O (λ−α
n ) (0 < α ≤ 1). Also, our main theorems give the

error of estimation in terms of λ−α
n (0 < α ≤ 1) which is sharper than the results

given in [14], because λ−α
n ≤ n−α for 0 < α ≤ 1. We obtain this estimation using

sub-Cesàro method instead of classical Cesàro method.
Note that, in [14] the approximation by τλn (f ;x) method was not examined.

3. Auxiliary Results

To achieve the aim, which we mentioned above, we need some helpful lemmas
given below.

Lemma 3.1. [14] Let f ∈ L
p(·)
ω (T) and p (·) ∈ ℘0 (T). If ω (·) ∈ Ap(·)(T), then

there exists a positive constant c(p) such that the following inequality holds:

‖Sn(f)‖p(·),ω ≤ c(p)‖f‖p(·),ω, n = 1, 2, ... .

Lemma 3.2. [14] Let p (·) ∈ ℘0 (T) , ω (·) ∈ Ap(·)(T) and 0 < α ≤ 1. If f ∈
Lip (α, p (·) , ω) , then

‖f − Sn(f)‖p(·),ω = O(n−α), n = 1, 2, ... .

Lemma 3.3. [14] Let p (·) ∈ ℘0 (T) , ω (·) ∈ Ap(·)(T). If f ∈ Lip (1, p (·) , ω) , then

‖Sn(f)− σn(f)‖p(·),ω = O(
1

n
), n = 1, 2, ... .

Lemma 3.4. [23] Let T ≡ (aλn,k) be an infinite lower triangular regular matrix
with nonnegative entries and row sums 1. If either

(i) (aλn,k) ∈ AMIMS

or
(ii) (aλn,k) ∈ AMDMS and (λn + 1)aλn,0 = O (1) ,

then, for 0 < α < 1,
λn
∑

k=0

aλn,k (k + 1)−α = O
(

λ−α
n

)

.
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Lemma 3.5. Let A = (aλn,k) be an infinite lower triangular matrix and let 0 <
α < 1. If one of the following conditions:

(i) (aλn,k) ∈ AMDS and (λn + 1)aλn,0 = O(1),

(ii) (aλn,k) ∈ AMIS and (λn + 1)aλn,r = O(1),

where r integer part of λn

2 and |S
(A)
λn

− 1| = O(λn
−α) holds, then

λn
∑

k=1

k−αaλn,k = O(λ−α
n ).

Proof of Lemma 3.5

(i) Since
λn
∑

k=1

k−α = O(λ1−α
n ) and aλn,k ≤ Kaλn,0 for k = 1, ..., λn, we get

λn
∑

k=1

k−αaλn,k ≤ Kaλn,0

λn
∑

k=1

k−α

= O(
1

λn + 1
)O(λ1−α

n )

= O(λ−α
n ).

(ii) Since aλn,k ≤ Kaλn,r for k = 1, ..., r and |S
(A)
λn

− 1| = O(λ−α
n ),

λn
∑

k=1

k−αaλn,k =

r
∑

k=1

k−αaλn,k +

λn
∑

k=r+1

k−αaλn,k

≤ Kaλn,r

r
∑

k=1

k−α + (r + 1)−α

λn
∑

k=r+1

aλn,k

≤ Kaλn,r

λn
∑

k=1

k−α + (r + 1)−α

λn
∑

k=0

aλn,k

= O

(

1

λn + 1

)

O(λ1−α
n ) +O(λ−α

n )S
(A)
λn

= O
(

λ−α
n

)

.

Lemma 3.6. For every k = 1, 2, ..., λn the relation

∣

∣

∣

∣

∣

k
∑

m=0

aλn,m − (k + 1)aλn,k

∣

∣

∣

∣

∣

≤

k
∑

m=1

m |aλn,m−1 − aλn,m|

holds.

Proof of Lemma 3.6 If k = 1, then

∣

∣

∣

∣

∣

1
∑

m=0

aλn,m − 2aλn,1

∣

∣

∣

∣

∣

= |aλn,0 − aλn,1| .
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We assume that the inequality is true for k = v. then for k = v + 1 we get
∣

∣

∣

∣

∣

v+1
∑

m=0

aλn,m − (v + 2)aλn,v+1

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

v
∑

m=0

aλn,m − (v + 1)aλn,v

∣

∣

∣

∣

∣

+ |(v + 1)aλn,v − (v + 1)aλn,v+1|

≤

v
∑

m=1

m |aλn,m−1 − aλn,m|+ (v + 1) |aλn,v − aλn,v+1|

=

v+1
∑

m=1

m |aλn,m−1 − aλn,m| .

4. Main Results

Theorem 4.1. Let f ∈ Lip (α, p (·) , ω) , 0 < α < 1, p (·) ∈ ℘0 (T), ω (·) ∈ Ap(·)(T)

and A = (aλn,k) be a lower triangular matrix with |S
(A)
λn

− 1| = O(λn
−α). If one of

the following conditions

(i) (aλn,k) ∈ AMDS and (λn + 1)(aλn,0) = O(1)

(ii) (aλn,k) ∈ AMIS and (λn + 1)(aλn,r) = O(1),

where r is integer part of λn/2, holds, then

‖f − T λ
n (f)‖p(·),ω = O(λ−α

n ).

Corollary 4.2. Let f ∈ Lip (α, p (·) , ω) , 0 < α < 1, p (·) ∈ ℘0 (T), ω (·) ∈ Ap(·)(T)
and (pλn

) be a positive sequence. If one of the following conditions

(i)(pλn
) ∈ AMDS,

(ii) (pλn
) ∈ AMIS and (λn + 1)(pλn

) = O(Pλn
),

holds, then

‖f −Nλ
n (f)‖p(·),ω = O(λ−α

n ).

Theorem 4.3. Let f ∈ Lip (1, p (·) , ω) , p (·) ∈ ℘0 (T), ω (·) ∈ Ap(·)(T) and A =

(aλn,k) be a lower triangular matrix with |S
(A)
λn

− 1| = O( 1
λn

). If the following
condition

λn−1
∑

k=1

(λn − k) |aλn,k−1 − aλn,k| = O (1)

holds, then

‖f − T λ
n ‖p(·),ω = O(λ−1

n ).

Corollary 4.4. Let f ∈ Lip (1, p (·) , ω) , p (·) ∈ ℘0 (T), ω (·) ∈ Ap(·)(T) and (pλn
)

be a positive sequence. If the following condition

λn−1
∑

k=1

|pk − pk+1| = O(
Pλn

λn

)

holds, then

‖f −Nλ
n (f)‖p(·),ω = O(λ−1

n ).
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Theorem 4.5. Let f ∈ Lip (α, p (·) , ω) , 0 < α < 1, p (·) ∈ ℘0 (T), ω (·) ∈ Ap(·)(T)
and A = (aλn,k) be a lower triangular matrix with nonnegative entries and row
sums 1. If one of the conditions

(i) 0 < α < 1 and (aλn,k) ∈ AMIMS,

(ii) 0 < α < 1, (aλn,k) ∈ AMDMS and (λn + 1)aλn,0 = O(1),

is valid, then
∥

∥f − τλn (f)
∥

∥

p(·),ω
= O(λ−α

n ). (4.1)

Corollary 4.6. Let f ∈ Lip (α, p (·) , ω) , p (·) ∈ ℘0 (T), ω (·) ∈ Ap(·)(T ) and (pλn
)

be a positive sequence. If one of the conditions

(i) 0 < α < 1 and (pλn
) ∈ AMIMS,

(ii) 0 < α < 1, (pλn
) ∈ AMDMS and (λn + 1)pλn

= O (Pλn
) ,

is valid, then
∥

∥f −Rλ
n(f)

∥

∥

p(·),ω
= O(λ−α

n ).

Theorem 4.7. Let f ∈ Lip (1, p (·) , ω) , 0 < α < 1, p (·) ∈ ℘0 (T), ω (·) ∈ Ap(·)(T )
and A = (aλn,k) be a lower triangular matrix with nonnegative entries and row
sums 1. If the following condition

λn−2
∑

k=0

|∆kAλn,k| = O
(

λ−1
n

)

holds, then
∥

∥f − τλn (f)
∥

∥

p(·),ω
= O(λ−1

n ).

Corollary 4.8. Let f ∈ Lip (1, p (·) , ω) , p (·) ∈ ℘0 (T) , ω (·) ∈ Ap(·)(T ) and (pλn
)

be a positive sequence. If the following condition

λn−1
∑

k=0

∣

∣

∣

∣

∆k

Pk

k + 1

∣

∣

∣

∣

= O

(

Pλn

λn

)

holds, then
∥

∥f −Rλ
n(f)

∥

∥

p(·),ω
= O(λ−1

n ).

5. Proofs of Main Results

Proof of Theorem 4.1 Let f ∈ Lip (α, p (·) , ω) , 0 < α < 1, p (·) ∈ ℘0 (T),

ω (·) ∈ Ap(·)(T) and A = (aλn,k) be a lower triangular matrix with |S
(A)
λn

− 1| =

O(λn
−α). We suppose that one of the conditions (i) and (ii) of the theorem holds.

Then by definitions of T λ
n (f) and S

(A)
λn

we have

T λ
n (f) (x)− f (x) =

λn
∑

k=0

aλn,kSkf(x)− f(x)

=

λn
∑

k=0

aλn,kSkf(x)− f(x) + S
(A)
λn

f(x)− S
(A)
λn

f(x)

=

λn
∑

k=0

aλn,k [Skf(x)− f(x)] +
(

S
(A)
λn

− 1
)

f(x).
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Since |S
(A)
λn

− 1| = O(λn
−α), using Lemma 3.2 and Lemma 3.5 we get that

‖f − T λ
n (f)‖p(·),ω ≤ aλn,0‖S0f − f‖p(·),ω +

λn
∑

k=1

aλn,k‖Skf − f‖p(·),ω

+|S
(A)
λn

− 1|‖f‖p(·),ω = O
(

λ−1
n

)

+O(1)

λn
∑

k=1

aλn,kk
−α +O

(

λ−α
n

)

= O
(

λ−α
n

)

.

Proof of Theorem 4.3 We suppose that the condition

λn−1
∑

k=1

(λn − k) |aλn,k−1 − aλn,k| = O(1)

holds. Using Lemma 3.6 we get

λn−1
∑

k=1

|bλn,k − bλn,k+1| ≤

λn−1
∑

k=1

1

k (k + 1)

k
∑

m=1

m |aλn,m−1 − aλn,m|

≤

r
∑

k=1

1

k (k + 1)

k
∑

m=1

m |aλn,m−1 − aλn,m|

+

λn−1
∑

k=r

1

k (k + 1)

k
∑

m=1

m |aλn,m−1 − aλn,m| (5.1)

where r :=
[

λn

2

]

. For the first term standing on the right side of (5.1), using Abel’s
Transformation and the condition (i) we have

r
∑

k=1

1

k (k + 1)

k
∑

m=1

m |aλn,m−1 − aλn,m| ≤
r
∑

k=1

|aλn,k−1 − aλn,k|

=

r
∑

k=1

1

(λn − k)
(λn − k) |aλn,k−1 − aλn,k|

≤
1

(λn − r)

r
∑

k=1

(λn − k) |aλn,k−1 − aλn,k|

≤
1

(λn − r)
O(1) = O

(

λ−1
n

)

. (5.2)

For the second term, standing on the right side of (5.1), we get

λn−1
∑

k=r

1

k (k + 1)

k
∑

m=1

m |aλn,m−1 − aλn,m|

≤

λn−1
∑

k=r

1

k (k + 1)

{

r
∑

m=1

m |aλn,m−1 − aλn,m|+

k
∑

m=r

m |aλn,m−1 − aλn,m|

}

=

λn−1
∑

k=r

1

k (k + 1)

r
∑

m=1

m |aλn,m−1 − aλn,m|+

λn−1
∑

k=r

1

k (k + 1)

k
∑

m=r

m |aλn,m−1 − aλn,m|

:= I1 + I2.
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For I1, using the inequality

r
∑

k=1

|aλn,k−1 − aλn,k| = O
(

λ−1
n

)

,

obtained in the course of the proof of (5.2), we have the estimation

I1 ≤

λn−1
∑

k=r

1

(k + 1)

r
∑

m=1

|aλn,m−1 − aλn,m|

≤
1

(r + 1)

λn−1
∑

k=r

(

k
∑

m=r

|aλn,m−1 − aλn,m|

)

≤
2

λn

λn−1
∑

k=r

(

k
∑

m=r

|aλn,m−1 − aλn,m|

)

≤
2

λn

λn−1
∑

k=1

(λn − k) |aλn,k−1 − aλn,k| =
2

λn

O(1) = O
(

λ−1
n

)

.

Hence
λn−1
∑

k=r

1

(k + 1)

k
∑

m=1

m |aλn,m−1 − aλn,m| ≤ In1 + In2 = O
(

λ−1
n

)

. (5.3)

Using Lemma 3.2, we have

‖f − T λ
n (f)‖p(·),ω ≤ ‖Sλn

(f)− T λ
n (f)‖p(·),ω + ‖f − Sλn

(f) ‖p(·),ω

= ‖Sλn
(f)− T λ

n (f)‖p(·),ω +O
(

λ−1
n

)

. (5.4)

In addition to this, the following inequality is valid.

∥

∥

∥
Sλ
n

(

f)− T λ
n (f)

∥

∥

p(·),ω
= O(λ−1

n

)

O (1) +O (1)

λn−1
∑

k=1

|bλn,k − bλn,k+1| . (5.5)

Now combining (5.1) , (5.2) and (5.3) we get

λn−1
∑

k=1

|bλn,k − aλn,k+1| = O
(

λ−1
n

)

,

which together with the relations (5.4) and (5.5) imply that

‖f − T λ
n (f)‖p(·),ω = O(λ−1

n ).

Proof of Theorem 4.5 Since

τλn (f)(x) − f (x) =

λn
∑

k=0

aλn,kSk(f)(x) − f (x) .
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therefore using Lemma 3.2 and Lemma 3.4 we have

∥

∥τλn (f)− f
∥

∥

p(·),ω
≤

λn
∑

k=0

aλn,k ‖Sk(f)− f‖p(·),ω

= O

(

λn
∑

k=0

aλn,k(k + 1)−α

)

= O(λ−α
n ).

This completes the proof of (i) and (ii) .
Proof of Theorem 4.7 In the case of α = 1, we will use Sλn

as Sλ
n . Applying

Abel’s transformation two times,

τλn (f)(x) − f (x) =

λn−1
∑

k=0

[Sk(f ;x)− Sk+1(f ;x)]

k
∑

i=0

aλn,i

+
[

Sλ
nf (x)− f (x)

]

= Sλ
n(f) (x) − f (x) −

λn−1
∑

k=0

(k + 1)Uk+1f (x)Aλn,k

= Sλ
n(f) (x) − f (x) −

λn−2
∑

k=0

(Aλn,k −Aλn,k+1)×

k
∑

i=0

(i+ 1)Ui+1f (x)−Aλn,λn−1

λn−1
∑

i=0

(i+ 1)Ui+1f (x)

= Sλ
n(f) (x) − f (x) −

λn−2
∑

k=0

(Aλn,k −Aλn,k+1)

k+1
∑

i=1

iUif (x)

−
1

λn

λn
∑

k=0

aλn,k

λn
∑

i=1

iUif (x) .

Therefore by Minkowski inequality, we get

∥

∥τλn (f)− f
∥

∥

p(·),ω
≤
∥

∥Sλ
n(f)− f

∥

∥

p(·)
, ω +

λn−2
∑

k=0

∥

∥

∥

∥

∥

k+1
∑

i=1

iUif

∥

∥

∥

∥

∥

p(·),ω

∣

∣∆kA
∗
λn,k

∣

∣

+
1

λn

∥

∥

∥

∥

∥

λn
∑

i=1

iUif

∥

∥

∥

∥

∥

p(·),ω

. (5.6)

We get

Sλ
n(f)(x) − σλ

n(f)(x) =
1

λn + 1

λn
∑

i=1

iUif (x)

therefore by Lemma 3.3
∥

∥

∥

∥

∥

λn
∑

i=1

iUif

∥

∥

∥

∥

∥

p(·),ω

= (λn + 1)
∥

∥Sλ
n(f)− σλ

n(f)
∥

∥

p(·),ω
= O (1) . (5.7)
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If
λn−2
∑

k=0

|∆kAλn,k| = O
(

λ−1
n

)

,

then, from (5.6), (5.7) and Lemma 3.2, we write

∥

∥τλn (f)− f
∥

∥

p(·),ω
= O

(

λ−1
n

)

+O (1) ·

λn−2
∑

k=0

|∆kAλn,k|

= O
(

λ−1
n

)

.

Therefore, this yields (4.1) .

6. Applications

In this section, we will give an application of some summability methods obtained
by Fourier series and compare different summability methods of Fourier series using
graphics, examples and value tables. The graphics show oscillation and overshoots
of summability methods. The examples and the value tables give some algebraic
results about approximation error.

The function f defined by

f (t) =

{

1, for −π ≤ t < 0
−1, for 0 ≤ t ≤ π.

(6.1)

For all real values of t, we have f(t+ 2π) = f(t) .
Since it is an odd function, its Fourier series is given as

f(t) =
∞
∑

n=1

bn sinnt

where

bn =
2

π

π
∫

0

f (t) sinntdt =
2

π

(

−1 + (−1)n

n

)

.

Therefore, the Fourier series of f(t) is given by

f(t) =
2

π

∞
∑

n=1

(

−1 + (−1)n

n

)

sinnt, t ∈ [−π, π] . (6.2)

The partial sum Sλn
(t) of the series (6.2) is given as

Sλn
(t) =

4

π

(

sin t+
1

3
sin 3t+ ...+

1

λn

sin (λnt)

)

. (6.3)

Sub-Cesàro mean for (6.2) is

Cλn
(f) =

λn
∑

k=1

(

λn − k

λn

)(

−2

π

)(

−1 + (−1)k

k

)

sin(kt).
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In (1.5), taking (aλn,k) as below, we will calculate the Sub-Matrix mean for the
series (6.2) .

(aλn,k) =





















1 0 0 0 0 0 0 0
1
2

1
2 0 0 0 0 0 0

1
3

1
3

1
3 0 0 0 0 0

...
. . . 0 0

1
λn+1

1
λn+1

1
λn+1

1
λn+1

1
λn+1

1
λn+1

1
λn+1 0 · · ·

...
. . .





















In (aλn,k) ,
1

λn+1 repeats (λn + 1) times in the (λn)
th row. For (6.2) and lower

triangular matrix given above, the sub-Matrix mean is

τλn (f, t) :=

λn
∑

k=0

1

λn + 1
Sk(f, t), λn = 0, 1, 2, ....

For λn = 9 and 19, using the definitions of f(t) (solid) , Sλn
(t) (dash dot) ,

Cλn
(f) (dash) and τλn (f, t) (dot) we plot the following graphics. In these graphics,

t is on the axis x. Axis y shows the value of given function or sum at the point t.

This graphic shows
oscillation and

overshoots for λn = 9.

Figure 1

This graphic shows
oscillation and

overshoots for λn = 19.

Figure 2
These graphics inform to us about oscillation and overshoots occurred when we

approximate a periodic function having a jump discontinuity by a finite sum of
Fourier series.

Note that, according to step function f , Sλn
(f, t) have peaks in the neighborhood

of discontinuity and its oscillation moves towards discontinuity points (−π, 0,−π).
If we take λn = 19 instead of λn = 9, then the errors of approximation decrease.
When using the sub-Cesàro mean Cλn

(f, t) and sub-matrix mean τλn (f, t) instead
of partial sum or increasing the value λn, we will have better results in the sense of
straightening effect. So, the peaks become flatter.

The oscillation amplitude on graphics tends to decrease when λn is increases.
We summarized a conclusion related to the approximation errors by following

example. Note that, we calculated the approximation errors both weighted case
(Muckenhoupt weight) and non-weighted case in the variable exponent Lebesgue
spaces.
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Let

p (t) =
9 |t|+ 2

2 |t|+ 1
, t ∈ T,

ω (t) = |t|α , − 1 < α < p− 1, p > 1.

Then, we write that

∥

∥f − τλn (f)
∥

∥

p(·),ω
:= inf







ξ > 0 :

∫

T

∣

∣

∣

∣

∣

ω (t)
(

f (t)− τλn (f ; t
)

ξ

∣

∣

∣

∣

∣

p(t)

dt ≤ 1







.

For some special cases, the following table gives the norm values of variable exponent
Lebesgue spaces with Muckenhoupt weight.

ω (t) = |t|
1

200 ω (t) = |t|
1

2000

λn = 9 λn = 19 λn = 9 λn = 19
∥

∥f − τλn (f)
∥

∥

p(·),ω
0, 6812 0, 5855 0, 6784 0, 5827

‖ f − Cλn
f‖p(·),ω 0, 7166 0, 6008 0, 7137 0, 5980

‖f − Sλn
(f)‖p(·),ω 0, 5969 0, 5054 0, 5942 0, 5028

In the case of ω (t) = 1 (case of non-weighted space), we get the following values
for the errors of deviations.

λn = 9 λn = 19

ω (t) = |t|
1

200 ω (t) = 1 ω (t) = |t|
1

200 ω (t) = 1
∥

∥f − τλn (f)
∥

∥

p(·),ω
0, 6812 0, 6819 0, 5855 0, 5868

‖ f − Cλn
(f)‖p(·),ω 0, 7166 0, 7171 0, 6008 0, 6020

‖f − Sλn
(f)‖p(·),ω 0, 5969 0, 5982 0, 5054 0, 5075

We say that the deviation of
∥

∥f − τλn (f)
∥

∥

p(·),ω
is better than the deviation of

‖ f − Cλn
(f)‖p(·),ω in the sense of approximation error in weighted case or non-

weighted case.
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tion of Signals (Functions) Belonging to Class in Lp Norm. Journal of Mathematics 2016

(2016), 1-7.

[24] M. L. Mittal , M. V. Singh, V. Approximation of Signals (Functions) by Trigonometric
Polynomials in Lp Norm. Int. J. Math. Math. Sci. 2004 2004, Article ID 267383, 6 pages.

[25] R. N. Mohapatra and B. Szal, On trigonometric approximation of functions in the Lq, demon-
str. Math. 51 (2018), 17-26.

[26] W. Orlicz, Uber konjugierte exponentenfolgen, Studia Math. 3 (1931), 200–212.
[27] J. A. Osikiewicz, Equivalence results for Cesàro submethods. Analysis 20 (2000), 35-43.
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