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Abstract

In applications requiring uncertain, imprecise, and multi-dimensional data, where traditional
distance measures frequently fall short of capturing the full complexity of interactions among
elements, a distance measure for complex intuitionistic fuzzy sets (DMCIFSs) becomes essential.
Although DMCIFSs have been developed, most of them do not account for the hesitation degree,
which is crucial for capturing ambiguity and uncertainty in human reasoning. As extensions of the
normalized Hamming and Euclidean distance measures, this work proposes two new measures
namely the Hesitance DMCIFSs (HDMCIFSs) and the Euclidean Hesitance DMCIFSs (EHDM-
CIFSs). These newly proposed measures provide a more comprehensive framework for modeling
uncertainty by explicitly incorporating the hesitancy component. In addition to the proposed
measures, several fundamental procedures and theoretical results are also presented. Furthermore, a
novel decision-making method utilizing these distance measures is developed and applied to multi-
criteria decision-making (MCDM) problems. The effectiveness of the proposed methods is
demonstrated through a comparative study, highlighting their potential for improved sensitivity and
accuracy in practical decision-making scenarios.

1. Introduction

1.1. Fuzzy set and intuitionistic fuzzy set

Fuzzy set theory was approached by Zadeh [1]. It is a useful mathematical tool for dealing with fuzziness and
uncertainty. It may be applied to multi-attribute decision-making (MADM) to manage imprecision and
fuzziness between attributes. Based on the basic ideas of fuzzy-set concepts [2], which Pedrycz addressed a
variety of real-world issues. A technique for making choices in soil was presented by McBratney and Odeh [3]
fuzzylogic and fuzzy measurement-based sciences. Applications of FSs to guarantee security and dependability
engineering were studied by Kabir and Papadopoulos [4]. Atanassov [5] then raised intuitionistic fuzzy sets
(IFSs), presenting fuzzy set-based non-membership degrees. This foundational work was later expanded
through the definition of new operations on IFSs [6] and further theoretical developments presented in [7]. The
distance measure for fuzzy sets that are IFSs is defined axiomatically and a few distance metrics are suggested,
along with the supporting evidence. Analysis is done on the IFSs’ distance and similarity measures. In
circumstances where a spoken attribute indicates an issue that seems excessively rough, intuitionistic fuzzy sets
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are highly helpful, as demonstrated by Szmidt et al [8] provided in terms of the benefits of membership. IFSisa
technique for more human-consistent reasoning under inadequately described facts because of its adaptability
in handling ambiguity. The IFS model’s structure makes it more important than the FS model. Numerous
fields, like data mining, image processing etc [9], have made use of intuitionistic fuzzy sets. Nevertheless, two-
dimensional issues are outside the scope of all three models.

1.2. Complex fuzzy set and complex intuitionistic fuzzy set

The concept of complex fuzzy sets (CFSs) was introduced by Ramot et al[10] to address two-dimensional
phenomena. A CFS is an extension of fuzzy set with a complex-valued membership function, meaning that its
unit disk in a complex plane represented by the range. The complex-valued function uses both magnitude and
phase information to represent a member’s level of participation in the CFS. Numerous domains, including
image processing, decision-making and pattern recognition, have found use for CFSs[11, 12] also offer a strong
instrument for imprecisely and uncertainly constructing and assessing complicated structures. A decision
making approach based on complex fuzzy entropy measurements and complex fuzzy distance measure
(CFDM) was presented by Liu et al [ 13].

1.3. Distance measures

Signal analysis method for the CFDM system. New DM was established in the context of CFSs by Zeeshan et al
[14].In the context of CFSs, Khan et al [15] presented a novel technique for separating key signals from big
signals. Zeeshan et al [16] developed a novel technique for locating a reference signal using sophisticated fuzzy
soft settings’ distances function and the Hamming distance method to calculate the separation between each
student and each department. As a result, Chen et al [17] created a number of appropriate distance measures for
higher order double hesitant fuzzy sets (HODHES) and proposed the concept of HODHES. Those who are
advantageous in circumstances requiring a more sophisticated approach to membership and non-membership
due to ambiguity and uncertainty. In the IFSs [ 18] environment, Xiao defined a new DM based on the Euclidean
and cosine DM [19], Alkan and Kahraman presented a novel intuitionistic fuzzy multi-distance metric. The
decision-making process for waste disposal destination selection applications was established by them. He
created a pattern categorization technique based upon the IF distance measure (IFDM) that was suggested
Gohain et al [20], a new IFDM was proposed. In order to enhance decision-making in the face of ambiguity,
Khan et al[21] suggested new DMCEF that incorporate hesitance values. Their approach provided improved
discrimination and adaptability, demonstrating efficacy in intricate multi-attribute situations. For decision-
making, clustering, and pattern recognition tasks. Multi-attribute making choices [22] has made extensive use
of intuitionistic fuzzy measures. However, only a small number of distance measurements consider individual
inclinations in the intricate process of making choices. In this study, we provide a unique emergency decision-
making approach employing the IFDM, which is based on decision makers’ tendencies. According to Dutta
etal[23], theidea of PFDMs that are not linear. To solve issues with pattern recognition, medical diagnostics,
and choosing COVID-19 medications. The concept of a new DM in the context of Pythagorean fuzzy sets
(PFSs) was developed by Yin et al[24]. To solve MCDM issues, healthcare diagnosis methods, and recognition
of patterns algorithms. Compared to traditional set theory, FS, IFS, PES all provide a more adaptable and subtle
depiction of uncertainty and imprecision. These sets have been used in image processing, pattern identification,
and decision-making [25]. For challenges involving pattern recognition and medical diagnostics. By adding the
standard parameters that characterize PFSs [26], Ejegwa and Awolola presented a few additional DMs.
Suggested DM to issues involving pattern recognition in the context of PESs, Li et al [27] created novel DMs and
similarity metrics. Also, demonstrated how it may be used to choose advertising platforms Alkouri and Salleh
[28] used linguistic variables and hedges to investigate distance measures for complicated fuzzy sets, providing
tools for uncertainty-based decision-making.

Zeng et al [29] introduced a novel distance measure that accurately represents the link between member-
ship and non-membership degrees, resulting in enhanced pattern recognition performance. Similarly,
Mahanta and Panda [30] proposed a generalized distance measure capable of reflecting uncertainty more fully,
resulting in better grouping and decision-making results than traditional approaches. Ashrafetal [31] devel-
oped a difference sequence-based distance measure to highlight variances among fuzzy elements and shown its
resilience in decision-making applications. Garg and Rani [32] expanded on geometric viewpoints by develop-
ing distance measurements based on the triangle centers of isosceles triangular fuzzy numbers, resulting in
improved sensitivity and interpretability in similarity evaluation. Thao et al [33] developed a score-function-
based distance framework to better quantify the closeness of options, hence increasing the efficiency of fuzzy
decision systems. Meanwhile, Xiao et al [34] proposed an enhanced distance metric that incorporates weighing
and normalization procedures, resulting in increased classification accuracy in pattern recognition tasks.
Extending to interval-valued environments, Qin ef al [35] proposed a novel distance measure combined with a
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TOPSIS technique for multi-attribute decision-making, resulting in stable rankings and enhanced flexibility
under uncertainty. Collectively, these research demonstrate the ongoing growth of distance measurements for
IFSs, emphasizing both theoretical precision and practical application in complicated decision-support and
pattern recognition settings. Alkouri and Salleh [36] proposed CIFSs, expanding classical intuitionistic fuzzy
sets with complex membership and non-membership values. Alkouri and Salleh [37] introduced operations on
CIFSs, such as aggregation and intersection, to enhance the computational foundation for processing compli-
cated fuzzy information. Zhang et al [ 38] studied the operational properties and 6 equalities of complex fuzzy
sets, formalizing their behavior under union, intersection, and complement. In [39] discussed the square root
interval-valued normal pythagorean fuzzy multi-attribute decision-making model based on Aggregation
operators. IF distance measures and their uses in medical analysis and decision-making have been the subject of
more recent research. In order to improve classification under uncertainty, Onoja et al [40] presented weighted
IF distance metrics for pattern identification and disease diagnosis. Anum et al [41] created a weighted distance
measure based on tendency coefficients that improves IF decision models’ dependability. Through an admis-
sion determination process, Ejegwa et al [42] presented a new distance formulation with higher discrimination
capacity. Nwokoro et al [43] successfully captured uncertainty in clinical assessments by using an IF technique
to predict maternal outcomes in the healthcare domain. Kiling [44] used logistic entropy to interpret trabecular
bone scores in SLE patients, whereas Cekim e al [45] applied it to evaluate bone mineral density in diabetic and
non-diabetic groups. These studies show that advanced fuzzy and entropy-based measures are becoming
increasingly important in dealing with uncertainty in both decision-making and healthcare settings.

The primary goal of this study proposes two new DMs based on CIFSs, HDMCIF and EHDMCIF, which are
the generalization of NHDMCIF and NEDMCIF. We also discussed the applications of the proposed DM CIFs
in solving decision-making problems, presented a new decision making algorithm that integrates DMCIFs into
decision-making procedures, offering a reliable methodology for managing real-world complexities, and com-
pared the suggested DMCIFs with normalized DMCIFs.

1.4.Research gap

Numerous distance measures have been created for fuzzy, intuitionistic, and complex fuzzy sets. However, the
majority of existing models do not take into account both the hesitance degree and the complex-valued phase
component. For example, classic CIFS based distance measurements concentrate primarily on amplitude
information, ignoring the uncertainty caused by indecision or missing preference data. Recently proposed
hesitance aware frameworks, such as PFSs and q-ROFSs, allow for greater flexibility in modeling uncertainty,
but they are limited to real-valued domains and do not model phase dependent connections. As a result, there is
an methodological gap in establishing a comprehensive distance measure that combines magnitude, phase, and
hesitance information in a single framework. Addressing this gap is critical to improving the interpretability
and realism of uncertainty modeling in complicated decision-making settings.

1.5. Motivation

Real-world multi-criteria decision-making (MCDM) situations commonly incorporate imprecise, hesitant,
and cyclic information, such as time-dependent preferences or periodic signals. Conventional distance metrics
in fuzzy or intuitionistic fuzzy contexts do not capture this complexity, resulting in information loss or biased
evaluations. Motivated by these restrictions, this study presents hesitance distance measures for complex
intuitionistic fuzzy sets (HDMCIFS and EHDMCIFS), which explicitly include the hesitance degree as well as
amplitude and phase parameters. This integration allows for a richer and more accurate measurement of
similarity and dissimilarity across complex fuzzy elements, boosting the robustness of decision-making models
under high uncertainty.

1.6. Contribution

The HDMCIF and EHDMCIF are the two new distance measures for CIFSs that specifically include hesitance
values in addition to membership and non-membership functions, are presented in this work. These metrics
offer a more thorough and accurate depiction of doubt and indecision in intricate decision-making situations
by include the degree of hesitance. The suggested metrics improve the modeling of ambiguity in CIFS settings
by generalizing the current normalized Euclidean and Hamming distances. Furthermore, the study creates a
strong algorithm for decision-making that makes use of these novel metrics, enhancing the precision and
dependability of MCDM procedures. The usefulness of the suggested approaches is demonstrated by a
comparison with current distance models, underscoring its potential uses in pattern identification, medical
diagnosis, preference modeling, and other practical decision support systems.
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Table 1. Notation table.

Symbol Meaning

£5(s) Membership function

Js(s) Non membership function

hs(s) Hesitance Degree of Complex Intuitionistic
Fuzzy Set

d,(S1, S») Zhang Distance Measure

dy (S, S)) Hamming Distance Measure

de (S, S)) Euclidean Distance Measure

FES Fuzzy Set

IES Intuionistic Fuzzy Set

CFS Complex Fuzzy Set

CIFS Complex Intuitionistic Fuzzy Set

DMCIFSs Distance Measure for Complex Intuitionistic
Fuzzy

HDMCIFSs Hamming Hesitance Distance Measure for Com-

plex Intuitionistic Fuzzy
EHDMCIFSs Euclidean Hesitance Distance Measure for Com-
plex Intuitionistic Fuzzy

Ps(s) Amplitude Term of Membership Function
qs(s) Amplitude Term of Non Membership Function
ms(s) Phase Term of Membership Function

ns(s) Phase Term of Non Membership Function

1.7. Novelty of the Study

By adding explicit hesitance components along with phase information, the suggested HDMCIFS and
EHDMCIFS measures expand on conventional Hamming and Euclidean distances inside the complex
intuitionistic fuzzy framework. The current method enables the joint consideration of amplitude and phase
uncertainties, which captures cyclic or rotational characteristics frequently seen in real-world signals,
preferences, or expert judgments, in contrast to previous measures that treat hesitance implicitly or limit
analysis to real-valued domains. Instead of being a straightforward parameterized extension, the suggested
measures are conceptually unique due to their dual-level representation. Additionally, unlike previous distance
definitions, hesitance-based normalization guarantees that the new measures satisfy metric axioms under
complex-valued conditions.

To enable more flexibility in representing reluctance, a number of extensions of intuitionistic fuzzy theory
have been proposed recently, including Pythagorean fuzzy sets and q-rung orthopair fuzzy sets. By reducing the
membership and nonmembership restriction to yi* + 1 < 1 for PESand pi? + v < 1 for g-ROFS, both fra-
meworks provide an extra degree of freedom and enable higher levels of uncertainty representation. However,
phase information that appears in complex-valued data is not captured by these models, which are limited to
real-valued domains. The proposed HDMCIFS and EHDMCIFS extend beyond these limitations by integrat-
ing both magnitude and phase components of membership and non-membership, along with an explicit hesi-
tance term. This combination enables richer representation of uncertainty in two-dimensional or cyclic
phenomena, which cannot be effectively modeled using PFS or q-ROFS. Therefore, the proposed framework
generalizes the notion of hesitance-aware distance measures to the complex plane, enhancing both interpret-
ability and application scope in decision-making and pattern recognition contexts.

Notation table: To improve the clarity and consistency of mathematical expressions used in this work, the
main symbols, parameters, and operators are summarized in the following notation table 1.

2. Basic concepts

Definition 1.[1] Let P be anon empty set. An FS S isdefined as S = [s, Ts(s): s € P]. Where
Ts(s): P — [0, 1]indicates truth grade of S for anyelement s € A.

Definition 2. [5] Let P be anon empty set. An IFS S isdefined as S = [(s, (£5(s), Js(5))): s € Pl.where
Ls(s): P — [0, 1]and Js(s): P — [0, 1]indicates truth and false grade of S for any element s € P,and it
satisfies the condition 0 < (£5(s) + Js(s)) < 1.
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Definition 3. [36] A CIFS S is characterized by a grade value £5(s) = pg(s)e™s® and Js(s) = qg(s)e™s@ ona
universe of discourse P.Ina CIFS S, the GV £5(s) and Js(s) ofan element s € P, is determined by a
intuitionistic complex-valued function rather than a simple grade value. In the grade value of CIFS &, the term
Ps(s) is said to be an amplitude term of membership function, the term g4 (s) is said to be an amplitude term of
non membership function and mgs(s) is called the phase term for membership function and ng(s) is called the
phase term for non membership function. Note the both these functions are real-valued and

Ps(s), q5(s) € [0, 1]. The hesitance degree of CIFS S is denoted by hs (s) and is given by for membership
function,

bs(s) = (1 — pg(s)) — —— (2 — ms(s))]
2T
for non membership function,
bs(s) = |(1 — 45(s) — — @1 — n5(9))]
2

mathematically, it can be written as:

S ={(s, (£5(5), Js(s)): s € P}
— {pS (S)eimS(S)) s (s)eins(s): s € P}
Definition 4. [36] Let S,,, n = 1, 2, 3,...,N be N CIFS defined on P and £s(s) = pg(s)e™s® and
Js(s) = q¢(x) s their grade values for membership and non membership function. The complex

intuitionistic fuzzy(CIF) cartesian product of S, represented by [T, S; = &1 X Sy X S3x -+ xS, is defined
by a function

imn  (s)

IT si
Sﬁsi(s):pﬁ&(s)e o

i=1

inﬁ S'(S)
Jﬁsi(s) = qﬁsi(S)e i=1

i=1 i=1

Definition 5. [36] Let S; and S, be two CIFS on £, = ps, (s)e™s®and Lg,) = Ps, (s)e'Mms:),
Jsie) = s, (9)e™ @ and Js) = g, (s)e™ their grade values of membership and non membership
function. The CIF intersection of S; and S, is denoted by §; N S, and is defined by a function

SiNS, = pSI (s) eims () N Psz (s)eimgz(s)
= min(pg, (), P, (s2)) €™ (msiEhms:()
Sl N 82 = qSl (s)ein$|(5) N qSZ (S)einsz(s)

= max(qg (51) 4, (5)) eiMax (15 (hnsy ()

Definition 6. [36] Let S and S, be two CIFS on L, = pgs, (s)e™ 19 and L) = pgs, (s)e™®),
Jsi) = 4s,()e™1 ¥ and Js) = g, (s) €™ their grade values of membership and non membership
function. The CIF union of S; and S, isdenoted by S; U S, and is defined by a function

S U S, = Ps, (5)emsi() U psz(s)eimm(s)
= max(pg, (s1), Pg,(52)) ™ si(hms,()
81 U 82 = qS| (s)ein51(5) U qSZ (S) eingz(s)

= min(QSl (51)’ q‘S‘Z (52))eimi"(ﬂsl(s))nsz(s»

Definition 7. [36] Let S bea CIFSon P and £s(s) = pg(s)e™®) and  Js(s) = qg(s)e™s© its grade value
of membership and non-membership. The CIF complement of a CIES S is expressed by S and is given by for
membership,

S¢ = pg(s)eirné(s)
=1 - pS(s))ei(ZW*’”S(S))
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for non membership,
S¢ = g5(s)e™s®)
=(1 - qS(S))e(Zﬂfins(S))

Theorem 1. For any three CIFSs S|, S,, Ss on universe P satisfies

i SINS =8NS

i SU S=8U S

iii. SiN(S:NS3) =(SNSHNS;

w. SSUGU S =GSUSHU S;

v. SINSU &) =(ENS) USINSs)

vi. SSUGNS) =(SU SHNGS U Ss)

vii. (SN &) = (Sy)° U (SyF

viii. (S1U 8)° = (SN (S)F

Definition 8. [37] Let S; and S, be two CIFSsand £s,¢5) = ps, (s)e™s1®) and Lsy5) = Ps, (s)ems:),

Jsi6) = 4s,(9)e™ 1@ and Js) = g, (s) €™ represent membership non membership function. The CIF

product of S;and S, is §;08, defined by,

i(msl(S).msz(S)
81052 = {p$1(s)'p32(s)e 2

1n5(5).15,(5)
2

(5)+ns,(s)— p

), ds,(s) + g5,(s) — qsl(S)-qu(S)ei(”Sl )

Definition 9. [37] Let S; and S, be two CIFSsand £, = py, (s)e™s19and L, = ps,(5)ems0),
Jsi) = 4s,()e™ ¥ and Js) = g, (s) €™ represent their membership and non membership function,
respectively. The CIF probabilistic sum of S; and S, is S; F S, defined by,

. g, (s).mg,(s) i(”S](S)-”Sz(S))
SFS = {psl(s) + P$2(5) _ p31 (5).p$2(5)et(rrlsl(s)+n152(5)—727r )) qSl(S)'qSZ(S)e 2T }

Definition 10. [37] Let S and S, be two CIFSsand £, = pg, (s)e™si® and L, = Ps, (s)eims2),
Jsi) = 4s,(9)e™19 and Js,) = g, (s)e™ ) represent their membership and non membership function.
Then, S; ® S, defined by

S xS, = {min[Psl (s), Ps, (5)] e/minlCms; () msy (SN max[psl (), psz(s)] eimax((ms, (s),msy ()N}

3. Distance measures

The following list includes some of the distance measures like Zhang, Hamming, Euclidean, Normalized
Hamming and Normalized Euclidean DM. Several researchers proposed different DMs, then utilized in various
real-world issues. The DMs of CFS can serve as mathematical techniques in the application of DM and
communication and networks.

Definition 11. [38] CFSs’ Zhang DM is a function d,: S(P) x S(P) — [0, 1]. Forany S}, S5, S5 € S(P)

L 0<d (S, S) <1

i, (S, SH=0e8=3,

iii. d,(S), Sy = d.(S S)

iv. d.(S, S3) < d(S), S) + do(S, S3)

Zhang DM is

1
dz(‘sl: 82) = max[supsepszl(s) - P32(5)|1 Esupsephnsl(s) - mSz(s)H

Definition 12. [28] Hamming DM of CFSs is a function dy: S(P) x S(P) — [0, 1].For
any S], 82, 83 S S(P)
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L 0<du(S, S <1

. dy(5, S) =0 85=56

iil. dy(S1, 82) = du(Sy S)

iv. dy(Sp, S3) < du(Si, So) + du(Sy, Ss)

Hamming DM is

n n

du(S), S2) = % Y IPsi(s) = Psy(o)| + ZLZW&(S) — ms,(s)|

i=1 i=1

Definition 13. [28] Normalized Hamming DM of CFSs is a function dy: S(P) x S(P) — [0, 1]. For
any §;, S5, S5 € S(P)

L 0<dv(S, S <1

iil. dy(5, ) =0 8=356

iii. dy(Si, S2) = dn(Sy, &)

iv. dy(S1, S3) < dy(Sh, S)) + dn(Sy, S3).

Normalized Hamming DM is

1 n n

(S S = | LIPs(5) = Pso)] + ziDms,(s) ~ ms,)|

i=1 Ti=1

Definition 14. [28] Euclidean DM of CFSsis a function dg: S(P) x S(P) — [0, 1]. Forany S;, S5, S; € S(P)

L 0<dp(S, S) <1

. dp(S), S =0865=3;

iii. dg(S1, S2) = de(Ss, S1)

iv. dg(Sp, S3) < di (S, 8) + de(Sy, S5).

Euclidean DM is

g (S), ) = \/ %[Z;’ZI(P&@) — Ps,(s)? + #Z;(msl(s) - msz(s))z]

Definition 15. [28] Normalized Euclidean DM of CFSs is a function dy: S(P) x S(P) — [0, 1]and
dy: S(Q) x §(Q) — [0, 1].Forany §;, Sy, S5 € S(P)and Sy, Sz, S5 € S(Q)

i 0<dy(S, &) <1

iil. dy(5, S)=0&8=356

iii. dy(Si, S2) = dn(Sy, &)

iv. dy(Sp, S3) < dy(S1, S)) + dn(Sy, S3).

Normalized Euclidean DM is

dn (S, S = \/ i[z;m&(s) Pl + #z;(m(s) - msz(s»Z]
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4. Key findings pertaining to complex intuitionistic fuzzy operations

A number of fundamental findings about CIFS operations, including union, intersection, and complement, are
presented in this section. The algebraic relationships and consistency criteria required to define complex-
valued distance functions are established by these theorems. These findings provide the theoretical foundation
for the hesitance-based distance metrics suggested in section 5 by demonstrating that CIFS operations follow
commutative, associative, and distributive rules. In order to guarantee that the suggested HDMCIFS and
EHDMCIFS formulations are mathematically coherent within the CIFS framework, the following theorems are
notindependent.

Theorem 2. Prove that CIFSs S;, i=1,2,...,n. 51 U (N2, S) = N2 (ST U S)

Proof. Let Sj, Sy,...,S, betwo CIFSsand £5,(s) = pg, (s)e™1(s), £s,(s) = pg, (s)e™:(s),...,

L, = Ps, (9)€M9(5), I5,(5) = 45, ()€1 (5) J5,(5) = s, ()€™2(5),..., s, (5) = G5, ()€™ (5) represent their
membership and non membership function, respectively.

SSU ML, SH=8 U (Sin&NSN,...MS)
= L56) U (£56)N L5,(8)5-- o[ E5,(9))
= max{pg (s), min[pg (s), pg,(5)s...spg (5)]} emaxtms@hminlms, (ms(5),...ms, Oy - (4.1)
N, S U SH=S U Sins U Son(St U Sw
= (L) U Ls6NN (L5,6) U Ls,(NNc[ N (L5,(5) U Ls,(5)
= min{max[pg (s), pg ()], max[pg (s), ps,()],....max[pg (s), pg, ()}

X eimin{max[msl (s),ms, ()], max[mg, (s),ms,(s)],..., max[ms, (s),ms,(s)]} (42)

Casel:prSI(s) < Ps,(8) < .<pg (5) and mg,(s) < mg,(s) < ...<mg (s) then equations (4.1) and (4.2)
implies

=max[pg (5), pg, (5))] eimaxlms;(©):ms; ()]
= pg, (s)e™si® 43)

also

NS U S) = min{max(pg (), pg, (9], max[pg (), pg, (5)],....max[pg (), ps ()1}

x eimaxlms, (s),;ms ()}, ms, (), ms(5));....[ms, (s),ms, (5)]
= pg,(s)ems® (4.4)
From equations (4.3) and (4.4)
SU AL SH=N_ S U S
Case 2: prSn () < ps, ,(5) < ..<pg,(5) and mg, (s) < mg, (s) < ..<mg,(s) then equations (4.1) and (4.2)
implies
S U (N, S) = max{pg, (s), min[pg, (), P, (5)s-.--pg, (5)]} M mshmastms (9ms,0)ms, (9]
= max[pg (5), pg, (s))] e Ims@hms, O]

= pSI (s) eims (s) (4.5)
also

ﬂ:’zl(sl U S) = min{maX[PSI (s), Ps, ], maX[Pgl(S)) pgz(s)])~«~>maX[P51 (s), pgn(s)]}

eimax [ms,(s),ms, ()], [ms,(s),ms,(5)],....,[ms, (5),ms, (5)]

= pg,(s)ems® (4.6)

From equations (4.5)and (4.6)

SUNMLSH =N S U S
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Non membership function,

Sl U (m?:l S,) = Sl U (Sl ﬂ 82 ﬂ S3ﬂ,...,ﬂ$n)
=356 U @FsIN Is, ()5 Is51())
= max{qg,(s), min[qg,(s), g, (5)s-.,qs, ()]} s Emining (ns,@ons, O} (4.7)

m?:l(sl U Sy=GE U SN U SHNe(Se U Sw
= {56 U Iss(6NDN Ts,8) 1 Ts,(NN..[ ) @si(8) U T, (5))
= min{max[qg (), g5, (5)], max[qg (5), g, (5)];...;max[q (5), g, ()]}
x emin{imax[ns,(s)ns ()kns (),ns, ). lﬂsl(S),ﬂsy,(S)l} (4.8)
Case 1:Ifq51(s) < 45, (8) < ..<q,,(5) and ng, (s) < ng,(s) < ...<ng,(s) then equation (4.7) and (4.8) implies
S U (N, 8) = max{qs (), minlgs,(5), s, (e s, (]} e amining s,
= max[qg, (5), g, (s))] e 1rsin5, O]
= qg, (s)e™Ms© (4.9)

also

N_ (S U S) = min{max[qg (s), g5, (5)], max[qg (5), qs,(5)],....max[qg (5), g5 ()1}

X eimin {max[ns, (s),ns,(s)],max[ns, (s),ns,(s)],..., max|[ns,(s),ns,(s)]}

_ qsl(s)einsl(S) (4.10)
From equations (4.9) and (4.10)
SUNSH=N_ & U S

Case 2: Iqun(s) < g5, () < .<q4(9) and ng (s) < ngs, (s) < ..<ng,(s) then (4.7) and (4.8) implies

S U (N, S) = max{qg,(s), min[qs (), ps, ()., (]} emmsminins, o), (1)
= max[qg (5), qsn(s))]eimax[nsl(s),nsn(s)]
= qg,(s)e™n® (4.11)
also

N_, (S U S)=min{max[qg (s), 45 (s)], max[qg(s), qs,(5)],....max[qg,(s), q5 (5)]}

x eimin{max[ng, (s),ns, ()}, max[ns, (s),ns,(s)), .., max[ng, (), ns, ()]}

— g5 (5)ems® (4.12)
From equations (4.11) and (4.12)

SUNLSH=N_,S U S
The proofis similar for other cases. O

Theorem 3. For CIFSs S;, i = 1, 2,..,n”.51N (UL, S) = UL (51N S)

Proof. Let S}, S,,...,S, betwo CIFSsand £5,(s) = pg, (s)e™1(s), £s,(s) = pgs, ()€™ (5),...,L5,0) =

Ps, ()€M52(5), Js,(5) = g5, (5) €"51(5)Js, (5) = G5, (5)€™92(5)s.., T (6) = g, (5) €™ (s) represent their
membership and non membership function, respectively.
Membership function,

Slﬂ(ULl S,):SJW(Sl U 82 U S3 U ,...,U Sn)

= £6(NEs6) U Ls(9)rr-mULs ()
= min{pg, (s), Max[pg,(s), P, (-, ()]} MM Omastms @ ms, O oms, O} (4,13)

UL,ENS)=GNS) U (S$:N8) U (SN Sy

= (£56N L56) U €560N L5, U - U(Es,(6)N Ls,(5))
= max{min[pg (), pg, (5)], min[pg (), pg,(],-...min[pg (5), ps, ()]}

% eimax{minlmg, (5),ms, (5)]sminlms, (5), s, ($)L,...minlmg, (5), s, (5)1} (4.14)

Case 1: prSl () < ps,(s) < ..<pg (5) and mg, (s) < mg,(s) < ...<mg (s) then equations (4.13) and (4.14)
implies
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Sin (Ui, S) = min{pg (5), max[pg (s), pg,(5)s--.spg ()]} emintmsi()maxlms;(9)ms,(9),....ms, ()]}
= min[pg (5), pg ()] erlmsi O ms O
g o (4.15)
also

U810 S) = max{min[pg (5), pg, ()], min[pg, (5), ps,(&)],-...minpg (), pg, ()1}

x eimax{min[msg, (s),ms, (), min[ms, (s),ms,(s)]; ..., min[ms, (s), 115, (s)]}

= ps, (s)emsi® (4.16)
From equations (4.15) and (4.16)
SN, S) = U (SiNS)

Case 2: prSn(s) < ps, [(8) < .<pg () and mg, (s) < mg, (s) < ..<mg (s) then equations (4.13)and (4.14)
implies

Sin (Ui, S) = min{pg (5), max[pg (s), pg,(5)s--.spg ()]} e tmsi)maxlms;(9)ms,(S),....ms, ()}
= min[pg (5), pg (s))]emlmsishms, ()]
g o (4.17)
also

UL ,(8iNS) = max{min[pg (5), pg, ()], min[pg, (5), ps,(&)],-...min[pg (), pg, ()1}

x eimax{min[msg, (s),ms, (), min[ms, (s),1ms, ()], ..., min[ms, (s), 115, (s)]}

= pg, (s)emsi) (4.18)
From equations (4.17)and (4.18)
SIN(UL,S) =U_ (SiNS)
Non membership function,

SNULS=8nE U S U S U nlUS)
= 35ONAs6) U Is(8)eUTs(5)
= min{qg,(s), max[qg, (), 4, (). s, ()]} i@ maslis, O ms,@ensy ) (4,19)

UL (SiNS)=SNS) U ($2NS) U (SN S
= (50N Js () U Ts,()NIs, () U U Qs,()N Js,(5))
= max{min[qg (), 4 (s)], min[gg (s), q5,(s)],...,min[qg (s), g5 ()]}
 eimax{min[ns, (s),ns, )15, (55, 6) .. sy (5)o s, ()]} (4.20)

Case 1:If g (s) < qg,(5) < ...<q (s) and ng,(s) < ng,(s) < ...<ng, (s) then equations (4.19) and (4.20)
implies

SN (UL, S) = min{gg (s), max[qg (s), pg, (5)s---sqg, ()]} eminlrsihmaxing,(9ns,(6)--oons, ()]}
min[qg(s), qg, (s))] el

= qsl(s)einsl(s) 4.21)

also

M, (S1N S) = max{min[qg (s), qg, (5)], min[qg,(s), qg,(s)],....min[qg (5), g, ()]}

x eimax{min[ng, (s),ns, ()], minns,(s),15,(5)], ..., min[ns, (s), 115, ()]}

=qs, (s)einsl(s) (4.22)
From equations (4.21) and (4.22)
SN, Sy = UL (SiNS)

Case 2: If q4s,(5) < g5, () < ...<q5,(9) and ng (s) < ng, (s) < ..<ng,(s) then equations (4.19) and (4.20)
implies

10
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Sin (UL, S) = min{gg,(s), max[qg,(s), pg, (5. .., (5)] } e 151 maxtns sy ©rerms, ()}
= min[qg (), qsn(s))]eiminlnsl(S),ngn(s)J

=g, (s)ei1©) (4.23)
also

UL, (SiNS) = max{min[gg (5), g, (5)], min[qg (s), q,(s)],...,min[qg (s), q ()]}

x eimax{min[ng, (s),ns, ()], minns, (s),15,(5)], ..., min[rs, (s), 115, ()]}

=qs, (s) eins (%) (4.24)

From equations (4.23) and (4.24)

SN, Sy =UL (SiNS)

Theorem 4. CIES S), S, onV then CIF standard union, standard complement and standard intersection must

satisfy (51° U S9N S = §¢

Proof. £, = pg, (5)e™ W and L) = pg, ()™, Js) = qg, (5)e™ and Js ) = g, ()™ are the
membership and non membership function of S;, S;

(S U N8 =Lsi U Lsso

:pSf(s)eimSl(S) U PSE(S)EWSZ(S)
= max[l — psl(s), 1 — psz(s)]eimax[msl(s),msz(s)]

(S U SHNSE =maxll = pg ), 1 = pg, (U001 1(1 = pg (5)eis)
= min{max(l — Ps, (s), 1 — pSz(S))’ 1— Ps, (S)}eimin[max[ms;(s)msZ(s)],msl(s)] (4.25)

To prove equation (4.25)
Case 1: prSl () < ps,(s) and mg,(s) < mg,(s) then equation (4.25) implies

(Si° U 89 NS =min{max(1 — pg (s), 1 — pg (s)), 1 — pg, (5)} eiminlmax[ms, (s),1msy ()], ms, ()]
= min(l — pg(s), 1 — pg, ()Ml s
— pS;(s)eiWSI(S)
=8¢

Case 2: If Ps(s) = pg,(s) and mg, (s) > ms,(s) then equation (4.25) implies

(S° U 89 NS =min{max(l — pg (s), 1 — pg (5)), 1 — pg, (s)}eminimaxlms@msy©]ms, ()]
=min(1 — Psl(s)’ 1 — psz(S))eimin[ml(s),msz(s)]
= pS;(S)eimsl(S)
=5

for non membership function

(S U &N S = Jsi U Jsseo
— qu(S)einSl(S) U qsg(s) £ins:(5)
= max[l — g5 (s), 1 — qsz(s)]eimax[nsl(s),nsz(s)]

(S U SHNSE = max[l — g (), 1 — g ()] MsOns@ln (1 — g (s)eis)
= min{max(1 — qs, (s), 1 — qsz(s)), 1 — ds, (5)}eimin[maX[nsl(S),HSZ(S)]msl(S)] (4.26)

To prove equation (4.26)

11
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Case 1. Iqul (s) < q5,(5) and ng,(s) < ns,(s) then equation (4.26) implies

(S U 89N 8 = min{max(l — g5 (s), 1 — 4, (), 1 — g, ()} eminlmsxing s, 0}
= min(l — gg(5), 1 — gg,(5)eminns s,
= ggi(s)eims
Case 2. If qs,(s) = qg,(s)and ng,(s) = ns,(s) then equation (4.26) implies

(S U 89N 8¢ = min{max(l — qg,(), 1 — 45, (), 1 — qg,(s)} emintmaslis s, s, 0]
= min(1l — ds, (), 1 — ds, (s)) eiminlng, ()15, ()]
= gg:(s)ems®
1
The proofis similar for other cases O

Theorem 5. CIFS S, S, on V then CIF standard union, standard complement and standard intersection must
satisfy S; U (S5;NS) = S,

Proof. £, = g, (5)e™19and L) = pg, ()€™, Js ) = qg,(5)e™ and Js,5) = g, () ™) are the
membership and non membership function of S;, S,. For Membership function

S U (SENS) = Ls9 U ELsinN Lsys)
= max(pg (s), min(pg (s), pg, (5)))e'max(ms,(s), (ms,(s), ms,(s))) (4.27)

To prove this, we take some cases.
Case 1. pr& () < ps,(9) and mg,(s) < mg,(s) then equation (4.27) implies

S, U (852N S) = max(pg (s), min(pg, (), pg, (s))) e’ max(ms,(s), (ms,(s), ms,(s))
— max(pg, (), P, ()€’ max(ims, (s), 1, (5))
— pSZ(S)eimSz(S)
=5, (4.28)

Case2. If pg (s) < pg,(s) and mg,(s) < mg,(s) thenequation (4.27) implies

S, U (852N 8) = max(pg (s), min(pg, (5), pg, (s)))e’ max(ims,(s), (ms,(s), ms,(s)))
= max(pg, (), pg,(s))e’ max(ms,(s), ms,(s))

= ps,(eim)
=S, (4.29)

From equations (4.28) and (4.29)
S U G&:NnS) =S8,

for non membership function

S U (S:NS) = Tsiy U @sio N Isis)
= min(qsz(s), max(qsz(s), qsl(s)))eimin(ngz(s), max(ngs,(s), ns,(s))) (4.30)

To prove this, we take some cases.
Case L1:If qs,(s) < gg,(5) and ng,(s) < ng,(s) then equation (4.30) implies
S, U (8N 8) = min(gg, (5), max(qg, (5), qg,(5)))e’ min(ns,(s), (1s,(s), ns,(5)))
= min(qg, (5), q,(s)) €’ min(ns,(s), ns,(5))

= ng (S)Qi”SZ(S)
=S (4.31)

12
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Case 2: If qs,(s) < qg,(5) and ns,(s) < ng,(s) then equation (4.30) implies

Sy U (8:18) = min(q, (s), max(qg, (s), qs, (s))) e nrs:hmaxis, s )
= min(qg,(5), 4, () e'min(ns,(s), ns,(s))

= g5, ()"0
=S (4.32)

From equations (4.31) and (4.32)

Sz U (32081) = 82

5. New complex intuitionistic fuzzy distance

Complex intuitionistic fuzzy metrics for distance that are new in fuzzy reasoning and making decisions, the
hesitance degree is frequently used to express the degree of doubt or indecision about a certain option or
preference. When taking hesitance degree is frequently used to express the degree of doubt or indecision about
a certain option or preference. When taking hesitance values into account together with DMs, it usually refers
to circumstances in which likenesses or preferences are not absolute but rather range. When making decisions
involving several criteria when the decision-maker is unsure regarding the relative relevance or each criterion’s
weight, hesitancy values can be added to DMs. While working using data points that have some degree of
membership in other clusters but don’t quite fit into one values can be added to DMs. Determining an
appropriate measure that accurately reflects the lack of clarity or delay in the setting of the particular problem
or solution is essential when hesitation values are combined with DMs. To deal with imprecision and
uncertainty in the data,fuzzy logic techniques or comparable methods are frequently used. The CIFDMs with
hesitance degree however are important in preference modeling, pattern identification, medical diagnosis,
interaction between humans and computers and decision-making. Hesitancy metrics are often used to show
the degree of match doubt when evaluating string or sequences. This is particularly important in situations
where there may be uncertainty or incomplete matches, resulting in incorrect linking or information retrieval.
Here, we describe some unique DMs known as DMCIF with a hesitance degree in the context of CIFSs.

5.1. Intuitionistic complex fuzzy hesitance distance measures

Definition 16. A Hesitance is a function of CIFSsis a function dy: S(P) x S(P) — [0, 1]and
dy: S(Q) x S(Q) — [0, 1]. Forany S, S5, S5 € S(P)and S), Sy, S5 € S(Q)

i 0 < dH(Sl, Sz) <1, dH(Sl, Sz) =0 81 = 82

11 dH(Sl) Sz) = dH(SZ, Sl)

iii. dy(Si, 83) < dy(Sy, 8) + du(Sy, S3)

[Z?:llpsl(si) — Psy(s)] + 5-lms, (s) — ms,(s)] + |hs,(s) — hSZ(Si)l]

dh (S, Sy) = ”

(5.1)

[Z?:JQSI(S:') — Qs,(s)] + im&(si) — ns,(s)| + |hs,(si) — hSZ(Si)l]

dg(gla 82) = 3n

(5.2)

Here, P and Q denote the complex membership and non-membership functions of the CIFS.

Example 1.

O‘SeiO.Sﬂ' 0_56i0.77r 0_3ei0.37r 0.261'0.7# 0.4€i0'57r 0‘7ei0.87r
Sl B ( ' ) + ( , ) + ( ’ )

Sl Sl Sz SZ SS 83
O'Seio.‘lﬂ 0_16i0.97r 0.6€i0'77r 0.761'0.677 0.56i0'37r 0.6€i0'77r
82 - ) + ) + >
81 Sl 52 Sz 83 SS
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0.8 — 0.8 + -10.87 — 0.47] + |0.4 — 0.6]
+10.3 — 0.6] + -[0.37 — 0.77] + [0.15 — 0.25|

+[0.4 — 0.5] + -[0.57 — 0.37] 4 [0.15 — 0.35|
di(S), S) =

3n

_[04+02+02+03+02+01+01+01+02] _ .
3(3) '

0.5 = 0.1] + 5-[0.7 — 0.971] + [015 — 0.55]
+[0.2 = 0.7] + -[0.77 — 0.67] + ]0.15 — 0.4]
+(0.7 — 0.6 + -[0.87 — 0.77] + 0.3 — 0.25]
d(Si, S») =
3n
_[04 401 402405+ 005 + 025 + 0.1 + 0.05+ 0.05] _

3(3) '

dy(S;, S») = (0.15, 0.18)
Theorem 6. The function defined in equations (5.1) and (5.2) is a distance function

Proof. For Membership function,

i. The condition dy (S}, S>) > 0 obviously true. Next,

[ S IPs ) = Pas(sdl + y=lms, ) — ms, ()] + Ihs,(s) — he,(sl |
3n

1,0 < df(S, S) < 1

df] (Sb 52) =

3

72”:[1+1+1] 3
=1 n n

ii.

| ZiPs ) = Pl + slms,(s) = ma, (5] + Ihs, () — he, (50|
3n

[Zi1Qs0) = Qs + wlns () — ns, ()] + hs(s) — hs, sl ]
3n

dh(Sy, Sy) =

= di (S5, S)

1il.
Y lPs(s) — Ps,(s)
A0 89 = 2|+ Elms () = me, (6]
+1hs,(si) — hs,(s)]
S ilPs(si) — Psy(s)| + [Psy(si) — Ps,(si)]
=3 +lms (s) — ms ()] + Ims,(s) — mes,(s)]
+lhs (s) — hs,(s)| + |hs,(si) — hs,(s)]

S Ps(si) — Ps(si)] Y Ps,(si) — Ps,(spl
1 1
= —| +lms,(s) — ms,(s)| | + —| +5-lms,(s) — ms,(s)]
3n| T 3n| 2w
+lhs (s) — hs,(si)] +lhs,(si) — hs,(si)]

=df(Si, S3) + dh (S5, Sy.

For Non membership function

14
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i. The condition d2(S;, S») > 0 obviously true. Next,

[Si1Q56) = Qs + s, () — ny(l + s () — hs, (59 ]
3n

dS (Sl’ Sz) =

s AL 5y < a9, S) < 1
i=1 3n 3n

ii.

[Z11Q56) = Qs + s, (s) — ns, )l + s (5) — h, ()]
3n

[Z?:l'QSI(Si) — Qs,(s)] + ;7|”51(Si) — ngs,(s)| + |hs (s) — hSZ(Si)l]
3n

dg (Sb Sz) =

= 1?1(52, 51)

1ii.
YirlQs(si) — Qs (sl

1
dij(Sn S = |+ Ins(s) = n, (s
+|h51 (Si) - hSz(Si)|

YilQs,6s) — Qs + 19s,(5) — Qs, (i)l
e +;7|”51(5i) — ns,(s)| + Ins,(s) — ns,(s)]
+1hs,(s)) — hs,(s)| + |hs,(s)) — hs,(s)]

Y196, (si) — Qs (si)] Y19Qs,(si) — Qs
= —| +lns ) = ns()l | + | +olns () — ns(s)l
3n u 3n u
+hs, (s) — hs,(s)] +1hs,(si) — hs,(si)]

=d2(S;, Sy + d3(Ss, Sy

O
Definition 17. A Euclidean Hesitance DM of CIFSs is a function dgy: S(P) x S(P) — [0, 1]and
dEHZ S(Q) X S(Q) — [0, 1].Forany Sl, Sz, 83 c S(P) and Sl, Sz, 33 c S(Q)
L 0<dea(S, 8) < Ldegu(S5, S) =06 85 =38,
. dg(Si, 82) = deu (S, S)
ii. dpy(S1, S3) < de(Si, &) + dpu(Say S3)
p S L(Ps(si) — Psy(si)* + i(mgl(s,») — mg,(s)? + (hs,(s) — hs,(5))*]
dgy (S), S2) = (5.3)
3n
o S Qs(si) — Qe,(5))? + - (ns,(s0) — ns, ()2 + (his,(s1) — hs,(s:))]
dEH(Sb Sz) = 3n (5.4)

Here, P and Q denote the complex membership and non-membership functions of the CIFS.

15
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Example 2.

>

O.SeiO'SW 0.5ei0.77r 0.361'0‘377 0‘261'0.771' 0.4ei0.57r O.7€i0'87T

Sl Sl Sz Sz SS 83
0.86i0'4ﬂ 0. 1ei0.97r 0‘6ei0.77r 0.7€i0‘6ﬂ- 0.5€i0‘37r O.6€i0'77r
82 = > + > + >
Sl Sl Sz Sz 83 83

then for membership function,

(0.8 — 0.8)> + -(0.8™ — 0.4m)% + (0.4 — 0.6)?
+(0.3 = 0.6)> + 3-(0.3m — 0.7m)% + (0.15 — 0.25)?

+(0.4 = 0.5 + -(0.5m — 0.3m)* + (0.15 — 0.35)
Ay (S1, S2) =

3n
_ \/O + 0.04 + 0.04 + 0.09 4 0.04 + 0.01 4 0.01 + 0.01 4 0.04
9
— 928 6y
9

For non membership function

0.5 — 0.1)> + ;7(0.77r — 0.97)2 + (015 — 0.35)2
+(0.2 = 0.7 + -(0.77 — 0.6m)% + (0.15 — 0.4)?
+(0.4 — 0.5 + -(0.87 — 0.7m)% + (0.3 — 0.25)?

3n
[0.16 4+ 0.01 + 0.04 + 0.25 4 0.0025 + 0.0625 4 0.01 + 0.0025 + 0.0025]
9

dEQH (SI: SZ)

=0.24
dey (S1, S2) = (0.17, 0.24)

Theorem 7. The function defined in equations (5.3) and (5.4) is a distance function

Proof. For membership function,

i. The condition d}; (S, S,) > 0 obviously true. Next,

db(S1, Sy =

_ saber+en 31
_; 3n \/; \/:

Ifn=1then d5;(S;, S,) = lotherwise di}; (S}, S») < 1,0 < dl(S), S») < 1

\/[27_1”751(51') = Pay(s) + 5-lms,(s:) — ms,(s)] + |hs,(s1) — hSZ(si)l]
3n

ii.

SIIPs () — Pa(si| + 5olms,(s) — ms,(s)| + Ihs,(si) — hé‘z(si)l]
3n

g (S, S) = \/ [

- \/ [S1Qs() = Qs + lns, () — ns, ()] + hs,(s) — hs, 6l ]
B 3n
= dfy(S )

16



I0P Publishing Phys. Scr. 101 (2026) 025202

iii.

A (S, o) =

S Ps () — Pssil
1

+—1lmg, (s)) — ms,(si)|
27

+|h$1 (Si) - hSz(si)|

M Kaviyarasu et al

S Pss) — Pss) + Psisd) — Psy(s)]

1
+E|m51(51) + mS}(si) - mS}(Si) - m$2(51)|

+lhs (s hs,(s) hs,(s) — hs,(s)]

Yo IPs(si) — Pss| + [Psy(si) — Ps,(si)l

1
+;|m81(5i) — ms,(s)| + |ms,(s;)) — ms,(s)]

+1hs, (i) — hs,(s)| + |hs,(si) — hs,(si)]

J
;
J
J

o Pss) — Pssil
1

+—|ms (si) — ms,(sp)| | T
2m
+|h51(si) - th(si)|

= dgH(Sl) 83) + dgH(S% Sz)

For non membership function

i. The condition dy (S}, S5) > 0 obviously true. Next,

Z?;lrpsz(si) - 7)83(5,‘)|

1 1
. WLEImSz(Si) — mg,(si)]

+|h32(5,') - hSz(Si)I

YilQs(si) — Qsy(si)| + 217|ﬂ81(3i) — ns,(s)| + |hs (si) — hSz(Si)|]

(S, o) = \/[

3n

s n+1t+n o [30 1
N l:ZI 3n ‘/; \/;

Ifn=1then d$,(S;, S,) = lotherwise d%;(S;, S») < 1, 0 < d%;(S;, S») < 1

ii.

Y lQs () — Qs (s + ;—Wlﬂsl(si) — ng, ()| + |hs (si) — hSz(Si)l]

d]gH (Sla 82) = \/[

3n

3n

B \/[Z?_llel(si) — Qs,(s)] + ;7'”81(51‘) — ns,(s)| + |hs(si) — hSz(Si)l]

= 1(5‘21—1 (SZ) Sl)

iii.

1 Y 1Qs(si) — Qs(si)]
digy (S &) = ||+ Ins () = ns,(s)l
+|h81(5i) - hSz(si)l

Y Qs (s) — Qs(s)| + 1Qs,(s) — Qs (53]
=3 +o-lns (5) — ns, ()] + Ins,(s) — ns,(59)]
+lhs () — hs, ()| + |hs,(si) — hs,(si)]

17
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Y1956 — Qs,(s)] Y 1Qs,(si) — Qs (sl
= || +5lns() = ns@)l | + || +5zlns,s) — ns(s)l
3n ™ 3n m
+|h$1(51) - h53(51)| +|h82(51) - h$3(51)|

= d5,(Si, S + d3 (S5 S -

Based on their union and intersection operators, theorems 2 and 3 establish the basic set theoretic relation-
ships of CIFSs. Although the proofs in this paper employ case-based reasoning for clarity, the algebraic proper-
ties of complex-valued membership and non-membership functions like commutativity, associativity, and
distributivity ensure that the same relationships hold for all CIFS tuples. Thus, the validity of the theorems
extends to the general algebraic formulation of CIFSs without dependence on case distinctions. Furthermore,
the proposed distance measures HDMCIFS and EHDMCIFS satisfy the essential metric axioms. Because each
componentis constructed using absolute differences, non-negativity, identity, and symmetry follow directly.
The triangle inequality is satisfied under the standard assumption in CIFS literature that phase values are trea-
ted as real-valued quantities in [0, 27] without circular wrap-around. Under this linearized phase representa-
tion, the additive and Euclidean-type terms used in the definitions preserve the triangle inequality, ensuring
that HDMCIFS and EHDMCIEFS behave as valid real metrics within the CIFS framework.

Definition 18. Let d; be the hesitance measure of CIFSs. Then the complement hesitance distance measure
(dy (8)°, di(S,)°) of two ClIFsis defined as

1 [ Sl = Ps(s)) — (1 = Ps(s)]
@ (S0 di(SD) = o=| +5110ms,(59)) = (s (59)]
+(1 = hs (5)) = (1 = ha,(s1)]

1 [ 10— Qs(s) — (1 — Qs,(s)
@Sy, d(S>) = -~ +5-l(ns,(5) — (s, (50)
+(1 — hs,(51) — (1 — hs,(s)]

Definition 19. Let dy; be the hesitance measure of CIFSs. Then the max hesitance distance measure S; and S, of
two CIFs is defined as

[ EiPa) U P — Psis)
A (St U 82 8D = = 45110 (5) U s, (59) = s, (59)]
+(hs, () U hsy(s) — hs, ()]

1 S Qs () U Qs,(si) — Qs (i)l
S U S S) = ™ +21—7r|(n51(5i) U n5,(s1) — ns,(si)|
+|(hs,(s)) U hs,(si)) — hs,(s1))]

Y (Ps(s)) — Ps,(si) U Ps(si)l

1
Ay (S S2 U 8D = | 451105 (5) = ms,(5) U s, (59)]
+[(hs,(si) — hs,(si) U hs,(si)]
X Yil(Qs(s) — Qs,(s) U Qs (i)l

diSn & U 89 = =1 +5110ns(s) = ns, () U s (59)]
+1(hs,(si) — hs,(si) U hs,(s0)|

where U is a max operator of CIESs

Definition 20. Let di; be the hesitance measure of CIFSs. Then the min hesitance distance measure S; and S, of
two CIFs is defined as

| YL (Ps(sdN Psy(si) — Pss)l
A (S1N 82 8 = | 45 |0ms (DN ms, () = ms, ()|
+|(hs, ()N hs,(s)) — hs,(s)]

18
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Y 1(Qs (50N Os,(si) — Qs (sl
ARSI S 89 = |+l 6N ns.5) — s (50)
+|(hs,(s)N hs,(si) — hs,(s)]

[ S [(Ps,(s) — (Ps,(s)N PG5 |
A (S0 $:18) = 2| +H10ms (5) — (s ()N ms. ()]
| +|(h81(5i) - (]’152(51')0 hSz(si)))l ]
[ 1(Qs,(5) — (Qs,(s)N Qs (50! ]
43S S2N1 8D = |+l (5) — (1, ()N s,
F1(hs,(51) — (hs,(s)N b, (52))]

where N isa min operator of CIFSs

Definition 21. Let dy; be the hesitance measure of CIFSs. Then the max-min hesitance distance measure S, and
S, of two CIFsis defined as

[ S0 I(Psy(s) U Ps(s) — (Ps(s)N Psy(s)l |
S U 82 §iNS) = | +Elms(5) U ms ) = G, (500 ms. 50)]
| s () U hs,(s) — (hs (sdN hs,(si)] |
[ S0 (PN Psy(s1) — (Ps(s) U Psy(s)l |
dSNS, S U Sy = % +-lmes, (59N mes, () — (ms,(si) U ms, (s:)|
+(hs, (DN hs,(s)) — (hs,(s) U hs,(s9)]

[0 1(Qs65) U Qs(s)) — (Qs, (59N Qs ]
d2(S | S, SiNSy) = 3% +%I(ﬂsl(5i) U 15,(51)) — (ns,(s)N ns,(s))|
| (s, () U hs,(s) — (hs ()N hs,(s))| |
[ 1(Qs,(s)N Qsy(5)) — (Qs(s) U Qsy(s)]
ARS8 S U 8= 2| Ll (60N 150 — (15,69 U s (50)
+|(hs, (s)N hs,(5) — (hs,(s)) U hs,(s)]

where U and N is a max and min operator of CIFSs

Definition 22. Let dgg; be the Euclidean Hesitance measure of CIFSs. Then the complement Hesitance distance
measure (dey (516, der(S,)°) of two ClFsis defined as

Y = Ps(s)) — (1 = Psy(s0))?
(g (S0 dggy (80)) = 3% +o(((mes, () — mes,(s:)))?
| +((1 - hSl(si)) - (1 - hsz(si)))z

S = Qs() — (1 — Qsy(si)
(dS4(S), d$4(S)) = % 55 ((ns,5) — (n5,))
(1 = s () — (1 = hg,(5))?

Definition 23. Let dg; be the Euclidean Hesitance measure of CIFSs. Then the max hesitance distance measure
S;and S, of two CIFs s defined as

| (Ps(s)) U Psy(s) — Ps,(s))?
(S U 85 8D = | 2=3 0| +3((ms (s) U ms,(s) = ms(5))
T (s ) U hs,(s) — hsy ()Y

L (Qs,(s) U Qs,(5) — Qs,(s))>
A3 (S U S» Sy = EZ +#((”81(5i) U ns,(s1) — ns,(si)?
T ((hs,(5) U hsy(s) — hsy(s0))?

19
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(Ps(s)) = (Psy(s)) U Ps,(s:)))

A (S0 S U S = [5-30 |+ 5k0ms () = (ms,(s) U m(s)
T s = Gss) U hs )y

(Qsi(s) — (Qs,(s) U Qsi(si)))?

dgy(Si, S2 U Sy = %ﬂz Fo(ns,(5i) — (n5,(5) U ng,(si)))?
T hs () — (hs,(s) U s (s))

where U is a max operator of CIFSs
Definition 24. Let dg; be the Euclidean Hesitance measure of CIFSs. Then the max desitance distance measure

S;and S, of two CIFs is defined as

|(Ps,(s)N Ps,(5i)) — Psi(si)l

(SN Sz 89 = =3 | 55l ()0 s, () — s (5]
T s 6N s () — ()]

[(Qs,(s)N Qis,(5) — D5, (5]

1 n
A (SIN Sy &) = | =37 | 455105 ()N ns.(6) = ns(s)]
T s N s ) — hs,(s)]

I " |P3](Si) - (7)‘5‘2(51')ﬁ PS](Si))|
A (Sn SN 8) = |37 | +551ms () = (s (500 ms ()|
T s ) — (N hs )]

| . [95,(5) — (Qs,(s)N Qs,(51)) |

A4(S0 S:18) = |23 |5l (s) = (ns (s s 50)]
T s ) = (s hs ()]

where N isa max operator of CIFSs

Definition 25. Let dp;; be CIFSs’ Euclidean hesitancy measure. Next, the maximum-min Hesitance distance

measurements of two CIFs, S and S,, are specified as

| (Ps,(s)) U Psy(s)) — (Ps(s)N Ps,(s1)))°

dgy(S1 U Sp SINSy) = 3—2 +om (M, (s) U ms,(s) — (ms, (s ma, (s1))?
T s ) U s (s)) — (hs (50N hsy(5))?

L ((Qs,(5) U 9s,(s1) — (Qs,(s)N Qs (s:)))?
dgy(S1 U Sn NSy = ;Z +o5((n5,(5) U ns,(s0) — (s, (50N 1, (5)))?
T () U sy(s)) — (hs (5)N s, ()

o (Ps,(sDNPsy(s)) — (Ps(s) U Ps,(s)))°

A (SINSL S | Sy = iz oL ((ms (DN ms () — (ms,(s) U ms,(50))?
T s N sy () — (hs,(s) U hsy(s0) Y

|| (QsN Q) — Qs U Qsi(s0))?
dg(SiNS, S U 8D = |3 +55((ns(DN s (5) = (15,(50) U s (50))
T s N e — (s ) U hs ()Y

where U and N is a max and min operator of CIFSs
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Table 2. Collection of attributes.

M Kaviyarasu et al

Ek (S,' bl bz b]

E, ! (sB11(by) e™BiLtD, 5By, (by) eBi1b) (sBi2(by)e™B2bD, s (by) e™Br2(b2) (sByj (b) e™Bi®, By (b;) e i)
& (sBa(b)e™ D, 5By (b) e D) (sByy (by)e™B2bD), 5By (b)eP22(b) (sBaj (b)) e™B4 D, 5By (by)e™B2®D)
& (SBil(bl)eimBil(bl)) SBi1(b1)ei”Bi1(hl)) (SBiz(bz)ei’”sz(bZ)> SB,'z(bz)e"”B’Z(hZ)) (SBij(bj)ei’”B’Y(bJ), SBij(bj)ei”B"J(hJ))

E, & (sBy1(by)e™Bn®y B, (by)eBribn) (sB12(by)e™B12(b2) | 5B, (b,) eBr2(b2) (sByj (b)) e™Bi®) sB,;(b;)e™Brith)
b2 (sBar(by)e™Bn®, 5By (by)e™Pu®V)  (sByy(by) e, 5By, (by) eF2(b) (sBaj (b)) ™50, sB,;(by)e™P D)
6 (sBiy(by)e™PBa®0, B (by)eiPirhn) (sBia(by) e™P2b2), 5B, (by) e'Biah2)) (sBij(b;)e™Bi %), sBj; (b;)e™Biti))

Ec 6 (sBu(b)e™B®, By (b)e"n)  (sByy(by)e B2, 5By (by)eP12bD) (sByj(by) e™Bit0), sBy;(bj)eBiih)
0, (sBa1(by)e™B2n®V, By, (by) eB21(bD) (5B (by) e, sBy, (by) eB22(b2)) (sB2j (b)) e™B2 ), sBy; (b;)e™B2i®))
6 (sBiy(bye™Ba®, By (by)einBitn) (sBiz(by) B2t 5By (by) eBia(b) (sBjj(by)e™Pi™, sBj;(by)e™Pihi))

6. Applications for complex intuitionistic fuzzy sets

Different algorithms for making decisions are created for particular situations and issues. A new method for
making decisions based on CIFSs and DMCIFSs is suggested in this section. By adding complex numbers, CIFS
theory expands on the potential of conventional fuzzy set theory and provides a more sophisticated way to
describe and manipulate uncertainty in decision-making scenarios. It provides decision-makers with a strong
foundation for handling challenging and unpredictable situations and coming to wise decisions. CIFSs can be
used to more accurately simulate competing criteria, preferences, and imprecise information in decision-

making situations. Decision-makers can take into account a wider variety of options and make better decisions
because of the complexity of the figures. Furthermore, the algorithm probably offers a workable way to include
intricate fuzzy distance measures into the decision-making process, as the paper states.

Definition 26. Let 6, = (6, 05, ..., 6;) be range of i alternatives and bj = (by, b, ..., bj) be range of j attributes. Let
E=EE,, ..., E;isacollection of k experts, where E; represents the kth expert involved in the decision making
process. The evaluated value supplied by the expert E; for alternative ¢; with regard to the criterion b;is

Bjj = sB;j(b)) e™Bi(1) which is the attribute value of alternatives §; for index bj. Thus, the table that was produced
using these assessed values is given in table 2.

Definition 27. Let 6; = (6, 0, ..., 6;) be range of i alternatives and b; = (by, b, ..., bj) be range of j attributes. Let
E=E,E,, ..., Exisacollection of k experts, where E; represents the kth expert involved in the decision making
process. The evaluated value supplied by the expert E for alternative 6; with regard to the criterion b; is

Bjj = sB;j(bj)e™Pi®), which is the attribute value of alternatives §; for index b;. Then, as specified by table 2, is
the elements of the distance matrix.

Definition 28. The score function S(;) of i alternative(d;);i = 1,2,...,n

AP, PE), (9, o)) (P, PI), d(QF, Q) ... (d(P-D, P, (Qf-D, QfFKy)
[DM3,3 = [ @d(PS, PE), d(QE, OF)) (d(PSY, P, d(QY, OF)) ,....(d(PEY, PSR, (QF—D, QF0))
AP, i), d(Q, Qi) (@(P™, P{P), d(Q, Q) ,....(d(P{*7, Pi¥), (QiV, Qi)

SILAPP, PE), d(QF, 9

n

S(6) =

6.1. MCDM algorithm
The following is a general outline of the steps involved in the proposed MCDM algorithms. These steps are
based on DMCIFSs,
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Step 1: Create the decision-making table, as defined in 2, in the context of CIFSs.

Step2: Determine the HDMCIFS and NHDMCIES between the values evaluated by various experts
corresponding to alternatives.

Step 3: Create the distance matrix, based on the values of HDMCIFS and NHDMCIFS.
Step4: Determine the score functions corresponding to each alternatives.

Step5: Rankthe alternatives according to the score functions and choose the most desirable one.

6.2. Problem description

6.2.1. Retail and E-commerce decision-making framework

Let (P, Q) = (P, Q) = (Walmart, eBay), (P, Q,) = (Costco, Local Supermarkets), (P;, Q3) =(Amazon
Prime, Regular Amazon Shopping) be the collection of Retail and E-commerce, B= (B, B,, B3, By, Bs) be a
collection of attributes where by, by, bs, by, bs represents Pricing, Shipping Speed, Product Availability,
Customer Perks, Purchase Flexibility are the common attributes in Retail and E-commerce.

Step1 :Supposethat E = Ej, E,, E5is a panel of three professionals taking part in decision-making.. Assume
Mr. John is faced with a decision-making dilemma and want to launch an industry. Mr. John assigns
three people to carry out the evaluation and selection process, particularly to examine options in light of
five choice criteria experts in decision-making, E = E1,E2,E3. Five qualitative factors pertaining to
industry are taken into consideration through conversations with the three specialists. The following
table 2 provides sophisticated fuzzy information regarding internet business based on the three experts’
areas of expertise.

Step2 :Determine the HDMCIFSs between the various have professionals assessed and that correspond to the
options. L;i = 1,2,3.

0.8 — 0.8] + S-[0.87 — 0.47] + (0.4 — 0.6]
+103 = 06| + 5-[0.37 — 0.77] + [0.15 — 0.25|
+104 = 05] + S-[0.57 — 0.37] + [0.15 — 0.35]
+0.6 = 03] + 551077 — 0.1.2] + [0.25 — 0.3]

+10.5 = 0.8] + 5-[0.37 — 27| + [0.35 — 0.2]

d(PI, PI) = = 15 '
(0402402 +03+024 0.1+ 0.1 +0.1+ 02+ 0.3 + 025 + 0.05 + 0.3 + 0.85 + 0.15]
15
=0.22
0.5 = 0.1] + -[0.77 — 0.97] + (015 — 0.55]
+0.2 = 0.7] + 5-10.77 — 0.67] + 10.15 — 0.4]
+l0.4 — 05| + -[0.87 — 0.77] + 0.3 — 0.25|
+]0.7 — 0.5] + %|0.67r — 137 + |0.4 — 0.15]|
+10.6 = 03] + 5-[0.77 — 0.2 + 10.25 — 0.2]
d(QF, Q) =2 - !
_[04 + 0.1 4 0.2 4 0.5 + 0.05 + 0.25 + 0.1 + 0.05 4 0.05 + 0.2 + 0.35 + 0.25 + 0.3 4 0.25 + 0.05]
15
=0.20
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[ 0.8 — 051 + Ljo.8w — 157 + J0.4 — 0.25] |
+10.3 = 0.3] + {037 — 1271 +10.15 — 0.3]
+10.4 — 0.8] + ;—W|0.57r — 27| 4+ 10.15 — 0.2]
+103 — 0.6 + -1037 — 0.77] + [0.15 — 0.25|

+|04 — 0.5 + -[0.57 — 0.37] + [0.15 — 0.35|

d P(El)’ PpEy - L
(P P 15

_[0.3 +0.35+ 0.15 + 0 + 0.45 + 0.15 + 0.4 + 0.75 + 0.05 + 0.3 + 0.2 + 0.1 + 0.1 + 0.1 + 0.2]
15

=0.24

[ 105 — 0.9] + L1077 — 0.77] + 1015 — 035 |
+10.2 = 0.5] + 51077 — 137 4 10.15 — 0.15|
+0.7 = 0.3] + 5-[0.87 — 027 + 0.3 — 0.6
+102 = 0.7] + -[0.77 — 0.67] + [0.15 — 0.4]

+104 — 0.5 + -[0.87 — 0.77] + |03 — 0.25]

(@, o) =+ 5

_[044+04+04+ 03403+ 0+ 044 03+ 0.1+ 0.5+ 0.05+ 0.25 + 0.1 + 0.05 + 0.05]
15

=0.21

AP, PI) = 0.30, d(QF, QF) = 0.26,
AP, PE)) = 0.15, d(QFY, 9F) = 0.26,
d(P§, PE)) = 0.24, d(QF, ) = 0.20,
d(PE, PE) =029, d(QF, OF) = 0.18,
AP, P{?) =031, d(QF, Of) = 0.34,
d(PEY, PE) =032, d(QF), QF) = 0.29,
d(P§?, PE) =038, d (9§, Q) = 0.36.

(P, PE), d(QF, Qi) (P, i), d(Q, Qi) (d(P, PI), (), Q)
[DMs.c5 = | (d(PY, PE2), d(Q5, Q) (d(PFY, P, d(QF, Q) (d(PY, P, (4, Q)
(d(PSY, PE), d(QF, QF) (d(PEY, PY), d(QF7, Q) (d(PY™, PE?), (Q5, QF)

(0.22, 0.20) (0.24, 0.21) (0.30, 0.26)
[DM]s3«3 = | (0.15, 0.26) (0.24, 0.20) (0.29, 0.18)
(0.31, 0.34) (0.32, 0.29) (0.38, 0.36)

S @, P, dQ, o)

S(Ly) = 3

3
22 24 R 2 21 2

S(Ly) = Z(O +0 —|—030), (0.20 + 0 + 0.26) — (0.25, 0.22)
-1 3 3
3

S(Ly) = Z (0.15 + 0.24 + 0.29) ’ (0.26 + 0.20 + 0.18) — (0.24, 0.21)
i=1 3 3
3

S(Ly) = Z (0.31 + 0.:2 + 0.38) ’ (0.34 + 0.;9 + 0.36) — (0.33, 0.33)
i—1

(0.24, 0.21) < (0.25, 0.22) < (0.33, 0.33)
S(Ly) < S(Ly) < S(Ls)

S(Ls3) = (Ps, Q3) = (Amazon Prime, Regular Amazon Shopping)is thus selected as the top Retail and
E-commerce by the score functions based on HDMCIFSs.
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Euclidean hesitance complex intuitionistic fuzzy distance measures

(0.8 — 0.8)> + s5(0.8™ — 0.4m)% + (0.4 — 0.6)?
+(0.3 — 0.6)> + #(0.37r — 0.77)% + (0.15 — 0.25)?
+(0.4 — 0.5)> + #(0.571’ — 0.3m)% + (0.15 — 0.35)2
+(0.6 — 0.3)> + #(0.7# — 0.1.2m)% + (0.25 — 0.3)?

+(0.5 — 0.8)* + #(0.% — 2m)2 + (0.35 — 0.2)?
d(P\E, piE)y — | & -

15
=0.29

[ (0.5 — 0.2 + (0.7 — 0.9m) + (015 — 0.35)? |

+(0.2 = 0.7)2 + 55(0.77 — 0.6m) + (0.15 — 0.4)?

+(0.4 — 0.5 + 55087 — 0.77) + (0.3 — 0.25)?

+(0.7 = 0.5)% + 55(0.6m — 1.3m)7 + (0.4 — 0.15)?

+(0.6 — 0.3)* + 5(0.7m — 0.2m)2 + (0.25 — 0.2)?

d Q(El), Q(Ez) —\|L )

(@ ) 15

=0.25

(0.8 — 0.5)2 + #(O.SW — 1.5m)% + (0.4 — 0.25)?
+(0.3 = 032 + (031 — 1.2m)% + (0.15 — 0.3)2

+(0.4 — 0.8)2 + 55(0.5m — 2m)? + (0.15 — 0.2)?
+(0.3 = 0.6) + 5(0.3m — 0.77m)> + (0.15 — 0.25)*

+(0.4 — 0.5)2 + ﬁ(osﬁ — 0.3m)2 + (0.15 — 0.35)?

d P(El)) 'P(Es) _ (L i
(P P17 15

= 0.36

(05 — 0.9 + (0.7 — 0.7m)2 + (0.15 — 0.35)? |
1

+(0.2 — 0.5)% + 55071 — 1.3m)% + (0.4 — 0.15)2

+(0.7 = 0.3) + (0.8 — 0.2m)> + (0.3 — 0.6)*

+(0.2 — 0.7)% + #(0.777 — 0.6m)? + (0.15 — 0.4)?

+(0.4 — 0.5)% + #(0.877 — 0.7m)% + (0.3 — 0.25)?

d(Qf, o) = | = = .

=0.27

d(PE), PE) = 0.40, d(QF, Qi) = 0.32,
AP, PE)) =023, d(QFY, ) = 0.28,
d(PEY, PE) =0.29, d(QF, Q) = 0.32,
d(PS?, PE) = 0.36, d(Q5, 0F) = 0.25,
AP, PEY) = 0.36, d(QFY, Q) = 0.41,
d(PE, PE) = 0.38, d(QF), Q) = 0.39,
AP, P8 =043, d(QF, QF) = 0.38
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(P, PE), d(QF, Q) (P, PI), d(Q, Qi) (d(P, PI), () Q)
[DMls5 = | (d(PEY, PE), d(Q5Y, Q) (d(PSY, PY™), d(QF, Q57) (d(PY?, PE), (QF7, Q)
(P, PE), d(Q, Q) (d(PEY, P, d(QF, Q§) (d(PY?, PY), (5, Q)

(0.29, 0.25) (0.30, 0.27) (0.40, 0.32)
[DMJs,3 = | (0.23, 0.28) (0.29, 0.32) (0.36, 0, 25)
(0.36, 0.41) (0.38, 0.39) (0.43, 0.38)

SdPE, PP, dQ, Q)

S(Ly) = 3

3
2 . 4 2 27 32

S(Ly) = Z(O 9+ 0304+ 0 0)’(0 540 + 0.32) — (031, 0.29)
i—1 3 3
3

S(Ly) = Z (0.23 4+ 0.29 + 0.36) , (0.28 + 0.32 + 0.25) — (0.29, 0.28)
iz1 3 3
3

S(Ly) = Z (0.36 + 0.;8 + 0.43) ’ 0.41 + 0.:7 + 0.42) — (0.37, 0.40)
iz1

(0.29, 0.28) < (0.31, 0.29) < (0.37, 0.40)
S(La) < S(Ly) < S(Ls)

S(L3) = (P35, Q3) = (Amazon Prime, Regular Amazon Shopping) is thus selected as the top Retail and
E-commerce by the score functions based on EHDMCIFSs.

6.2.2. Healthcare decision-making framework
An additional healthcare-based example is also included. Let (P, Q) = (Government Hospital, Private
Hospital), (P, Q,) = (Generic Medication, Branded Medication), (Ps, Q3) = (Telemedicine Consultation, In-
person Clinic Visit). Let B= (B, B,, B3, By, Bs) be a collection of attributes where by, by, bs, by, bs represent
treatment costs, service speed, specialist availability, patient convenience, and diagnostic reliability. These
characteristics are frequently employed when evaluating healthcare alternatives, and they give a more
comprehensive, real-world decision context for analyzing the effectiveness of the proposed distance measures.
The same computational steps used in the previous example can be applied here to construct the decision
matrix, compute the distance values, obtain the aggregated scores, and determine the final ranking.

6.3. Comparison analysis

The comparison of the HDMCIF and EHDMCIF with the NHDMCIF and NEDMCIF was covered in this part.
The suggested DMCIFs are reduced to NHDMCIF and NEDMCIF if we take certain limitations on HDMCIF
and EHDMCIF. The comparison is established below:

Note1 Weare going to consider the Hesitancy degree as zero then, the HDMCIF is reduced to NHDMCIF.

Note2 Similarly, we are going to consider the Hesitancy degree as zero then, the EHDMCIF is reduced to
NEHDMCIF

6.3.1. Normalized hesitance distance measures of complex intuitionistic fuzzy
The decision-making issues based on other DM CIF without hesitation degree have also been covered only for
the three attributes by, b,, b; given in table 3. The following is the comparative study:

0.8 — 0.8] + -[0.87 — 0.47]
+[0.3 — 0.6] + -|0.37 — 0.77]
+[0.4 — 0.5] + -[0.57 — 0.3n]

9
[0+ 0.2+ 0.3 4 0.2 + 0.1 + 0.1+]

= = 0.15
9

d(P{", P{) =
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Table 3. Evaluated values of alternatives.
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Ex Ps Qi) by b, b3 by bs

E, Py Q) (0.8¢"87,0.5¢%7™) 0.3¢°37,0.2¢7™) (0.4¢™°7,0.7¢°8™) 0.6¢*77,0.7¢°°™) (0.5¢>™,0.6¢"7 ™)
Py, ©)) (0.1e°7,0.2¢°%™) 0.3¢%77,0.5¢8™) (0.4¢°>7,0.6¢°>™) 0.6¢>°7,0.9¢%7 ™) (0.5¢°7,0.6¢%7 ™)
(Ps, Q3) (0.2¢°77,0.5¢%°™) 0.5¢27,0.3¢>™) (0.4¢°7,0.8¢°>™) 0.3¢>7,0.9¢"°™) 0.8¢°°7,0.9¢1 ™)

E, (P, Q) (0.8¢"47,0.1e*°™) 0.6¢*7™,0.7¢°¢™) (0.5¢">7,0.6¢°7™) 0.3¢"%7,0.5¢'> ™) (0.8¢°°7,0.9¢' ™)
(Py, Q) (0e°°7,0.7¢%7™) (0.6¢™°™,0.9¢°7™) (0.5¢>>™,0.6¢>7 ™) 0.6¢">™,0.9¢"7™) (0.7¢"™,0.5¢"7™)
(Ps Q) (0.4¢°>7,0.4¢* ™) (0.3¢°7,0.9¢"°™) (0.8¢%°7,0.9¢™' ™) (0.9¢77,0.5¢™> ™) (0.3¢"°7,0.9¢"7 ™)

E; Py Q) (0.5¢'°7,0.9¢"7™) 0.3¢"27,0.5¢'>™) (0.8¢*°™,0.9¢*' ™) 0.3¢°37,0.2¢%7™) (0.4¢™°7,0.7¢°8™)
Py Q) (061,8w)0‘7el.ﬁﬂ) (0.661'5”, O.9e0'7”) (0.761.57r’0.530.77r) (0_460.57) O_6eo.arr) (0.660‘9“,0,960'7”)
(P, Q) (0.8¢"7™,0.9¢"8™) 0.9¢°>7,0.5¢%2™) (0.3¢"87,0.9¢"7™) (0.4¢%°7,0.8¢°>™) 0.3¢"°7,0.9¢°™)

A, o) =
_ [0.4+ 0.1+ 0.5+ 0.05+ 0.1 4 0.05+]

d(PE, PE)) —
_[0.3+035+0+ 045+ 0.4 + 0.75+]

(", o) =
_[04+0+03+03+04403]

0.5 = 0.1] + 5-{0.77 — 0.97]
+[0.2 = 0.7] + -|0.77 — 0.67]

+[0.4 — 0.5] + -|0.87 — 0.77]

9

0.8 — 05| + 5-[0.87 — 1.57]
+10.3 = 0.3] + -[0.37 — 1.27]

9

+10.4 — 0.8] + -[0.57 — 27

9

0.2

0.37

0.5 — 0.9] + -|0.77 — 0.77]
+102 = 0.5] + -[0.77 — 1.37|

9

+[0.7 = 0.3] + -|0.87 — 0.27]

9

0.28

9

(P, PE), d(QF), Qi) (P, i), d(Qf, Q) (P, PI), (Qf, Qi)
[DM1s5 = | (d(PE, PY), d(QSY, Q) (d(PYY, PE), d(QF, Q) (d(PF?, PY), (QF, Q)
(P, PED), d(QY, Q) (d(PEY, P, d(QS7, Q) (d(PY™, PE), (QF), Q)

AP, P{) = 0.42, d(Qf, Q) = 0.3,
d(PE, PE) = 0.15, d(QF, Q) = 0.29,
d(PE, PE) = 0.34, d(QFY, OF) = 0.27,
d(PE, PE) =029, d(QF?, OF) = 0.15,
d(PE, PE) =027, d(QF, Q) = 0.39,
d(P§, P) =036, d(Q, QFF) = 0.32,
d(PY, PE)) =052, d(QF, OF) = 0.41.

[DM]3x3 =

(0.15,0.2) (0.37, 0.28) (0.42, 0.33)

(0.15, 0.29) (0.34, 0.27) (0.29, 0.15)

(0.27, 0.39) (0.36, 0.32) (0.52, 0.41)

26



I0P Publishing Phys. Scr. 101 (2026) 025202 M Kaviyarasu et al

YL dPE, PE), d(QF, 9

S(Ly) = 3
3

sy =[5 (0.15 + 0.37 + 042) (02 +028 + 0.33)) (031, 027)
i=1 3 3
3

s[> (0.15 + 0.34 + 029) (029 +027 + 0.15)) PP
i-1 3 3
3

27 + 0. 52) (0. 32 + 041

s[> (0.27 + 0;6 +0.52) (039 + 033 +0 )) (038, 0.37)

i=1

(0.26, 0.23) < (0.31, 0.27) < (0.38, 0.37)
S(Ly) < S(Ly) < S(Ls)

S(L3) = (P5, Q5) = (Amazon Prime, Regular Amazon Shopping)is thus selected as the top Retail and
E-commerce by the score functions based on NHDMCIFSs.

6.3.2. Normalized euclidean hesitance complex intuitionistic fuzzy distance measures

| 0.8 —0.8)?2 + L (0.87 — 0.47)?

1

+(0.3 — 0.6)% + F(O‘sﬂ — 0.77)?
1

+(0.4 — 0.5)> + F(O.SW — 0.37m)?

6

\/0 + 0.04 + +0.09 + 0.04 + +0.01 + 0.01+
6

d(’PgEl)’ 'PiEz)) —

=0.17

0.5 — 0.1) + 21?(0.771' — 0.97)?
+(0.2 — 0.7)2 + #(0.7# — 0.67)>
+(0.4 — 0.5)2 + #(0.87‘(‘ — 0.77)2

(", of?) =
=0.26

6

(0.8 — 0.5 + 55(0.87 — 1.57)?
+(0.3 = 032 + 55(0.3m — 1.27m)°
+(0.4 — 0.8)2 + 55(0.5m — 27)?

d(PE), P — -

=0.43

|
(0.5 = 0.9)> + -5(0.77 — 0.7m)?

+(0.2 = 0.5 + 5077 — 1.37)?

+(0.7 — 0.3)> + —=(0.87 — 0.27)?
d(Qf, o) = :

=0.29

6

d(P, PE) = 0.47, d(QF, Of) = 0.4,

d(PE, PE) = 0.16, d(Q, Q) = 0.34,
d(PE, P = 0.36, d(QF), Q) = 0.32,
d(PYE), P8 =0.24, d(QF?, QF) = 0.24,
AP, PEY) = 0.32, d(QFY, Q) = 0.48,
d(PYY, PE) = 0.43, d(Q5, Q) = 0.39,
d(PY, P{) =053, d(QF, Q) = 0.30.
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Normalized hesitance distance measure Normalized Euclidean hesitance distance
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Figure 1. (a) NHDM (b) NEHDM.

Table 4. Ranking of complex intuitionistic distance measures.

Score Value Ranking Best optimal
HDMCIF (0.24,0.21) < (0.25,0.22) < (0.33,0.33) S(L2) < S(L1) < S(L3) S(L3)
EHDMCIF (0.29,0.28) < (0.31,0.29) < (0.37,0.40) S(L2) < S(L1) < S(L3) S(L3)
NHDMCIF (0.26,0.23) < (0.31,0.27) < (0.38,0.37) S(L2) < S(L1) < S(L3) S(L3)
NEDMCIF (0.25,0.30) < (0.35,0.31) < (0.42,0.39) S(L2) < S(L1) < S(L3) S(L3)

(0.17, 0.26) (0.43, 0.29) (0.47, 0.40)
[DMJsy3 = | (0.16, 0.34) (0.36, 0.32) (0.24, 0, 24)
(0.32, 0.48) (0.43, 0.39) (0.53, 0.30)

Y3 (@@, PEY, aQi, gy

S(L) = 3
3

S(Ly) = Z (0.17 + 0.43 + 0.47) ) (0.26 + 0.29 + 0.40) — (0.35, 0.31)
i=1 3 3
3

.16 .36 24 .34 .32 .24

S(Ly) = Z(O + 036 +0 )’(03 + 0.32 + 0.24) — (0.25, 0.30)
i—1 3 3
3

S(Ls) = Z 0.32 + 0.;13 + 0.53) ’ (0.48 + 0.:9 + 0.30) — (0.42, 0.39)
iz1

(0.25, 0.30) < (0.35, 0.31) < (0.42, 0.39)
S(L2) < S(Ly) < S(Ls)

S(Ls) = (Ps, Q3) = (Amazon Prime, Regular Amazon Shopping) is thus selected as the top Retail and
E-commerce by the score functions based on NEHDMCIFSs.

Table 4 illustrates the comparative ranking results achieved utilizing the new HDMCIF and EHDMCIF
distance measurements alongside the existing NHDMCIF and NEDMCIF approaches. For each strategy, the
relevant score values of the three alternatives are provided in ascending order, followed by the resulting ranking
and the determined best choice. Although all four measures consistently identify S(L3) as the ideal alternative,
the numerical disparities in the score values reflect how each technique interprets amplitude, phase, and hesi-
tance information. The NHDMCIF and NEDMCIF yield relatively closer values because there is no hesitance
information, whereas the proposed HDMCIF and EHDMCIF measures show a more pronounced distinction
among the alternatives, showing improved discriminatory potential.

Opverall, the table clearly illustrates how the proposed methods improve choice differentiation in compli-
cated intuitionistic situations. Thus, the presented decision-making scenario demonstrates the suggested mea-
sures flexibility and robustness in capturing both hesitance and phase-based uncertainty. Unlike existing CIFS
or IF distance models, which only extend standard measures in real-valued domains, the proposed framework
provides a conceptually different formulation capable of dealing with complex-valued and hesitant informa-
tion. This distinction emphasizes the practical and theoretical originality of the current application. Figure 1
presents the schematic representation of the proposed complex intuitionistic fuzzy decision-making
framework.
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6.4. Sensitivity analysis

The viability of using the proposed HDMCIFS and EHDMCIFES models in an MCDM setting is demonstrated
in the application section. Although a simplified example was provided for clarity, the suggested framework can
readily be extended to more realistic decision scenarios involving a larger number of alternatives and conflicting
criteria, such as cost-benefit trade-offs or performance-risk assessments. In such complex environments, the
inclusion of both amplitude and phase information provides richer modeling flexibility, enabling the
representation of correlated or cyclic decision parameters that cannot be effectively captured by real-valued
fuzzy techniques. Furthermore, variations in amplitude and phase can be conceptually interpreted as a form of
sensitivity behavior in the decision-making process. Small changes in these components reflect differing
degrees of hesitance or uncertainty among decision-makers. Because the proposed distance measures are
designed to respond smoothly to such fluctuations, minor adjustments in amplitude or phase do notlead to
disproportionate changes in the final ranking of alternatives. This property highlights the stability and
robustness of the proposed models when applied to complex or conflicting decision situations.

6.5. Advantages of hesitance distance measures of complex intuitionistic fuzzy

Hesitance values of CIF provides a strong foundation for addressing and simulating decision-making
uncertainty. In complex and uncertain decision situations, these metrics provide a flexible and trustworthy way
to represent ambiguous preferences, assisting decision-makers in making more confident and informed
decisions. Hesitance in complex distance measurements allows decision-makers to evaluate their unpredict-
ability or hesitation towards other options. Decision-makers can express their level of doubt on the
membership of fuzzy set elements by giving them hesitancy values, which gives uncertainty a more accurate
portrayal. Furthermore, a framework for expressing ambiguous preferences is provided by DMCIF with
hesitance values. Decision-makers can represent the intricate and multidimensional character of unknowns in
decision-making situations by expressing different levels of uncertain for various variables or criteria.

7. Conclusion

Applications of DMCIFSs in decision-making procedures are numerous and significant, covering a range of
fields where experts must deal with ambiguity, uncertainty, and intricate interactions between options and
presented HDMCIFS and EHDMCIFS in this paper. These are extensions of NHDMCIFS, and by including the
hesitancy value, EDMCIFS may be included. In managing the complexity of the actual world, the capacity to
take membership and hesitancy values into account while assessing choices has proven crucial. In the context of
suggested DMCIFSs and complex fuzzy operations, a few novel operations and key findings are examined.
Additionally, we created an algorithm for decision-making based on HDMCIFSs and EHDMCIFSs. Compute
complexity, which prevents real-time or resource-constrained applications, and interpretability issues brought
on by sophisticated mathematical calculations are the anticipated drawbacks of HDMCIF. These measure-
ments frequently call for adjusting a number of parameters, which increases subjectivity and sensitivity in
parameter selection. Applications in a variety of fields where managing uncertainty, imprecision, and
complexity in data interactions is essential may be covered by the suggested hesitance distance measurements
in complex intuitionistic fuzzy in the future. To improve decision accuracy, more research may look at
incorporating these metrics into multi-expert group decision-making frameworks and merging them with
other fuzzy MCDM approaches like TOPSIS, EDAS. To increase the algorithm’s practical usefulness, it would
also be beneficial to investigate its computational complexity and optimize it for large-scale data sets.
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