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1. Introduction

Let k£ > 1 be any integer. In this paper we consider k-Fibonacci and k-
Lucas numbers. The k-th Fibonacci sequence {Fj ,} is defined recurrently
by Fro=0, Fi1 =1and F 11 = kF}p, + Fy 1 for n > 1.

As particular cases, if k = 1 we obtain the classical Fibonacci sequence
{0,1,1,2,3,5,8, ...} and if k=2 the Pell sequence appears {0, 1,2,5,12,29,...}.
The k-th Lucas sequence {Ly, ,,} is defined as follows:

Lk,n—l—l = kLk,n + Lk,n—l forn >1

with initial conditions Ly o = 2 and L ; = k. As particular cases, if k =1
we obtain the classical Lucas sequence {2,1,3,4,7,11,18,...} and if k = 2
the Pell-Lucas sequence appears {2, 2, 6,14, 34,82, ...} (see fore more details
[4], [3] and the references therein).

Complex factorizations of the Fibonacci and Lucas numbers are given
by CAHILL, D’ERRICO and SPENCE in [2]. These complex factorizations
are given of the forms F,, = H;‘;ll(l —2icos =), n>2and L, = [[}_,(1—

=1

1

2i cos M),n > 1.
n
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In this paper we obtain complex factorizations of the k-Fibonacci and
k-Lucas numbers. We use the following lemma in our investigations.

Lemma 1.1 (see [2], Lemma 1). Let {H(n),n =1,2,...} be a sequence
of tridiagonal matrices of the form

hii hia
ha1 hes ha3z

hz2 h3z3

hnfl,n
hn,n—l hn,n

Then the successive determinants of H(n) are given by the recursive for-
mula [H(1)| = hi1, [H(2)| = hitho2 — highey, [H(n)| = by [H(n — 1) —
hnfl,nhn,nfl |H(n — 2)‘ .

2. Complex factorization of the k-Fibonacci numbers

Let {C(n),n = 1,2,3,...} be the sequences of matrices where C(n) is
the naxn tridiagonal matrix with initial conditions ¢;; = k,1 < j < n and
Cj-1,j = Cjj-1 =1, 2 < j < n. In other words,

k
1

According to Lemma 1.1 successive determinants of C'(n) are given by
the following formula |C(1)| = k,|C(2)| = k2 + 1,|C(n)| = k|C(n — 1)| +
[C(n—2)[.

It is obvious that this is the k-Fibonacci sequence starting with F}, » and
we have

(2.1) Fin=|Cn—1),n>2

It is known that the determinant of a matrix is the product of its eigen-
values. For this reason, we should determine eigenvalues of C'(n).
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Let {G(n),n = 1,2,...} be a matrix sequence satisfying g; ; = 0,1 < j <
nand gj_1; = gjj—1 = 1,2 < j <n, so G(n) be in the following form:
0 1
1 0 1
cmy=| *+°
1
1 0
In this case we have C(n) = iG(n) + kI. Let A; be the eigenvalue of G(n)
regarding the eigenvector z; for j = 1,2,...,n. For each j we get C'(n)x; =
(kI +iG(n)|x; = klz; +iG(n)x; = kxj +iXjz; = (kK + iXj)x;
So, pj = k+1iA; is an eigenvalue of C'(n) for j =1,2,...,n and therefore
we find

(2.2) IC(n)| =[]k +iX;), n>1.
j=1

Since \; is a zero of p,(A) = |G(n) — AI| and G(n) — Al tridiagonal ma-
trix, we find p1(A) = =X, p2(A) = A = L,pp(A) = =Apu_1(A) = pp2(N). If
we substitute A\ = —2z, then we have Uy (z) = 2z, Us(z) = 42% — 1,U,(z) =
220Uy _1(x) — Up—2(x), where {U,(z),n > 1} is the set of Chebyshev poly-
nomials of the second kind to be written as (see [6])

sin[(n + 1)6]
Up(z) = ————.
() sin ¢
Then, the roots of U, (z) = 0 are z; = cos n—+1 (1 <j <n)and we find
] .
(2.3) Aj = —2cos i = 1,2,...,n.

Combining (2.1), (2.2), (2.3), we have the following complex factorization
of the k-Fibonacci numbers:

n

n .
(2.4) Fonr = [[(k+ix;) = [J(k — 2icos =), n> 1
j=1

J=1 ntl
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3. Complex factorization of the k-Lucas numbers
Let {D(n),n = 1,2,3,...} be a sequence of matrices where D(n) is the
nxn tridiagonal matrix with initial conditions dy; = ’;,d i =k2<j3<n
and d;_1; =dj;—1 =1,2 <j <n. In other words,

SR SIS

~.

According to Lemma 1.1 successive determinants of D(n) are given by
the following formula |D(1)| = &,|D(2)| = & 4+ 1,|D(n)| = k|D(n — 1)| +
|D(n —2)|. Each number in the above sequence is the half of the n-th k-
Lucas number. So we have

(3.1) Lin =2|D)|, n> 1.

After some calculations, we see that Ly, = 2|D(n)| = |kI +i(G(n) + e1€ed)| .

Let 7; be an eigenvalue of D(n) corresponding to the elgenvector Yj
(j = 1,2,...,n). For each j we have Ly ,y; = (kI +i(G(n) + e1€d))y; =
ky; +i(G(n) + exe3)y; = ky;j +iv5y; = (k +i7;)y;. Then, ¢ = k +iv;,
j=1,2,...,n are the eigenvalues of 2D(n), therefore we find

n
(3.2) 2|D(n H (k + ;).

Since v; is a zero of ¢u(7) = |G(n) + ere5 —~I| and |I — %eleﬂ = 2, we
have gn(7) = 2|(I — je1e] )(G(n) + ere] —~I)| and ¢1(7) = —3,¢2(A) =
5~ Lan(N) = =7@n-1(7) — @n—2(7)-

If we substitute v = —2z, then we find Ti(z) = z,Th(z) = 22% —
1,T,(x) = 22T, —1(x) — T),—2(x), where {T),(z),n > 1} is the set of Cheby-
shev polynomials of the first kind. Defining = cos § allows the Chebyshev
polynomials of the first kind to be written as (see [6]) T,,(x) = cos nf. Then,

i1
the roots of T),(x) = 0 are x; = cos N(JTQ) (j=1,2,...,n) and we find
(i~ 3

(3.3) v; = —2cos 72), ji=1,2,...,n.
n
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Finally, combining (3.1), (3.2), (3.3), we have the following complex factori-
zation of the k-Lucas numbers:
- - (i~ 3)
(3.4) Ly, = l_Il(k +iv;) = 1_[1(l<: — 2icos T), n> 1.
j= j=

4. Another factorization of the k-Fibonacci numbers

Using Lemma 1.1, we can generalize the family of tridiagonal matrices
to a subsequence of k-Fibonacci numbers which is a family of tridiagonal
matrices whose successive determinants are given by that sequence. To do
this, we give the following lemma.

Lemma 4.1. Forn > 1 we have Fimin = L nFrm + (—1)" T F .

Proof. We use the principle of mathematical induction. Let n=1, then
the lemma yields Fy m+1=Li1Fim+(—1)*Fym-_1=kFkm+Fim-1, which
defines the k—Fibonacci sequence.

We assume that Fy in = LinFrm + (—1)" T Fip_p for n > 1. Then,
we have Fk,m+n+1 = ka,ern"i_Fk,ernfl = k(Lk,an,m+ (_1)n+1Fk,mfn) +
(Lin-1Frm+(=1)"Fym-nt1) = (kLint Lin—1)Frm + (=1)" 2 (Fpm—n+1
—kFpym—n) = Lin1 Frn + (1) 2F) 1 (n41)- U

For k = 1, another proof of this equation can be found in [1] (see
Lemma 1 on page 218).

Theorem 4.1. Let My qop(n) be the family of symmetric tridiagonal
matrices n = 1,2, ... whose elements are satisfy following conditions:

Fr o048
Fk,a+6

mjjr1=mjp1j =+ (=1)% 2<75<3, mjj=Liap 357Kk,

with o« € ZT and 8 € N. The successive determinants of this family of
matrices is |My o g(n)| = Fian+s-

my = Fgaqg,M22= { -‘ ,m12=m21=+/M22F% at+5—Fk 205

Proof. We use the principle of mathematical induction. We have

|Mp.o,8(1)| = det Fi, o158 = Fi.a+8

Fk,a-l—ﬂ VM22F; oy 5—Fr2a+s
‘Mk70¢75(2)| = det Fr 2048 = Fk,2a+5'
VT2,2Fy o4 3—Fk 2048 Froot s
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Now we assume that |[Mj o ()| = Fiantp for 1 < k < n. Then by
Lemma 1.1 and Lemma 4.1 we have My o g(n + 1) = mypn |[Mg o g(n)| —
Mnn-1Mn—1,0 | Mia,s(n —1)| = Lio |My,a,(n)| = (=1)% [Mg,a,5(n —1)| =
LioFrants + (=) Fr ai1)+8 = Fratants = Frami1)+8- O

Due to Theorem 4.1, we establish a family of tridiagonal matrices whose
successive determinants generate any subsequence of the k-Fibonacci num-
bers. For example,

k 0 0
0 k*+4k%>+3 1
0 1 E* + 4k% 4+ 2
Fy an—o—
. 1
1 k* +4k? 42

Now, we give another factorization of the k-Fibonacci numbers. We
consider the symmetric tridiagonal matrices:

Lk,Zka,Zm AV Fk,Zm
vV Fk‘,?m Lk‘,?m 1

1

Byn(n) = Fram 1

. 1
1 Lk,2m

By Lemma 4.1, we get Fiam = L 2mFr2m: [Fiem/Fram| = Li2m and

\/|7Fk,6m/Fk,4mw Fk,4m - Fk,6m = \/Fk,2m- So we obtain Mk,?m,Qm = Bm(n)
Therefore, by Theorem 4.1 we obtain |B,,(n)| = F am(nt1)-

Let e; be the j* column of nzn identity matrix I and Cy,(n) = (I +
(ﬁ —1)erel)By,(n). And so, we have | Bp,(n)| = Fam |Cm(n)] . We know
that the determinant is the product of the eigenvalues. For this reason,
let A\; be an eigenvalue of Cp,(n) related to the eigenvector x; for j =
1,2,...,n. We get |Cp(n)| = [[}=; Aj. Letting Gp(n) = Ci(n) — Ly om1,
we obtain that G,,(n)z; = (Cpn(n) — Ly oml)zj = Cp(n)x; — Lk omlz; =
(Aj — Li,2m)x;j. Then v; = Aj — Ly, 2, is an eigenvalue of G, (n). Hence, 7 is
a root of the characteristic polynomial |G,,(n) — vI| = 0. This polynomial
is transformed Cheybshev polynomial of the second kind which has root
vj = —2cos ;7. Finally, we found Fy, oy (n 1) = [Bm(n)| = Fiom [Cim(n)| =
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Fi om H?:1 A;j and so

n .
™
(4.1) Frommn+1) = From H (me — 2cos —2 1)-
o1 n +

5. k-Lucas subsequences

Using Lemma 1.1, we can generalize the family of tridiagonal matrices to
a subsequence of k-Lucas numbers which is a family of tridiagonal matrices
whose successive determinants are given by that sequence. To do this, we
give the following lemma.

Lemma 5.1. We have Ly myn = L nLgm+ (=1)" " Ly pp_p forn > 1.

Proof. We use the principle of mathematical induction. Let n = 1, then
the lemma yields Lk,erl = Lk,lLk,m + (—1)2FLk7m,1 = kLk,m + Lk7m,1,
which defines the k-Lucas sequence.

We assume that Ly min=LknLim+(—1)"" Lk y—p for n > 1. Then,
Lk,m+n+1:kLk,m+n+Lk,m+n71:k(Lk,nLk,m+(_1)n+1Lk,mfn)+(Lk,n71Lk,m
+(_1)nLk,m—n+1) - (kLk,n+Lk,n—1)Lk,m+(_1)n+2(Lk,m—n+1_Lk,m—n) -
Lk,nJrlLk,m + (_1)n+2Lk,m7(n+l)' Ol

Theorem 5.1. Let Tj, o5(n), n = 1,2,... be the family of symmetric
tridiagonal matrices whose elements are satisfy the following conditions:

Lk,2a+,8—‘

11,1 = Li,a4p, to2 = ’VLk p
7Ol+

ti2 =to1 = \/t22Lkat+ps — L2018
tijr1 =tjt1; =V (=1)* 2<7j <3,
t],] = Lk,au 3 < .] < ka
with o € Z7 and B € N. The successive determinants of this family of

matrices is [Tk 05(n)| = Li.an+s-

Proof. We use the principle of mathematical induction and we have
Tk,a,p(1)] = det Ly atg = Li,avp and

Lk,2a+
VM22Lka+p — Lk 2048 T

Tk,0,8(2)] = det <
Lk,a+3

L oys Vm22Ly g — Lk,Qa-{—ﬂ)

= L2048
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Now we assume that [T g(n)|=Lj an+g for 1<k<n. Then by Lemma 1.1 and
Lemma 5.1 we find T} o g(n+1)=tyn|Tk a,s(n)|—tnn-1tn—1,n|Tkas(n—1)]
=Lia|Tk,a,8(n)| = (=1)*|Tha,8(n—1)| = L aLiantp+ (1) Ly a(n-1)45
= Li,atants = Lk,a(n+1)+,8- O

Due to Theorem 5.1, we establish a family of tridiagonal matrices whose
successive determinants generate any subsequence of the k-Lucas numbers.
For example, we obtain

k2 +2 0 0
0 E* 4+ 4k2 + 1 1
0 1 k4 4k + 2
Lian—2 =
. 1
1 k*+4k2 42
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