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Abstract
In applications requiring uncertain, imprecise, andmulti-dimensional data, where traditional
distancemeasures frequently fall short of capturing the full complexity of interactions among
elements, a distancemeasure for complex intuitionistic fuzzy sets (DMCIFSs) becomes essential.
AlthoughDMCIFSs have been developed,most of themdonot account for the hesitation degree,
which is crucial for capturing ambiguity and uncertainty in human reasoning. As extensions of the
normalizedHamming andEuclidean distancemeasures, this work proposes twonewmeasures
namely theHesitanceDMCIFSs (HDMCIFSs) and the EuclideanHesitanceDMCIFSs (EHDM-
CIFSs). These newly proposedmeasures provide amore comprehensive framework formodeling
uncertainty by explicitly incorporating the hesitancy component. In addition to the proposed
measures, several fundamental procedures and theoretical results are also presented. Furthermore, a
novel decision-makingmethod utilizing these distancemeasures is developed and applied tomulti-
criteria decision-making (MCDM) problems. The effectiveness of the proposedmethods is
demonstrated through a comparative study, highlighting their potential for improved sensitivity and
accuracy in practical decision-making scenarios.

1. Introduction

1.1. Fuzzy set and intuitionistic fuzzy set
Fuzzy set theorywas approached byZadeh [1]. It is a usefulmathematical tool for dealingwith fuzziness and
uncertainty. Itmay be applied tomulti-attribute decision-making (MADM) tomanage imprecision and
fuzziness between attributes. Based on the basic ideas of fuzzy-set concepts [2], which Pedrycz addressed a
variety of real-world issues. A technique formaking choices in soil was presented byMcBratney andOdeh [3]
fuzzy logic and fuzzymeasurement-based sciences. Applications of FSs to guarantee security and dependability
engineeringwere studied byKabir andPapadopoulos [4]. Atanassov [5] then raised intuitionistic fuzzy sets
(IFSs), presenting fuzzy set-based non-membership degrees. This foundational workwas later expanded
through the definition of newoperations on IFSs [6] and further theoretical developments presented in [7]. The
distancemeasure for fuzzy sets that are IFSs is defined axiomatically and a fewdistancemetrics are suggested,
alongwith the supporting evidence. Analysis is done on the IFSs’ distance and similaritymeasures. In
circumstanceswhere a spoken attribute indicates an issue that seems excessively rough, intuitionistic fuzzy sets
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are highly helpful, as demonstrated by Szmidt et al [8] provided in terms of the benefits ofmembership. IFS is a
technique formore human-consistent reasoning under inadequately described facts because of its adaptability
in handling ambiguity. The IFSmodel’s structuremakes itmore important than the FSmodel.Numerous
fields, like datamining, image processing etc [9], havemade use of intuitionistic fuzzy sets. Nevertheless, two-
dimensional issues are outside the scope of all threemodels.

1.2. Complex fuzzy set and complex intuitionistic fuzzy set
The concept of complex fuzzy sets (CFSs)was introduced byRamot et al [10] to address two-dimensional
phenomena. ACFS is an extension of fuzzy set with a complex-valuedmembership function,meaning that its
unit disk in a complex plane represented by the range. The complex-valued function uses bothmagnitude and
phase information to represent amember’s level of participation in theCFS.Numerous domains, including
image processing, decision-making and pattern recognition, have founduse forCFSs [11, 12] also offer a strong
instrument for imprecisely and uncertainly constructing and assessing complicated structures. A decision
making approach based on complex fuzzy entropymeasurements and complex fuzzy distancemeasure
(CFDM)was presented by Liu et al [13].

1.3.Distancemeasures
Signal analysismethod for theCFDMsystem.NewDMwas established in the context of CFSs by Zeeshan et al
[14]. In the context of CFSs, Khan et al [15] presented a novel technique for separating key signals frombig
signals. Zeeshan et al [16] developed a novel technique for locating a reference signal using sophisticated fuzzy
soft settings’ distances function and theHamming distancemethod to calculate the separation between each
student and each department. As a result, Chen et al [17] created a number of appropriate distancemeasures for
higher order double hesitant fuzzy sets (HODHFS) and proposed the concept ofHODHFS. Thosewho are
advantageous in circumstances requiring amore sophisticated approach tomembership andnon-membership
due to ambiguity anduncertainty. In the IFSs [18] environment, Xiao defined a newDMbased on the Euclidean
and cosineDM [19], Alkan andKahraman presented a novel intuitionistic fuzzymulti-distancemetric. The
decision-making process forwaste disposal destination selection applicationswas established by them.He
created a pattern categorization technique based upon the IF distancemeasure (IFDM) that was suggested
Gohain et al [20], a new IFDMwas proposed. In order to enhance decision-making in the face of ambiguity,
Khan et al [21] suggested newDMCF that incorporate hesitance values. Their approach provided improved
discrimination and adaptability, demonstrating efficacy in intricatemulti-attribute situations. For decision-
making, clustering, and pattern recognition tasks.Multi-attributemaking choices [22] hasmade extensive use
of intuitionistic fuzzymeasures. However, only a small number of distancemeasurements consider individual
inclinations in the intricate process ofmaking choices. In this study, we provide a unique emergency decision-
making approach employing the IFDM,which is based on decisionmakers’ tendencies. According toDutta
et al [23], the idea of PFDMs that are not linear. To solve issues with pattern recognition,medical diagnostics,
and choosingCOVID-19medications. The concept of a newDM in the context of Pythagorean fuzzy sets
(PFSs)was developed byYin et al [24]. To solveMCDMissues, healthcare diagnosismethods, and recognition
of patterns algorithms. Compared to traditional set theory, FS, IFS, PFS all provide amore adaptable and subtle
depiction of uncertainty and imprecision. These sets have been used in image processing, pattern identification,
and decision-making [25]. For challenges involving pattern recognition andmedical diagnostics. By adding the
standard parameters that characterize PFSs [26], Ejegwa andAwolola presented a few additionalDMs.
SuggestedDM to issues involving pattern recognition in the context of PFSs, Li et al [27] created novel DMs and
similaritymetrics. Also, demonstrated how itmay be used to choose advertising platformsAlkouri and Salleh
[28]used linguistic variables and hedges to investigate distancemeasures for complicated fuzzy sets, providing
tools for uncertainty-based decision-making.

Zeng et al [29] introduced a novel distancemeasure that accurately represents the link betweenmember-
ship and non-membership degrees, resulting in enhanced pattern recognition performance. Similarly,
Mahanta andPanda [30] proposed a generalized distancemeasure capable of reflecting uncertaintymore fully,
resulting in better grouping and decision-making results than traditional approaches. Ashraf et al [31] devel-
oped a difference sequence-based distancemeasure to highlight variances among fuzzy elements and shown its
resilience in decision-making applications. Garg andRani [32] expanded on geometric viewpoints by develop-
ing distancemeasurements based on the triangle centers of isosceles triangular fuzzy numbers, resulting in
improved sensitivity and interpretability in similarity evaluation. Thao et al [33]developed a score-function-
based distance framework to better quantify the closeness of options, hence increasing the efficiency of fuzzy
decision systems.Meanwhile, Xiao et al [34] proposed an enhanced distancemetric that incorporates weighing
andnormalization procedures, resulting in increased classification accuracy in pattern recognition tasks.
Extending to interval-valued environments, Qin et al [35] proposed a novel distancemeasure combinedwith a
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TOPSIS technique formulti-attribute decision-making, resulting in stable rankings and enhanced flexibility
under uncertainty. Collectively, these research demonstrate the ongoing growth of distancemeasurements for
IFSs, emphasizing both theoretical precision and practical application in complicated decision-support and
pattern recognition settings. Alkouri and Salleh [36] proposedCIFSs, expanding classical intuitionistic fuzzy
sets with complexmembership andnon-membership values. Alkouri and Salleh [37] introduced operations on
CIFSs, such as aggregation and intersection, to enhance the computational foundation for processing compli-
cated fuzzy information. Zhang et al [38] studied the operational properties and δ equalities of complex fuzzy
sets, formalizing their behavior under union, intersection, and complement. In [39] discussed the square root
interval-valued normal pythagorean fuzzymulti-attribute decision-makingmodel based onAggregation
operators. IF distancemeasures and their uses inmedical analysis and decision-making have been the subject of
more recent research. In order to improve classification under uncertainty,Onoja et al [40] presentedweighted
IF distancemetrics for pattern identification and disease diagnosis. Anum et al [41] created aweighted distance
measure based on tendency coefficients that improves IF decisionmodels’ dependability. Through an admis-
sion determination process, Ejegwa et al [42] presented a newdistance formulationwith higher discrimination
capacity.Nwokoro et al [43] successfully captured uncertainty in clinical assessments by using an IF technique
to predictmaternal outcomes in the healthcare domain. Kılınç [44]used logistic entropy to interpret trabecular
bone scores in SLE patients, whereas Cekim et al [45] applied it to evaluate bonemineral density in diabetic and
non-diabetic groups. These studies show that advanced fuzzy and entropy-basedmeasures are becoming
increasingly important in dealingwith uncertainty in both decision-making and healthcare settings.

The primary goal of this study proposes twonewDMsbased onCIFSs,HDMCIF andEHDMCIF, which are
the generalization ofNHDMCIF andNEDMCIF.We also discussed the applications of the proposedDMCIFs
in solving decision-making problems, presented a newdecisionmaking algorithm that integratesDMCIFs into
decision-making procedures, offering a reliablemethodology formanaging real-world complexities, and com-
pared the suggestedDMCIFswith normalizedDMCIFs.

1.4. Research gap
Numerous distancemeasures have been created for fuzzy, intuitionistic, and complex fuzzy sets.However, the
majority of existingmodels do not take into account both the hesitance degree and the complex-valued phase
component. For example, classic CIFS based distancemeasurements concentrate primarily on amplitude
information, ignoring the uncertainty caused by indecision ormissing preference data. Recently proposed
hesitance aware frameworks, such as PFSs and q-ROFSs, allow for greater flexibility inmodeling uncertainty,
but they are limited to real-valued domains and donotmodel phase dependent connections. As a result, there is
anmethodological gap in establishing a comprehensive distancemeasure that combinesmagnitude, phase, and
hesitance information in a single framework. Addressing this gap is critical to improving the interpretability
and realismof uncertaintymodeling in complicated decision-making settings.

1.5.Motivation
Real-worldmulti-criteria decision-making (MCDM) situations commonly incorporate imprecise, hesitant,
and cyclic information, such as time-dependent preferences or periodic signals. Conventional distancemetrics
in fuzzy or intuitionistic fuzzy contexts do not capture this complexity, resulting in information loss or biased
evaluations.Motivated by these restrictions, this study presents hesitance distancemeasures for complex
intuitionistic fuzzy sets (HDMCIFS and EHDMCIFS), which explicitly include the hesitance degree aswell as
amplitude and phase parameters. This integration allows for a richer andmore accuratemeasurement of
similarity and dissimilarity across complex fuzzy elements, boosting the robustness of decision-makingmodels
under high uncertainty.

1.6. Contribution
TheHDMCIF and EHDMCIF are the two newdistancemeasures forCIFSs that specifically include hesitance
values in addition tomembership andnon-membership functions, are presented in this work. Thesemetrics
offer amore thorough and accurate depiction of doubt and indecision in intricate decision-making situations
by include the degree of hesitance. The suggestedmetrics improve themodeling of ambiguity inCIFS settings
by generalizing the current normalized Euclidean andHamming distances. Furthermore, the study creates a
strong algorithm for decision-making thatmakes use of these novelmetrics, enhancing the precision and
dependability ofMCDMprocedures. The usefulness of the suggested approaches is demonstrated by a
comparisonwith current distancemodels, underscoring its potential uses in pattern identification,medical
diagnosis, preferencemodeling, and other practical decision support systems.
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1.7.Novelty of the Study
By adding explicit hesitance components alongwith phase information, the suggestedHDMCIFS and
EHDMCIFSmeasures expand on conventionalHamming andEuclidean distances inside the complex
intuitionistic fuzzy framework. The currentmethod enables the joint consideration of amplitude and phase
uncertainties, which captures cyclic or rotational characteristics frequently seen in real-world signals,
preferences, or expert judgments, in contrast to previousmeasures that treat hesitance implicitly or limit
analysis to real-valued domains. Instead of being a straightforward parameterized extension, the suggested
measures are conceptually unique due to their dual-level representation. Additionally, unlike previous distance
definitions, hesitance-based normalization guarantees that the newmeasures satisfymetric axioms under
complex-valued conditions.

To enablemore flexibility in representing reluctance, a number of extensions of intuitionistic fuzzy theory
have been proposed recently, including Pythagorean fuzzy sets and q-rung orthopair fuzzy sets. By reducing the
membership andnonmembership restriction toμ2 + ν2� 1 for PFS andμ p + ν p � 1 for q-ROFS, both fra-
meworks provide an extra degree of freedomand enable higher levels of uncertainty representation.However,
phase information that appears in complex-valued data is not captured by thesemodels, which are limited to
real-valued domains. The proposedHDMCIFS and EHDMCIFS extend beyond these limitations by integrat-
ing bothmagnitude and phase components ofmembership andnon-membership, alongwith an explicit hesi-
tance term. This combination enables richer representation of uncertainty in two-dimensional or cyclic
phenomena, which cannot be effectivelymodeled using PFS or q-ROFS. Therefore, the proposed framework
generalizes the notion of hesitance-aware distancemeasures to the complex plane, enhancing both interpret-
ability and application scope in decision-making and pattern recognition contexts.

Notation table:To improve the clarity and consistency ofmathematical expressions used in this work, the
main symbols, parameters, and operators are summarized in the following notation table 1.

2. Basic concepts

Definition 1. [1] Let P be a non empty set. An FS S is defined as [ ( ) ]T=S PSs s s, : .Where
( ) [ ]T PS s : 0, 1 indicates truth grade of S for any element As .

Definition 2. [5] Let P be a non empty set. An IFS S is defined as [( ( ( ) ( ))) ]L J=S PS Ss s s s, , : .where
( ) [ ]L PS s : 0, 1 and ( ) [ ]J PS s : 0, 1 indicates truth and false grade of S for any element Ps , and it

satisfies the condition ( ( ) ( ))L J+S Ss s0 1.

Table 1.Notation table.

Symbol Meaning

( )LS s Membership function

( )JS s Nonmembership function

( )hS s HesitanceDegree of Complex Intuitionistic

Fuzzy Set

( )S Sd ,z 1 2 ZhangDistanceMeasure

( )S Sd ,H 1 2 HammingDistanceMeasure

( )S Sd ,EH 1 2 EuclideanDistanceMeasure

FS Fuzzy Set

IFS Intuionistic Fuzzy Set

CFS Complex Fuzzy Set

CIFS Complex Intuitionistic Fuzzy Set

DMCIFSs DistanceMeasure forComplex Intuitionistic

Fuzzy

HDMCIFSs HammingHesitanceDistanceMeasure for Com-

plex Intuitionistic Fuzzy

EHDMCIFSs EuclideanHesitanceDistanceMeasure forCom-

plex Intuitionistic Fuzzy

( )Sp s AmplitudeTermofMembership Function

( )Sq s AmplitudeTermofNonMembership Function

( )Sm s Phase TermofMembership Function

( )Sn s Phase TermofNonMembership Function
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Definition 3. [36]ACIFS S is characterized by a grade value ( ) ( ) ( )L =S S
Ss p s eim s and ( ) ( ) ( )J =S S

Ss q s ein s on a
universe of discourse P . In aCIFS S , theGV ( )LS s and ( )JS s of an element Ps , is determined by a
intuitionistic complex-valued function rather than a simple grade value. In the grade value of CIFS S , the term

( )Sp s is said to be an amplitude termofmembership function, the term ( )Sq s is said to be an amplitude termof
nonmembership function and ( )Sm s is called the phase term formembership function and ( )Sn s is called the
phase term for nonmembership function.Note the both these functions are real-valued and

( ) ( ) [ ]S Sp s q s, 0, 1 . The hesitance degree of CIFS S is denoted by ( )hS s and is given by formembership
function,

( ) ( ( )) ( ( ))h =S S Ss p s m s1
1

2
2

for nonmembership function,

( ) ( ( )) ( ( ))h =S S Ss q s n s1
1

2
2

mathematically, it can bewritten as:

{( ( ( ) ( ))) }
{ ( ) ( ) }( ) ( )

L J=
=

S P

P
S S

S
S S

s s s s

p s e q s e s

, , :

, :im s in s

Definition 4. [36] Let = …S n N, 1, 2, 3, ,n beNCIFS defined on P and ( ) ( ) ( )L =S S
Ss p s eim s and

( ) ( ) ( )J =S S
Ss q x ein s their grade values formembership and nonmembership function. The complex

intuitionistic fuzzy(CIF) cartesian product of Sn represented by = × × × ×= S S S S Si
n

i n1 1 2 3 is defined
by a function

( ) ( )

( ( ) ( ) ( ) ( ))

( ) ( )

( ( ) ( ) ( ) ( ))

( )

( ( ) ( ) ( ))

( )

( ( ) ( ) ( ))

L

J

=

= …

=

= …

…

…

= =

=

= =

=

S S

S S S S

S S

S S S S

S

S S S

S

S S S

s p s e

p s p s p s p s e

s q s e

q s q s q s q s e

min , , , ,

max , , , ,

im s

n
imin m s m s m s

in s

n
imax n s n s n s

1 2 3
, , ,

1 2 3
, , ,

i

n

i
i

n

i
i

n

i

n
n n

i

n

i
i

n

i
i

n

i

n
n n

1 1

1

1 2 3
1 1 2 2

1 1

1

1 2 3
1 1 2 2

Definition 5. [36] Let S1 and S2 be twoCIFS on ( )( )
( )L =S S

Sp s es
im s

1 1
1 and ( )( )

( )L =S S
Sp s es

im s
2 2

2 ,

( )( )
( )J =S S

Sq s es
in s

1 1
1 and ( )( )

( )J =S S
Sq s es

in s
2 2

2 their grade values ofmembership andnonmembership
function. TheCIF intersection of S1 and S2 is denoted by S S1 2 and is defined by a function

( ) ( )
( ( ) ( ))

( ) ( )
( ( ) ( ))

( ) ( )

( ( ) ( ))

( ) ( )

( ( ) ( ))

=

=

=

=

S S

S S

S

S S

S

S S

S S

S S

S S

S S

p s e p s e

p s p s e

q s e q s e

q s q s e

min ,

max ,

im s im s

imin m s m s

in s in s

imax n s n s

1 2

1 2
,

1 2

1 2
,

1
1

2
2

1 2
1 2

1
1

2
2

1 2
1 2

Definition 6. [36] Let S1 and S2 be twoCIFS on ( )( )
( )L =S S

Sp s es
im s

1 1
1 and ( )( )

( )L =S S
Sp s es

im s
2 2

2 ,

( )( )
( )J =S S

Sq s es
in s

1 1
1 and ( )( )

( )J =S S
Sq s es

in s
2 2

2 their grade values ofmembership andnonmembership
function. TheCIF union of S1 and S2 is denoted by S S1 2 and is defined by a function

( ) ( )
( ( ) ( ))

( ) ( )
( ( ) ( ))

( ) ( )

( ( ) ( ))

( ) ( )

( ( ) ( ))

=

=

=

=

S S

S S

S

S S

S

S S

S S

S S

S S

S S

p s e p s e

p s p s e

q s e q s e

q s q s e

max ,

min ,

im s im s

imax m s m s

in s in s

imin n s n s

1 2

1 2
,

1 2

1 2
,

1
1

2
2

1 2
1 2

1
1

2
2

1 2
1 2

Definition 7. [36] Let S be aCIFS on P and ( ) ( ) ( ) ( )( ) ( )L J= =S S S
S Ss p s e and s q s eim s im s its grade value

ofmembership and non-membership. TheCIF complement of a CIFS S is expressed by Sc and is given by for
membership,

( )
( ( ))

( )

( ( ))

=

=

S S

S

S

S

p s e

p s e1

c c im s

i m s2

c
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for nonmembership,

( )
( ( ))

( )

( ( ))

=

=

S S

S

S

S

q s e

q s e1

c c in s

in s2

c

Theorem1. For any three CIFSs S S S, ,1 2 3 on universe P satisfies

i. =S S S S1 2 2 1

ii. =S S S S1 2 2 1

iii. ( ) ( )=S S S S S S1 2 3 1 2 3

iv. ( ) ( )=S S S S S S1 2 3 1 2 3

v. ( ) ( ) ( )=S S S S S S S1 2 3 1 2 1 3

vi. ( ) ( ) ( )=S S S S S S S1 2 3 1 2 1 3

vii. ( ) ( ) ( )=S S S Sc c c
1 2 2 1

viii. ( ) ( ) ( )=S S S Sc c c
1 2 2 1

Definition 8. [37] Let S1 and S2 be twoCIFSs and ( )( )
( )L =S S

Sp s es
im s

1 1
1 and ( )( )

( )L =S S
Sp s es

im s
2 2

2 ,

( )( )
( )J =S S

Sq s es
in s

1 1
1 and ( )( )

( )J =S S
Sq s es

in s
2 2

2 representmembership nonmembership function. TheCIF
product of S1 and S2 is S S1 2 defined by,

{ ( ) ( ) ( ) ( ) ( ) ( ) }
( ) ( )

( ( ) ( )
( ) ( )

)= + +S S S S S S S S

S S

S S
S S

p s p s e q s q s q s q s e. , .
i

m s m s
i n s n s

n s n s

1 2

.
2

.
2

1 2

1 2

1 2 1 2
1 2

1 2

Definition 9. [37] Let S1 and S2 be twoCIFSs and ( )( )
( )L =S S

Sp s es
im s

1 1
1 and ( )( )

( )L =S S
Sp s es

im s
2 2

2 ,

( )( )
( )J =S S

Sq s es
in s

1 1
1 and ( )( )

( )J =S S
Sq s es

in s
2 2

2 represent theirmembership andnonmembership function,
respectively. TheCIF probabilistic sumof S1 and S2 is S S1 2 defined by,

{ ( ) ( ) ( ) ( ) ( ) ( ) }( ( ) ( )
( ) ( )

)
( ) ( )

= + +S S S S S S S S
S S

S S
S S

p s p s p s p s e q s q s e. , .i m s m s
m s m s i

n s n s

1 2

.
2

.
2

1 2 1 2
1 2

1 2

1 2

1 2

Definition 10. [37]Let S1 and S2 be twoCIFSs and ( )( )
( )L =S S

Sp s es
im s

1 1
1 and ( )( )

( )L =S S
Sp s es

im s
2 2

2 ,

( )( )
( )J =S S

Sq s es
in s

1 1
1 and ( )( )

( )J =S S
Sq s es

in s
2 2

2 represent theirmembership andnonmembership function.
Then, S S1 2 defined by

{ [ ( ) ( )] [ ( ) ( )] }[( ( ) ( ))] [( ( ) ( ))]× =S S S S S
S S S Sp s p s e p s p s emin , , max ,i m s m s i m s m s

1 2
min , max ,

1 2
1 2

1 2
1 2

3.Distancemeasures

The following list includes some of the distancemeasures like Zhang,Hamming, Euclidean,Normalized
Hamming andNormalized EuclideanDM. Several researchers proposed differentDMs, then utilized in various
real-world issues. TheDMsof CFS can serve asmathematical techniques in the application ofDMand
communication andnetworks.

Definition 11. [38]CFSs’ ZhangDM is a function ( ) ( ) [ ]×S P S Pd : 0, 1z . For any ( )S S S S P, ,1 2 3

i. ( )S Sd0 , 1z 1 2

ii. ( ) = =S S S Sd , 0z 1 2 1 2

iii. ( ) ( )=S S S Sd d, ,z z1 2 2 1

iv. ( ) ( ) ( )+S S S S S Sd d d, , ,z z z1 3 1 2 2 3

ZhangDM is

( ) [ ( ) ( ) ( ) ( ) ]=S S P PP S S P S Sd sup s s sup m s m s, max ,
1

2
z s s1 2 1 2 1 2

Definition 12. [28]HammingDMofCFSs is a function ( ) ( ) [ ]×S P S Pd : 0, 1H . For
any ( )S S S S P, ,1 2 3
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i. ( )S Sd0 , 1H 1 2

ii. ( ) = =S S S Sd , 0H 1 2 1 2

iii. ( ) ( )=S S S Sd d, ,H H1 2 2 1

iv. ( ) ( ) ( )+S S S S S Sd d d, , ,H H H1 3 1 2 2 3

HammingDM is

( ) ( ) ( ) ( ) ( )= +
= =

S S P PS Sd s s m s m s,
1

2

1

2
H

i

n

i

n

1 2
1 1

1 2 1 2

Definition 13. [28]NormalizedHammingDMofCFSs is a function ( ) ( ) [ ]×S P S Pd : 0, 1N . For
any ( )S S S S P, ,1 2 3

i. ( )S Sd0 , 1N 1 2

ii. ( ) = =S S S Sd , 0N 1 2 1 2

iii. ( ) ( )=S S S Sd d, ,N N1 2 2 1

iv. ( ) ( ) ( )+S S S S S Sd d d, , ,N N N1 3 1 2 2 3 .

NormalizedHammingDM is

( ) ( ) ( ) ( ) ( )= +
= =

S S P PS Sd
n

s s m s m s,
1

2

1

2
N

i

n

i

n

1 2
1 1

1 2 1 2

Definition 14. [28]EuclideanDMofCFSs is a function ( ) ( ) [ ]×S P S Pd : 0, 1E . For any ( )S S S S P, ,1 2 3

i. ( )S Sd0 , 1E 1 2

ii. ( ) = =S S S Sd , 0E 1 2 1 2

iii. ( ) ( )=S S S Sd d, ,E E1 2 2 1

iv. ( ) ( ) ( )+S S S S S Sd d d, , ,E E E1 3 1 2 2 3 .

EuclideanDM is

( ) ( ( ) ( )) ( ( ) ( ))= +
= =

S S P PS S S Sd s s m s m s,
1

2

1

2
E i

n

i

n
1 2 1

2
2 1

2
1 2 1 2

Definition 15. [28]Normalized EuclideanDMofCFSs is a function ( ) ( ) [ ]×S P S Pd : 0, 1N and
( ) ( ) [ ]×S Q S Qd : 0, 1N . For any ( )S S S S P, ,1 2 3 and ( )S S S S Q, ,1 2 3

i. ( )S Sd0 , 1N 1 2

ii. ( ) = =S S S Sd , 0N 1 2 1 2

iii. ( ) ( )=S S S Sd d, ,N N1 2 2 1

iv. ( ) ( ) ( )+S S S S S Sd d d, , ,N N N1 3 1 2 2 3 .

Normalized EuclideanDM is

( ) ( ( ) ( )) ( ( ) ( ))= +
= =

S S P PS S S Sd
n

s s m s m s,
1

2

1

2
N i

n

i

n
1 2 1

2
2 1

2
1 2 1 2
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4.Key findings pertaining to complex intuitionistic fuzzy operations

Anumber of fundamental findings aboutCIFS operations, including union, intersection, and complement, are
presented in this section. The algebraic relationships and consistency criteria required to define complex-
valued distance functions are established by these theorems. These findings provide the theoretical foundation
for the hesitance-based distancemetrics suggested in section 5 by demonstrating that CIFS operations follow
commutative, associative, and distributive rules. In order to guarantee that the suggestedHDMCIFS and
EHDMCIFS formulations aremathematically coherentwithin theCIFS framework, the following theorems are
not independent.

Theorem2.Prove that CIFSs Si, i=1,2,…,n. ( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

Proof. Let …S S S, , , n1 2 be twoCIFSs and ( ) ( ) ( )L =S S
Ss p s e sim

1 1
1 , ( ) ( ) ( )L =S S

Ss p s e sim
2 2

2 ,…,

( ) ( )( )L =S S
Sp s e ss

in
n n

2 , ( ) ( ) ( )J =S S
Ss q s e sin

1 1
1 ( ) ( ) ( )J =S S

Ss q s e sin
2 2

2 ,…, ( )JS sn
= ( ) ( )S

Sq s e sin
n

n represent their
membership andnonmembership function, respectively.

( ) ( )
( ) ( ( ) ( ) ( ))
{ ( ) [ ( ) ( ) ( )]} } ( ){ ( ) [ ( ) ( ) ( )]

L L L L

= …

= …

= …

=

…

S S S S S S S

S S S S

S S S S
S S S S

s s s s

p s p s p s p s e

, ,

, ,

max , min , , , 4.1

i
n

i n

i m s m s m s m s

1 1 1 1 2 3

max ,min , , ,
n

n

1 1 2 1

1 1 2
1 1 2

( ) ( ) ( ) ( )
( ( ) ( )) ( ( ) ( )) ( ( ) ( ))

{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}
( ){ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

L L L L L L

=

=
= …

×

=

…

S S S S S S S S

S S S S S S

S S S S S S

S S S S S S

s s s s s s

p s p s p s p s p s p s

e

...

...

min max , , max , , ,max ,

4.2

i
n

i n

imin m s m s m s m s m s m s

1 1 1 1 1 2 1

max , ,max , , ,max ,

n

n

n

1 1 1 2 1

1 1 1 2 1

1 1 1 2 1

Case 1: If ( ) ( ) ( )S S Sp s p s p s...
n1 2

and ( ) ( ) ( )S S Sm s m s m s...
n1 2

then equations (4.1) and (4.2)
implies

( ) { ( ) [ ( ) ( ) ( )]}
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]}

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

p s p s p s p s e

p s p s e

p s e

max , min , , ,

max ,

4.3

i
n

i
i m s min m s m s m s

imax m s m s

im s

1 1
max , , , ,

,

n
n

1 1 2
1 1 2

1 1
1 1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
[ ( ) ( )] [ ( ) ( )] [ ( ) ( )]

( )

= …

×
=

=
…

S S S S S S S S

S

S S S S S S

S

p s p s p s p s p s p s

e
p s e

min max , , max , , ,max ,

4.4

i
n

i

imax m s m s m s m s m s m s

im s

1 1

, , , , , ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.3) and (4.4)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

Case 2: If ( ) ( ) ( )S S Sp s p s p s...
n n 1 1

and ( ) ( ) ( )S S Sm s m s m s...
n n 1 1

then equations (4.1) and (4.2)
implies

( ) { ( ) [ ( ) ( ) ( )]}
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]}

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

p s p s p s p s e

p s p s e

p s e

max , min , , ,

max ,

4.5

i
n

i
i m s m s m s m s

imax m s m s

im s

1 1
max ,max , , ,

,

n
n

n
n

1 1 2
1 1 2

1
1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
[ ( ) ( )] [ ( ) ( )] [ ( ) ( )]

( )

= …

=

=
…

S S S S S S S S

S

S S S S S S

S

p s p s p s p s p s p s

e
p s e

min max , , max , , ,max ,

4.6

i
n

i

imax m s m s m s m s m s m s

im s

1 1

, , , , , ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.5) and (4.6)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1
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Nonmembership function,

( ) ( )
( ) ( ( ) ( ) ( ))
{ ( ) [ ( ) ( ) ( )]} } ( ){ ( ) [ ( ) ( ) ( )]

J J J J

= …

= …

= …

=

…

S S S S S S S

S S S S

S S S S
S S S S

s s s s

q s q s q s q s e

, ,

, ,

max , min , , , 4.7

i
n

i n

i n s n s n s n s

1 1 1 1 2 3

max ,min , , ,
n

n

1 1 2 1

1 1 2
1 1 2

( ) ( ) ( ) ( )
( ( ) ( )) ( ( ) ( )) ( ( ) ( ))

{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}
} ( ){ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]

J J J J J J

=

=
= …

×

=

…

S S S S S S S S

S S S S S S

S S S S S S

S S S S S S

s s s s s s

q s q s q s q s q s q s

e

...

...

min max , , max , , ,max ,

4.8

i
n

i n n

imax n s n s n s n s n s n s

1 1 1 1 2 2

min , , , , , ,

n

n

n

1 1 1 2 1

1 1 1 2 1

1 1 1 2 1

Case 1: If ( ) ( ) ( )S S Sq s q s q s...
n1 2

and ( ) ( ) ( )S S Sn s n s n s...
n1 2

then equation (4.7) and (4.8) implies

( ) { ( ) [ ( ) ( ) ( )]} }
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

q s q s p s q s e

q s q s e

q s e

max , min , , ,

max ,

4.9

i
n

i
i n s n s n s n s

imax n s n s

in s

1 1
max ,min , , ,

,

n
n

n
n

1 1 2
1 1 2

1
1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( )

= …

×
=

=
…

S S S S S S S S

S

S S S S S S

S

q s q s q s q s q s q s

e
q s e

min max , , max , , ,max ,

4.10

i
n

i

imin n s n s n s n s max n s n s

in s

1 1

max , ,max , , , ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.9) and (4.10)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

Case 2: If ( ) ( ) ( )S S Sq s q s q s...
n n 1 1

and ( ) ( ) ( )S S Sn s n s n s...
n n 1 1

then (4.7) and (4.8) implies

( ) { ( ) [ ( ) ( ) ( )]} }
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

q s q s p s q s e

q s q s e

q s e

max , min , , ,

max ,

4.11

i
n

i
i n s n s n s n s

imax n s n s

in s

1 1
max ,min , , ,

,

n
n

n
n

1 1 2
1 1 2

1
1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( )

= …

×
=

=
…

S S S S S S S S

S

S S S S S S

S

q s q s q s q s q s q s

e
q s e

min max , , max , , ,max ,

4.12

i
n

i

i n s n s n s n s n s n s

in s

1 1

min max , ,max , , ,max ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.11) and (4.12)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

The proof is similar for other cases. aaa □

Theorem3. For CIFSs ( ) ( )= … == =S S S S Si n, 1, 2, , .i i
n

i i
n

i1 1 1 1

Proof. Let …S S S, , , n1 2 be twoCIFSs and ( )L =S Ss p
1 1

( ) ( )Ss e sim 1 , ( )LS s2
= ( )S

Sp s eim
2

2 ( ) ( )L… Ss , , sn
=

( ) ( )S
Sp s e sin

n
2 , ( ) ( )J =S Ss q s

1 1
( )JSe sin 1

2
( ) ( ) ( )= S

Ss q s e sin
2

2 ,…, ( )( )J =S Sq ssn n
( )Se sin n represent their

membership andnonmembership function, respectively.
Membership function,

( ) ( )
( ) ( ( ) ( ) ( ))
{ ( ) [ ( ) ( ) ( )]} } ( ){ ( ) [ ( ) ( ) ( )]

L L L L

= …

= …

= …

=

…

S S S S S S S

S S S S

S S S S
S S S S

s s s s

p s p s p s p s e

, ,

, ,

min , max , , , 4.13

i
n

i n

imin m s m s m s m s

1 1 1 1 2 3

,max , , ,
n

n

1 1 2 1

1 1 2
1 1 2

( ) ( ) ( ) ( )
( ( ) ( )) ( ( ) ( )) ( ( ) ( ))

{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}
( ){ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

L L L L L L

=

=
= …

×

=

…

S S S S S S S S

S S S S S S

S S S S S S

S S S S S S

s s s s s s

p s p s p s p s p s p s

e

...

...

max min , , min , , ,min ,

4.14

i
n

i n n

i m s m s m s m s m s m s

1 1 1 1 2 2

max min , ,min , , ,min ,

n

n

n

1 1 1 2 1

1 1 1 2 1

1 1 1 2 1

Case 1: If ( ) ( ) ( )S S Sp s p s p s...
n1 2

and ( ) ( ) ( )S S Sm s m s m s...
n1 2

then equations (4.13) and (4.14)
implies
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( ) { ( ) [ ( ) ( ) ( )]} }
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

p s p s p s p s e

p s p s e

p s e

min , max , , ,

min ,

4.15

i
n

i
imin m s m s m s m s

imin m s m s

im s

1 1
,max , , ,

,

n
n

1 1 2
1 1 2

1 1
1 1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( )

= …

×
=

=
…

S S S S S S S S

S

S S S S S S

S

p s p s p s p s p s p s

e
p s e

max min , , min , , ,min ,

4.16

i
n

i

i m s m s m s m s m s m s

im s

1 1

max min , ,min , , ,min ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.15) and (4.16)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

Case 2: If ( ) ( ) ( )S S Sp s p s p s...
n n 1 1

and ( ) ( ) ( )S S Sm s m s m s...
n n 1 1

then equations (4.13) and (4.14)
implies

( ) { ( ) [ ( ) ( ) ( )]} }
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

p s p s p s p s e

p s p s e

p s e

min , max , , ,

min ,

4.17

i
n

i
imin m s m s m s m s

imin m s m s

im s

1 1
,max , , ,

,

n
n

n
n

1 1 2
1 1 2

1
1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( )

= …

×
=

=
…

S S S S S S S S

S

S S S S S S

S

p s p s p s p s p s p s

e
p s e

max min , , min , , ,min ,

4.18

i
n

i

i m s m s m s m s m s m s

im s

1 1

max min , ,min , , ,min ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.17)and (4.18)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

Nonmembership function,

( ) ( )
( ) ( ( ) ( ) ( ))
{ ( ) [ ( ) ( ) ( )]} } ( ){ ( ) [ ( ) ( ) ( )]

J J J J

= …

= …

= …

=

…

S S S S S S S

S S S S

S S S S
S S S S

s s s s

q s q s q s q s e

, ,

, ,

min , max , , , 4.19

i
n

i n

imin n s n s n s n s

1 1 1 1 2 3

,max , , ,
n

n

1 1 2 1

1 1 2
1 1 2

( ) ( ) ( ) ( )
( ( ) ( )) ( ( ) ( )) ( ( ) ( ))

{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}
( ){ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

J J J J J J

=

=
= …

×

=

…

S S S S S S S S

S S S S S S

S S S S S S

S S S S S S

s s s s s s

q s q s q s q s q s q s

e

...

...

max min , , min , , ,min ,

4.20

i
n

i n n

i n s n s n s n s n s n s

1 1 1 1 2 2

max min , , , , , ,

n

n

n

1 1 1 2 1

1 1 1 2 1

1 1 1 2 1

Case 1: If ( ) ( ) ( )S S Sq s q s q s...
n1 2

and ( ) ( ) ( )S S Sn s n s n s...
n1 2

then equations (4.19) and (4.20)
implies

( ) { ( ) [ ( ) ( ) ( )]} }
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

q s q s p s q s e

q s q s e

q s e

min , max , , ,

min ,

4.21

i
n

i
imin n s n s n s n s

imin n s n s

in s

1 1
,max , , ,

,

n
n

1 1 2
1 1 2

1 1
1 1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( )

= …

×
=

=
…

S S S S S S S S

S

S S S S S S

S

q s q s q s q s q s q s

e
q s e

max min , , min , , ,min ,

4.22

i
n

i

i n s n s n s n s n s n s

in s

1 1

max min , ,min , , ,min ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.21) and (4.22)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

Case 2: If ( ) ( ) ( )S S Sq s q s q s...
n n 1 1

and ( ) ( ) ( )S S Sn s n s n s...
n n 1 1

then equations (4.19) and (4.20)
implies
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( ) { ( ) [ ( ) ( ) ( )]} }
[ ( ) ( ))]

( ) ( )

{ ( ) [ ( ) ( ) ( )]

[ ( ) ( )]

( )

= …

=

=

=
…S S S S S S

S S

S

S S S S

S S

S

q s q s p s q s e

q s q s e

q s e

min , max , , ,

min ,

4.23

i
n

i
imin n s n s n s n s

imin n s n s

in s

1 1
,max , , ,

,

n
n

n
n

1 1 2
1 1 2

1
1

1
1

also

( ) { [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( ) ( )
{ [ ( ) ( )] [ ( ) ( )] [ ( ) ( )]}

( )

= …

×
=

=
…

S S S S S S S S

S

S S S S S S

S

q s q s q s q s q s q s

e
q s e

max min , , min , , ,min ,

4.24

i
n

i

i n s n s n s n s n s n s

in s

1 1

max min , ,min , , ,min ,

n

n

1 1 1 2 1

1 1 1 2 1

1
1

Fromequations (4.23) and (4.24)

( ) ( )== =S S S Si
n

i i
n

i1 1 1 1

aaa □

Theorem4.CIFS S S,1 2 on V then CIF standard union, standard complement and standard intersection must
satisfy ( ) =S S S Sc c c c

1 2 1 1

Proof. ( )( )
( )L =S S

Sp s es
im s

1 1
1 and ( )( )

( )L =S S
Sp s es

im s
2 2

2 , ( )( )
( )J =S S

Sq s es
in s

1 1
1 and ( )( )

( )J =S S
Sq s es

in s
2 2

2 are the
membership andnonmembership function of S S,1 2

( )
( ) ( )
[ ( ) ( )]

( ) ( )
( ) ( )

[ ( ) ( )]

L L=

=

=

S S S S S

S

S S

S S

S S

p s e p s e

p s p s emax 1 , 1

c c c
s s

im s im s

imax m s m s

1 2 1

,

c c

c c

1 2

1
1

2
2

1 2
1 2

( ) [ ( ) ( )] ( ( ) )
{ ( ( ) ( )) ( )} ( )

[ ( ) ( )] ( )

[ [ ( ) ( )] ( )]

=

=

S S S S S

S S S

S S S

S S S

p s p s e p s e

p s p s p s e

max 1 , 1 1

min max 1 , 1 , 1 4.25

c c c imax m s m s im s

i m s m s m s

1 2 1
,

min max , ,

1 2
1 2

1
1

1 2 1
1 2 1

Toprove equation (4.25)
Case 1: If ( ) ( )S Sp s p s

1 2
and ( ) ( )S Sm s m s1 2

then equation (4.25) implies

( ) { ( ( ) ( )) ( )}
( ( ) ( ))
( )

[ [ ( ) ( )] ( )]

[ ( ) ( )]

( )

=

=

=

=

S S S

S

S S S

S S

S

S S S

S S

S

p s p s p s e

p s p s e

p s e

min max 1 , 1 , 1

min 1 , 1

c c c i m s m s m s

i m s m s

im s

c

1 2 1
min max , ,

min ,

1

c

1 2 1
1 2 1

1 2
1 2

1
1

Case 2: If ( ) ( )S Sp s p s
1 2

and ( ) ( )S Sm s m s1 2
then equation (4.25) implies

( ) { ( ( ) ( )) ( )}
( ( ) ( ))
( )

[ [ ( ) ( )] ( )]

[ ( ) ( )]

( )

=

=

=

=

S S S

S

S S S

S S

S

S S S

S S

S

p s p s p s e

p s p s e

p s e

min max 1 , 1 , 1

min 1 , 1

c c c i m s m s m s

i m s m s

im s

c

1 2 1
min max , ,

min ,

1

c

1 2 1
1 2 1

1 2
1 2

1
1

for nonmembership function

( )
( ) ( )
[ ( ) ( )]

( ) ( )
( ) ( )

[ ( ) ( )]

J J=

=

=

S S S S S

S

S S

S S

S S

q s e q s e

q s q s emax 1 , 1

c c c
s s

in s in s

imax n s n s

1 2 1

,

c c

c c

1 2

1
1

2
2

1 2
1 2

( ) [ ( ) ( )] ( ( ) )
{ ( ( ) ( )) ( )} ( )

[ ( ) ( )] ( )

[ [ ( ) ( )] ( )]

=

=

S S S S S

S S S

S S S

S S S

q s q s e q s e

q s q s q s e

max 1 , 1 1

min max 1 , 1 , 1 4.26

c c c imax n s n s in s

i n s n s n s

1 2 1
,

min max , ,

1 2
1 2

1
1

1 2 1
1 2 1

Toprove equation (4.26)
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Case 1. If ( ) ( )S Sq s q s
1 2

and ( ) ( )S Sn s n s1 2
then equation (4.26) implies

( ) { ( ( ) ( )) ( )}
( ( ) ( ))

( )

[ [ ( ) ( )] ( )]

[ ( ) ( )]

( )

=

=

=

=

S S S

S

S S S

S S

S

S S S

S S

S

q s q s q s e

q s q s e

q s e

min max 1 , 1 , 1

min 1 , 1

c c c i n s n s n s

i n s n s

in s

c

1 2 1
min max , ,

min ,

1

c

1 2 1
1 2 1

1 2
1 2

1
1

Case 2. If ( ) ( )S Sq s q s
1 2

and ( ) ( )S Sn s n s1 2
then equation (4.26) implies

( ) { ( ( ) ( )) ( )}
( ( ) ( ))

( )

[ [ ( ) ( )] ( )]

[ ( ) ( )]

( )

=

=

=

=

S S S

S

S S S

S S

S

S S S

S S

S

q s q s q s e

q s q s e

q s e

min max 1 , 1 , 1

min 1 , 1

c c c i n s n s n s

i n s n s

in s

c

1 2 1
min max , ,

min ,

1

c

1 2 1
1 2 1

1 2
1 2

1
1

The proof is similar for other cases aaa □

Theorem5.CIFS S S,1 2 on V then CIF standard union, standard complement and standard intersection must
satisfy ( ) =S S S S2 2 1 2

Proof. ( )( )
( )L =S S

Sp s es
im s

1 1
1 and ( )( )

( )L =S S
Sp s es

im s
2 2

2 , ( )( )
( )J =S S

Sq s es
in s

1 1
1 and ( )( )

( )J =S S
Sq s es

in s
2 2

2 are the
membership andnonmembership function of S S,1 2. ForMembership function

( ) ( )
( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( ))) ( )

( ) ( ) ( )L L L=

=

S S S S S S

S S S S S Sp s p s p s e max m s m s m smax , min , , , 4.27

s s s

i

2 2 1 1 1 1

2 2 1 2 2 1

Toprove this, we take some cases.
Case 1. If ( ) ( )S Sp s p s

1 2
and ( ) ( )S Sm s m s1 2

then equation (4.27) implies

( ) ( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( )))
( ( ) ( )) ( ( ) ( ))

( )
( )

( )

=

=

=

=

S S S

S

S S S S S S

S S S S

S
S

p s p s p s e m s m s m s

p s p s e m s m s

p s e

max , min , max , ,

max , max ,

4.28

i

i

im s

2 2 1

2

2 2 1 2 2 1

2 1 2 1

2
2

Case 2. If ( ) ( )S Sp s p s
2 1

and ( ) ( )S Sm s m s2 1
then equation (4.27) implies

( ) ( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( )))
( ( ) ( )) ( ( ) ( ))

( )
( )

( )

=

=

=

=

S S S

S

S S S S S S

S S S S

S
S

p s p s p s e m s m s m s

p s p s e m s m s

p s e

max , min , max , ,

max , max ,

4.29

i

i

im s

2 2 1

2

2 2 1 2 2 1

2 1 2 1

2
2

Fromequations (4.28) and (4.29)
( ) =S S S S2 2 1 2

for nonmembership function

( ) ( )
( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( ))) ( )

( ) ( ) ( )J J J=

=

S S S S S S

S S S S S Sq s q s q s e min n s n s n smin , max , , max , 4.30

s s s

i

2 2 1 1 1 1

2 2 1 2 2 1

Toprove this, we take some cases.
Case 1:If ( ) ( )S Sq s q s

1 2
and ( ) ( )S Sn s n s1 2

then equation (4.30) implies

( ) ( ( ) ( ( ) ( ))) ( ( ) ( ( ) ( )))
( ( ) ( )) ( ( ) ( ))

( )
( )

( )

=

=

=

=

S S S

S

S S S S S S

S S S S

S
S

q s q s q s e n s n s n s

q s q s e n s n s

q s e

min , max , min , ,

min , min ,

4.31

i

i

in s

2 2 1

2

2 2 1 2 2 1

2 2 2 2

2
2
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Case 2: If ( ) ( )S Sq s q s
2 1

and ( ) ( )S Sn s n s2 1
then equation (4.30) implies

( ) ( ( ) ( ( ) ( )))
( ( ) ( )) ( ( ) ( ))

( )
( )

( ( ) ( ( ) ( )))

( )

=

=

=

=

S S S

S

S S S

S S S S

S

S S S

S

q s q s q s e

q s q s e min n s n s

q s e

min , max ,

min , ,

4.32

imin n s n s n s

i

in s

2 2 1
,max ,

2

2 2 1
2 2 1

2 1 2 1

2
2

Fromequations (4.31) and (4.32)

( ) =S S S S2 2 1 2

aaa □

5.New complex intuitionistic fuzzy distance

Complex intuitionistic fuzzymetrics for distance that are new in fuzzy reasoning andmaking decisions, the
hesitance degree is frequently used to express the degree of doubt or indecision about a certain option or
preference.When taking hesitance degree is frequently used to express the degree of doubt or indecision about
a certain option or preference.When taking hesitance values into account togetherwithDMs, it usually refers
to circumstances inwhich likenesses or preferences are not absolute but rather range.Whenmaking decisions
involving several criteria when the decision-maker is unsure regarding the relative relevance or each criterion’s
weight, hesitancy values can be added toDMs.Whileworking using data points that have some degree of
membership in other clusters but don’t quite fit into one values can be added toDMs.Determining an
appropriatemeasure that accurately reflects the lack of clarity or delay in the setting of the particular problem
or solution is essential when hesitation values are combinedwithDMs. To deal with imprecision and
uncertainty in the data,fuzzy logic techniques or comparablemethods are frequently used. TheCIFDMswith
hesitance degree however are important in preferencemodeling, pattern identification,medical diagnosis,
interaction between humans and computers and decision-making.Hesitancymetrics are often used to show
the degree ofmatch doubtwhen evaluating string or sequences. This is particularly important in situations
where theremay be uncertainty or incompletematches, resulting in incorrect linking or information retrieval.
Here, we describe someuniqueDMs known asDMCIFwith a hesitance degree in the context of CIFSs.

5.1. Intuitionistic complex fuzzy hesitance distancemeasures

Definition 16.AHesitance is a function of CIFSs is a function ( ) ( ) [ ]×S P S Pd : 0, 1H and
( ) ( ) [ ]×S Q S Qd : 0, 1H . For any ( )S S S S P, ,1 2 3 and ( )S S S S Q, ,1 2 3

i. ( )S Sd0 , 1H 1 2 , ( ) = =S S S Sd , 0H 1 2 1 2

ii. ( ) ( )=S S S Sd d, ,H H1 2 2 1

iii. ( ) ( ) ( )+S S S S S Sd d d, , ,H H H1 3 1 2 2 3

( )
( ) ( ) ( ) ( ) ( ) ( )

( )=
+ +=

S S
P PS S S S S S

d
s s m s m s h s h s

n
,

3
5.1H

P i
n

i i i i i i

1 2
1

1

21 2 1 2 1 2

( )
( ) ( ) ( ) ( ) ( ) ( )

( )=
+ +=

S S
Q QS S S S S S

d
s s n s n s h s h s

n
,

3
5.2H

Q i
n

i i i i i i

1 2
1

1

21 2 1 2 1 2

Here, P andQdenote the complexmembership and non-membership functions of theCIFS.

Example 1.

= + +

= + +

S
S S S S S S

S
S S S S S S

e e e e e e
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3
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( )

[ ]
( )

=

+ +

+ + +

+ + +

=
+ + + + + + + +

=

S Sd
n

,

0.8 0.8 0.8 0.4 0.4 0.6

0.3 0.6 0.3 0.7 0.15 0.25

0.4 0.5 0.5 0.3 0.15 0.35

3
0 0.2 0.2 0.3 0.2 0.1 0.1 0.1 0.2

3 3
0.15

H
P

1 2

1

2
1

2
1

2

( )

[ ]
( )

=

+ +

+ + +

+ + +

=
+ + + + + + + +

=

S Sd
n

,

0.5 0.1 0.7 0.9 015 0.55

0.2 0.7 0.7 0.6 0.15 0.4

0.7 0.6 0.8 0.7 0.3 0.25

3
0.4 0.1 0.2 0.5 0.05 0.25 0.1 0.05 0.05

3 3
0.18

H
Q

1 2

1

2
1

2
1

2

( ) ( )=S Sd , 0.15, 0.18H 1 2

Theorem6.The function defined in equations (5.1) and (5.2) is a distance function

Proof. ForMembership function,

i. The condition ( )S Sd , 0H 1 2 obviously true.Next,

( )
( ) ( ) ( ) ( ) ( ) ( )

[ ] ( )

=
+ +

=
+ +

= =

=

=

S S
P P

S S

S S S S S
d

s s m s m s h s h s

n

n n
d

,
3

1 1 1

3

3

3
1, 0 , 1

H
P i

n
i i i i i i

i

n

H
P

1 2
1

1

2

1
1 2

1 2 1 2 1 2

ii.

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )

=
+ +

=
+ +

=

=

=

S S
P P

Q Q

S S

S S S S S

S S S S S

d
s s m s m s h s h s

n

s s n s n s h s h s

n

d

,
3

3

,

H
P i

n
i i i i i i

i
n

i i i i i i

H
P

1 2
1

1

2

1
1

2

2 1

1 2 1 2 1 2

1 2 1 2 1 2

iii.

( )
[ ( ) ( )

( ) ( )
( ) ( ) ]

= +

+

=

S S

P PS S

S S

S S

d
n

s s

m s m s

h s h s

,
1

3
H
P

i
n

i i

i i

i i

1 2

1
1

2

1 2
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

=

+

+ +

+ +

= P P P PS S S S

S S S S

S S S S
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s s s s

m s m s m s m s

h s h s h s h s

1

3

i
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i i i i

i i i i
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1 3 3 2

1 3 3 2
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( ) ( )
( ) ( )

( ) ( )

( ) ( )
( ) ( )

( ) ( )
= +

+

+ +

+

= =P P P PS S

S S

S S

S S

S S

S S

n

s s

m s m s

h s h s
n

s s
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i
n

i i

i i
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i
n

i i

i i
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2

1
1

2
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2 3
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( ) ( )= +S S S Sd d, , .H
P

H
P

1 3 3 2

ForNonmembership function
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i. The condition ( )S Sd , 0H
Q

1 2 obviously true.Next,

( )
( ) ( ) ( ) ( ) ( ) ( )

[ ] ( )

=
+ +

=
+ +

= =

=

=

S S
Q Q

S S

S S S S S
d

s s n s n s h s h s

n
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d

,
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3

3
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H
Q i
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i i i i i i

i

n

H
Q

1 2
1

1

2

1
1 2

1 2 1 2 1 2
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=
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=

=

=

S S
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i
n
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+
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i
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Q

H
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1 3 3 2

aaa □

Definition 17.AEuclideanHesitanceDMofCIFSs is a function ( ) ( ) [ ]×S P S Pd : 0, 1EH and
( ) ( ) [ ]×S Q S Qd : 0, 1EH . For any ( )S S S S P, ,1 2 3 and ( )S S S S Q, ,1 2 3

i. ( )S Sd0 , 1EH 1 2 , ( ) = =S S S Sd , 0EH 1 2 1 2

ii. ( ) ( )=S S S Sd d, ,EH EH1 2 2 1

iii. ( ) ( ) ( )+S S S S S Sd d d, , ,EH EH EH1 3 1 2 2 3

( )
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P PS S S S S S

d
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3
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Here, P andQdenote the complexmembership and non-membership functions of theCIFS.
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Example 2.
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Theorem7.The function defined in equations (5.3) and (5.4) is a distance function

Proof. Formembership function,

i. The condition ( )S Sd , 0EH
P

1 2 obviously true.Next,
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Based on their union and intersection operators, theorems 2 and 3 establish the basic set theoretic relation-
ships of CIFSs. Although the proofs in this paper employ case-based reasoning for clarity, the algebraic proper-
ties of complex-valuedmembership andnon-membership functions like commutativity, associativity, and
distributivity ensure that the same relationships hold for all CIFS tuples. Thus, the validity of the theorems
extends to the general algebraic formulation of CIFSswithout dependence on case distinctions. Furthermore,
the proposed distancemeasuresHDMCIFS andEHDMCIFS satisfy the essentialmetric axioms. Because each
component is constructed using absolute differences, non-negativity, identity, and symmetry follow directly.
The triangle inequality is satisfied under the standard assumption inCIFS literature that phase values are trea-
ted as real-valued quantities in [0, 2π]without circularwrap-around.Under this linearized phase representa-
tion, the additive andEuclidean-type terms used in the definitions preserve the triangle inequality, ensuring
thatHDMCIFS andEHDMCIFS behave as valid realmetricswithin theCIFS framework.

Definition 18. Let dH be the hesitancemeasure of CIFSs. Then the complement hesitance distancemeasure
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Definition 19. Let dH be the hesitancemeasure of CIFSs. Then themax hesitance distancemeasure S1 and S2 of
twoCIFs is defined as
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where∪ is amax operator of CIFSs

Definition 20. Let dH be the hesitancemeasure of CIFSs. Then themin hesitance distancemeasure S1 and S2 of
twoCIFs is defined as
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where∩ is amin operator of CIFSs

Definition 21. Let dH be the hesitancemeasure of CIFSs. Then themax-min hesitance distancemeasure S1 and
S2 of twoCIFs is defined as
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where∪ and∩ is amax andmin operator of CIFSs

Definition 22. Let dEH be the EuclideanHesitancemeasure of CIFSs. Then the complementHesitance distance
measure ( ( ) ( ) )S Sd d,EH
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1 2 of twoCIFs is defined as
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Definition 23. Let dEH be the EuclideanHesitancemeasure of CIFSs. Then themax hesitance distancemeasure
S1 and S2 of twoCIFs is defined as
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where∪ is amax operator of CIFSs

Definition 24. Let dEH be the EuclideanHesitancemeasure of CIFSs. Then themax desitance distancemeasure
S1 and S2 of twoCIFs is defined as
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where∩ is amax operator of CIFSs

Definition 25. Let dEH beCIFSs’ Euclidean hesitancymeasure.Next, themaximum-minHesitance distance
measurements of twoCIFs, S1 and S2, are specified as
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where∪ and∩ is amax andmin operator of CIFSs
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6. Applications for complex intuitionistic fuzzy sets

Different algorithms formaking decisions are created for particular situations and issues. A newmethod for
making decisions based onCIFSs andDMCIFSs is suggested in this section. By adding complex numbers, CIFS
theory expands on the potential of conventional fuzzy set theory and provides amore sophisticatedway to
describe andmanipulate uncertainty in decision-making scenarios. It provides decision-makers with a strong
foundation for handling challenging and unpredictable situations and coming towise decisions. CIFSs can be
used tomore accurately simulate competing criteria, preferences, and imprecise information in decision-
making situations. Decision-makers can take into account awider variety of options andmake better decisions
because of the complexity of the figures. Furthermore, the algorithmprobably offers aworkableway to include
intricate fuzzy distancemeasures into the decision-making process, as the paper states.

Definition 26. Let δi = (δ1, δ2,…, δi) be range of i alternatives and bj = (b1, b2,…, bj) be range of j attributes. Let
E = E1, E2,…,Ek is a collection of k experts, whereEk represents the kth expert involved in the decisionmaking
process. The evaluated value supplied by the expertEk for alternative δiwith regard to the criterion bj is

( ) ( )=B sB b eij ij j
imB bij j , which is the attribute value of alternatives δi for index bj. Thus, the table thatwas produced

using these assessed values is given in table 2.

Definition 27. Let δi = (δ1, δ2,…, δi) be range of i alternatives and bj = (b1, b2,…, bj) be range of j attributes. Let
E = E1, E2,…,Ek is a collection of k experts, whereEk represents the kth expert involved in the decisionmaking
process. The evaluated value supplied by the expertEk for alternative δiwith regard to the criterion bj is

( ) ( )=B sB b eij ij j
imB bij j , which is the attribute value of alternatives δi for index bj. Then, as specified by table 2, is

the elements of the distancematrix.

Definition 28.The score function S(δi) of i alternative(δi);i= 1,2,…,n
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6.1.MCDMalgorithm
The following is a general outline of the steps involved in the proposedMCDMalgorithms. These steps are
based onDMCIFSs,

Table 2.Collection of attributes.

Ek δi b1 b2 … bj

E1 δ1 ( ( ) ( ) )( ) ( )sB b e sB b e,imB b inB b
11 1 11 1

11 1 11 1 ( ( ) ( ) )( ) ( )sB b e sB b e,imB b inB b
12 2 12 2

12 2 12 2 … ( ( ) ( ) )( ) ( )sB b e sB b e,j j
imB b

j j
inB b

1 1
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Step 1: Create the decision-making table, as defined in 2, in the context of CIFSs.

Step 2 : Determine theHDMCIFS andNHDMCIFS between the values evaluated by various experts
corresponding to alternatives.

Step 3 : Create the distancematrix, based on the values ofHDMCIFS andNHDMCIFS.

Step 4 : Determine the score functions corresponding to each alternatives.

Step 5 : Rank the alternatives according to the score functions and choose themost desirable one.

6.2. Problemdescription
6.2.1. Retail and E-commerce decision-making framework
Let ( ) ( )=P Q P Q, ,1 1 = ( ) ( )P QWalmart eBay, , ,2 2 = (Costco, Local Supermarkets), ( )P Q,3 3 = (Amazon
Prime, Regular Amazon Shopping) be the collection of Retail and E-commerce,B = (B1,B2,B3,B4,B5) be a
collection of attributes where b1, b2, b3, b4, b5 represents Pricing, Shipping Speed, Product Availability,
Customer Perks, Purchase Flexibility are the common attributes inRetail and E-commerce.

Step 1 : Suppose thatE = E1,E2, E3 is a panel of three professionals taking part in decision-making.. Assume
Mr. John is facedwith a decision-making dilemma andwant to launch an industry.Mr. John assigns
three people to carry out the evaluation and selection process, particularly to examine options in light of
five choice criteria experts in decision-making, E= E1,E2,E3. Five qualitative factors pertaining to
industry are taken into consideration through conversationswith the three specialists. The following
table 2 provides sophisticated fuzzy information regarding internet business based on the three experts’
areas of expertise.

Step 2 :Determine theHDMCIFSs between the various have professionals assessed and that correspond to the
options. Li;i = 1, 2, 3.
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( ) ( ) ( )= =P QS L , Amazon Prime , Regular Amazon Shopping3 3 3 is thus selected as the topRetail and
E-commerce by the score functions based onHDMCIFSs.
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Euclidean hesitance complex intuitionistic fuzzy distancemeasures
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( ) ( ) ( )= =P QS L , Amazon Prime , Regular Amazon Shopping3 3 3 is thus selected as the topRetail and
E-commerce by the score functions based onEHDMCIFSs.

6.2.2. Healthcare decision-making framework
An additional healthcare-based example is also included. Let ( )P Q,1 1 = (GovernmentHospital, Private
Hospital), ( )P Q,2 2 = (GenericMedication, BrandedMedication), ( )P Q,3 3 = (TelemedicineConsultation, In-
personClinic Visit). LetB = (B1,B2,B3,B4,B5) be a collection of attributeswhere b1, b2, b3, b4, b5 represent
treatment costs, service speed, specialist availability, patient convenience, and diagnostic reliability. These
characteristics are frequently employedwhen evaluating healthcare alternatives, and they give amore
comprehensive, real-world decision context for analyzing the effectiveness of the proposed distancemeasures.

The same computational steps used in the previous example can be applied here to construct the decision
matrix, compute the distance values, obtain the aggregated scores, and determine the final ranking.

6.3. Comparison analysis
The comparison of theHDMCIF andEHDMCIFwith theNHDMCIF andNEDMCIFwas covered in this part.
The suggestedDMCIFs are reduced toNHDMCIF andNEDMCIF if we take certain limitations onHDMCIF
andEHDMCIF. The comparison is established below:

Note 1 We are going to consider theHesitancy degree as zero then, theHDMCIF is reduced toNHDMCIF.

Note 2 Similarly, we are going to consider theHesitancy degree as zero then, the EHDMCIF is reduced to
NEHDMCIF

6.3.1. Normalized hesitance distance measures of complex intuitionistic fuzzy
The decision-making issues based on otherDMCIFwithout hesitation degree have also been covered only for
the three attributes b1, b2, b3 given in table 3. The following is the comparative study:
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Table 3.Evaluated values of alternatives.

Ek (P Q,i i) b1 b2 b3 b4 b5

E1 ( )P Q,1 1 (0.8e0.8π, 0.5e0.7π) (0.3e0.3π, 0.2e0.7π) (0.4e0.5π, 0.7e0.8π) (0.6e0.7π, 0.7e0.6π) (0.5e0.3 π, 0.6e0.7π)
( )P Q,2 2 (0.1e0.9π, 0.2e0.8π) (0.3e0.7π, 0.5e0.8π) (0.4e0.5π, 0.6e0.3π) (0.6e0.9π, 0.9e0.7π) (0.5e0.3 π, 0.6e0.7π)
( )P Q,3 3 (0.2e0.7π, 0.5e0.6π) (0.5e0.3π, 0.3e0.3π) (0.4e0.6π, 0.8e0.5π) (0.3e1.5π, 0.9e1.6π) (0.8e0.9 π, 0.9e0.1π)

E2 ( )P Q,1 1 (0.8e0.4π, 0.1e0.9π) (0.6e0.7π, 0.7e0.6π) (0.5e0.3π, 0.6e0.7π) (0.3e1.2π, 0.5e1.3π) (0.8e0.9 π, 0.9e0.1π)
( )P Q,2 2 (0e0.5π, 0.7e0.7π) (0.6e0.9π, 0.9e0.7π) (0.5e0.3π, 0.6e0.7π) (0.6e1.5π, 0.9e0.7π) (0.7e1.5 π, 0.5e0.7π)
( )P Q,3 3 (0.4e0.5π, 0.4e2π) (0.3e1.5π, 0.9e1.6π) (0.8e0.9π, 0.9e0.1π) (0.9e0.3π, 0.5e0.2π) (0.3e1.8 π, 0.9e1.7π)

E3 ( )P Q,1 1 (0.5e1.5π, 0.9e0.7π) (0.3e1.2π, 0.5e1.3π) (0.8e0.9π, 0.9e0.1π) (0.3e0.3π, 0.2e0.7π) (0.4e0.5 π, 0.7e0.8π)
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6.3.2. Normalized euclidean hesitance complex intuitionistic fuzzy distance measures
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E-commerce by the score functions based onNEHDMCIFSs.

Table 4 illustrates the comparative ranking results achieved utilizing the newHDMCIF and EHDMCIF
distancemeasurements alongside the existingNHDMCIF andNEDMCIF approaches. For each strategy, the
relevant score values of the three alternatives are provided in ascending order, followed by the resulting ranking
and the determined best choice. Although all fourmeasures consistently identify S(L3) as the ideal alternative,
the numerical disparities in the score values reflect how each technique interprets amplitude, phase, and hesi-
tance information. TheNHDMCIF andNEDMCIF yield relatively closer values because there is no hesitance
information, whereas the proposedHDMCIF and EHDMCIFmeasures show amore pronounced distinction
among the alternatives, showing improved discriminatory potential.

Overall, the table clearly illustrates how the proposedmethods improve choice differentiation in compli-
cated intuitionistic situations. Thus, the presented decision-making scenario demonstrates the suggestedmea-
sures flexibility and robustness in capturing both hesitance and phase-based uncertainty. Unlike existingCIFS
or IF distancemodels, which only extend standardmeasures in real-valued domains, the proposed framework
provides a conceptually different formulation capable of dealingwith complex-valued and hesitant informa-
tion. This distinction emphasizes the practical and theoretical originality of the current application. Figure 1
presents the schematic representation of the proposed complex intuitionistic fuzzy decision-making
framework.

Table 4.Ranking of complex intuitionistic distancemeasures.

Score Value Ranking Best optimal

HDMCIF (0.24, 0.21) < (0.25, 0.22) < (0.33, 0.33) S(L2) < S(L1) < S(L3) S(L3)
EHDMCIF (0.29, 0.28) < (0.31, 0.29) < (0.37, 0.40) S(L2) < S(L1) < S(L3) S(L3)
NHDMCIF (0.26, 0.23) < (0.31, 0.27) < (0.38, 0.37) S(L2) < S(L1) < S(L3) S(L3)
NEDMCIF (0.25, 0.30) < (0.35, 0.31) < (0.42, 0.39) S(L2) < S(L1) < S(L3) S(L3)

Figure 1. (a)NHDM (b)NEHDM.
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6.4. Sensitivity analysis
The viability of using the proposedHDMCIFS and EHDMCIFSmodels in anMCDMsetting is demonstrated
in the application section. Although a simplified examplewas provided for clarity, the suggested framework can
readily be extended tomore realistic decision scenarios involving a larger number of alternatives and conflicting
criteria, such as cost-benefit trade-offs or performance-risk assessments. In such complex environments, the
inclusion of both amplitude and phase information provides richermodeling flexibility, enabling the
representation of correlated or cyclic decision parameters that cannot be effectively captured by real-valued
fuzzy techniques. Furthermore, variations in amplitude and phase can be conceptually interpreted as a formof
sensitivity behavior in the decision-making process. Small changes in these components reflect differing
degrees of hesitance or uncertainty among decision-makers. Because the proposed distancemeasures are
designed to respond smoothly to such fluctuations,minor adjustments in amplitude or phase donot lead to
disproportionate changes in the final ranking of alternatives. This property highlights the stability and
robustness of the proposedmodels when applied to complex or conflicting decision situations.

6.5. Advantages of hesitance distancemeasures of complex intuitionistic fuzzy
Hesitance values of CIF provides a strong foundation for addressing and simulating decision-making
uncertainty. In complex and uncertain decision situations, thesemetrics provide a flexible and trustworthyway
to represent ambiguous preferences, assisting decision-makers inmakingmore confident and informed
decisions.Hesitance in complex distancemeasurements allows decision-makers to evaluate their unpredict-
ability or hesitation towards other options. Decision-makers can express their level of doubt on the
membership of fuzzy set elements by giving themhesitancy values, which gives uncertainty amore accurate
portrayal. Furthermore, a framework for expressing ambiguous preferences is provided byDMCIFwith
hesitance values. Decision-makers can represent the intricate andmultidimensional character of unknowns in
decision-making situations by expressing different levels of uncertain for various variables or criteria.

7. Conclusion

Applications ofDMCIFSs in decision-making procedures are numerous and significant, covering a range of
fieldswhere expertsmust deal with ambiguity, uncertainty, and intricate interactions between options and
presentedHDMCIFS andEHDMCIFS in this paper. These are extensions ofNHDMCIFS, and by including the
hesitancy value, EDMCIFSmay be included. Inmanaging the complexity of the actual world, the capacity to
takemembership and hesitancy values into accountwhile assessing choices has proven crucial. In the context of
suggestedDMCIFSs and complex fuzzy operations, a fewnovel operations and key findings are examined.
Additionally, we created an algorithm for decision-making based onHDMCIFSs and EHDMCIFSs. Compute
complexity, which prevents real-time or resource-constrained applications, and interpretability issues brought
on by sophisticatedmathematical calculations are the anticipated drawbacks ofHDMCIF. Thesemeasure-
ments frequently call for adjusting a number of parameters, which increases subjectivity and sensitivity in
parameter selection. Applications in a variety of fieldswheremanaging uncertainty, imprecision, and
complexity in data interactions is essentialmay be covered by the suggested hesitance distancemeasurements
in complex intuitionistic fuzzy in the future. To improve decision accuracy,more researchmay look at
incorporating thesemetrics intomulti-expert group decision-making frameworks andmerging themwith
other fuzzyMCDMapproaches like TOPSIS, EDAS. To increase the algorithm’s practical usefulness, it would
also be beneficial to investigate its computational complexity and optimize it for large-scale data sets.
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