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1. Introduction

The subject of ideals in topological spaces has been studied by Kuratowski [8] and Vaidyanathasamy [12].
An ideal Z on a topological space (X, 7) is a nonempty collection of subsets of X which satisfies:

(i) A€Z and B C A implies B € Z and,
(ii) A€ Zand BeZ imply AUB € T.

Given a topological space (X, 7) with an ideal Z on X and if P(X) is the set of all subsets of X, a set operator
() : P(X) = P(X), called the local function [12] of A with respect to 7 and Z, is defined as follows: for
AC X, A (1,T) ={z € X|UN A ¢ 7 for each neighbourhood U of z} where 7(x) = {U € 7|z € U}. A
Kuratowski closure operator C1*(.) for a topology 7*(7,Z) called the *-topology, which is finer than 7, is
defined by Ci*(A) = AU A*(7,Z). When there is no chance of confusion, A*(Z) is denoted by A*. If Z is
an ideal on X, then (X, 7,7Z) is called an ideal topological space. By a space, we always mean a topological
space (X, 7) with no separation properties assumed. If A C X,CI(A) and Int(A) will denote the closure
and interior of A in (X,7), respectively. A subset A of a topological space (X, 7) is said to be b-open [1]
or v-open [5] if A C Int(Cl(A)) U Cl(Int(A)). The aim of this paper is to give a new class of functions
called slightly b-Z-continuous functions in ideal topological space. Some characterizations and several basic
properties of this class of functions are obtained.
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2. Preliminaries

A subset S of an ideal topological space (X, 7,Z) is b-Z-open [6] if S C Int(Cl*(S)) U Cl*(Int(S)). The
complement of a b-Z-open set is called a b-Z-closed set [6]. The intersection of all b-Z-closed sets containing
S is called the b-Z-closure of S and is denoted by bZC1(S). The b-Z-Interior of S is defined by the union of
all b-Z-open sets contained in S and is denoted by bZInt(S). The family of all b-Z-open (resp. b-Z-closed)
sets of (X, 7,7) is denoted by BZO(X) (resp. BZC(X)).The family of all b-Z-open (resp. b-Z-closed) sets
of (X, 7,Z) containing a point € X is denoted by BZO(X, x) (resp. BZCO(X,z)). A function f : (X,7)
— (Y, 0) is said to be slightly continuous [7] (resp. slightly y-continuous [4] if f~1(V) is open (resp. -
open) in X for every clopen set V of Y . A function f : (X,7,Z) — (Y, 0,Z) is said to be b-Z-irresolute if
f~Y(V) € BIO(X) for every V € BZO(Y).

3. Slightly b-Z-continuous functions
Definition 3.1. A function f : (X,7,Z) — (Y, 0) is called:

(1) slightly b-Z-continuous at x € X if for each clopen subset V of Y containing f(z), there exists
U € BIO(X,z) such that f(U) C V;
(2) slightly b-Z-continuous if it is slightly b-Z-continuous at each point of X.

Theorem 3.2. The following statements are equivalent for a function f: (X,7,Z) — (Y, 0):

(1) f is slightly b-Z-continuous;

(2) for every clopen subset V of Y, f~1(V) is b-Z-open in X;
(3) for every clopen subset V of Y, f~1(V) is b-Z-closed in X;
(4) for every clopen subset V of Y, f~1(V) is b-Z-clopen in X.

Proof. (1) = (2): Let V be a clopen subset of Y and let x € f~1(V). Since f(x) € V, by (1), there exists
a b-Z-open set U, in X containing = such that U, C f~(V). We obtain f~1(V) = Uzep-1(v)Uz. Since any
union of b-Z-open subsets in b-Z-open, f~(V) is b-Z-open in X.

(2) = (3): Let V be a clopen subset of Y. Then Y\V is also clopen. By (2), f~1{(Y\V) = X\ f~1(V) is
b-Z-open and hence f~1(V) is b-Z-closed in X. The proof of reverse implication is similar.

(3) = (4): Obvious.

(4) = (1): Let V be a clopen subset in Y containing f(x). By (4), f~%(V) is b-Z-clopen in X. Set
U= f"%V). Then x € U and f(U) C V. Hence f is slightly b-Z-continuous. O

Proposition 3.3. Every slightly b-Z-continuous function is slightly «-continuous.

Proof. Tt follows from Proposition 1(e) of [6]. The converse of Proposition 3.3 is need not be true as shown
by the following example. O

Example 3.4. Let X = {a,b,c}, 7 = {0,{a},{b,c}, X} and Z = {0, {b}}. Then the function f : (X,7,7) —
(X, 7) is defined by f(a) = ¢, f(b) = a and f(c) = b is slightly y-continuous but not slightly b-Z-continuous.

Proposition 3.5. Every slightly continuous function slightly b-Z-continuous.
Proof. Tt follows from Proposition 1(a) of [6]. O
The converse of Proposition 3.5 is need not be true as shown by the following example.

Example 3.6. Let X = {a,b,c}, 7 = {0,{a}, {b,c}, X} and Z = {0, {b}}. Then the function f : (X,7,Z) —
(X, 7) is defined by f(a) = ¢, f(b) = a and f(c) = b is slightly ~-continuous but is not slightly b-Z-continuous.
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Theorem 3.7. (1) A function f: (X, 7,{@}) — (Y, 0) is slightly b-Z-continuous if and only if it is slightly
~-continuous.
(2) A function f : (X, 7,N) — (Y, 0) is slightly b-Z-continuous if and only if it is slightly y-continuous (N
is the ideal of all nowhere dense sets).
(3) A function f: (X, 7,P(X)) — (Y,0) is slightly b-Z-continuous if and only if it is slightly continuous.

Proof. Tt follows from Proposition 2 of [6]. O

Remark 3.8. The composition of two slightly b-Z-continuous need not be slightly b-Z-continuous.

Example 3.9. Let X = {a,b,c}, 7 = {2,{c}, X}, 0 = {2,{a},{b,c}, X}, v = {2, {a},{b,c}, X} and
Z = {@,{a}}. Then the identity function f : (X,7,Z) — (X,0) and the function g : (X,0,Z) — (X,7)
defined by g(a) = ¢, g(b) = a and g(c) = b are slightly b-Z-continuous functions but their composition is not
slightly b-Z-continuous. However, we have the following theorem

Theorem 3.10. Let f : (X,7,Z) — (Y,0,J) and g : (Y,0,J) — (Z,7) be functions, then the following
properties hold:

(1) If f is slightly b-Z-continuous and g is slightly continuous, then go f : (X, 7,Z) — (Z,) is slightly
b-Z-continuous.

(2) If f is b-Z-irresolute and g is slightly b-7-continuous, then g o f is slightly b-Z-continuous.

(3) If f is b-Z-irresolute and g is slightly continuous, then g o f is slightly b-Z-continuous.

Proof. The proof is clear. O

Definition 3.11. A function f: (X, 7,Z) — (Y,0,J) is said to be strongly b-Z-open if f(U) € BJO(Y)
for every U € BZO(X).

Theorem 3.12. Let f: (X,7,Z) — (Y,0,J) and g : (Y,0,J) — (Z,n) be functions. Then the following
properties hold:

(1) If fis strongly b-Z-open surjection and go f is slightly b-Z-continuous, then g is slightly b-7-continuous.
(2) Let f be strongly b-Z-open and b-Z-irresolute surjection. Then g is slightly b-7-continuous if and only
if g o f is slightly b-Z-continuous.

Proof. The proof is clear. O

Definition 3.13. [3] Let A and X be subsets of an ideal topological space (X, 7,Z) such that A C Xy C X.
Then (Xo, 7,7, ) is an ideal topological space with an ideal Z, ={Z € Z|Z C Xo} = {Z N Xo|Z € T}.

Theorem 3.14. Let f : (X,7,Z) — (Y,0) be a slightly b-Z-continuous function and U € 7. Then the
restriction fiir : (U, 1y, Zjy) — (Y, o) is slightly b-Z-continuous.

Proof. Tt follows from Theorem 3.15 of [9]. O

Theorem 3.15. Let f : (X,7,Z) — (Y,0) be a function and {Uy : A € A} be an open cover of X. If the
restriction function fy, : (Ux, Ty, Zjy,) is Z-continuous for each A € A, then f is slightly b-Z-continuous.

Proof. 1t follows from Theorem 3.15 of [9]. O

Remark 3.16. A subset A of an ideal topological space (X, 7,Z) is b-Z-open if and only if for all z € A,
there exists A, € BZO(X) such that x € A, C A.

Theorem 3.17. A functionf : (X,7,Z) — (Y, 0) is slightly b-Z-continuous if and only if the graph function
g: X — X xY, defined by g(z) = (z, f(z)) for each z € X is slightly b-Z-continuous.
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Proof. Let x € X and let W be a clopen subset of X x Y containing g(x). Then W N ({z} x Y) is clopen in
{z} XY containing g(x). Also {z} XY is homeomorphic to Y . Hence {y € Y|(z,y) € W} is a clopen subset
of Y. Since f is slightly b-Z-continuous, U{f~!(y)|(x,y) € W} is a b-Z-open subset of (X,7,Z). Further,
r € WY w)|(z,y) € W} C g~ (W). Hence g~ (W) is b-Z-open. Then g is slightly b-Z-continuous.

Conversely, Let F' be a clopen subset of Y . Then X x F'is a clopen subset of X x Y. Since g is slightly
b-Z-continuous, g~ (X x F) is a b-Z-open subset of X. Also, g1 (X x F) = f~1(F). Hence f is slightly
b-Z-continuous. O

Definition 3.18. An ideal topological space (X, 7,7) is said to be b-Z-connected [9] if X is not the union
of two disjoint nonempty b-Z-open sets of X.

Theorem 3.19. If f: (X, 7,Z) — (Y, 0) is slightly b-Z-continuous surjection and (X, 7,Z) is b-Z-connected,
then Y is connected.

Proof. Suppose Y is not connected. Then there exist nonempty disjoint clopen subsets U and V of Y such
that Y = UUV. Since f is slightly b-Z-continuous, we have f~1(U) and f~1(V) are non-empty disjoint b-Z-
closed and b-Z-open sets in X. Moreover, f~*(U)U f~*(V) = X. This shows that X is not b-Z-connected.
This is a contradiction and hence Y is connected. O

Theorem 3.20. If f is a slightly b-Z-continuous function from a b-Z-connected space (X, 7,Z) onto space
(Y,0), then Y is not a discrete space.

Proof. Suppose that Y is a discrete space. Let A be a proper nonempty open subset of Y. Then f~!(A) is
any proper nonempty b-Z-open subset of (X, 7,Z), which is a contradiction to the assumption that (X, 7,7)
is b-Z-connected. ]

Theorem 3.21. An ideal topological space (X, 7,Z) is b-Z-connected if for every slightly b-Z-continuous
function from a space (X, 7,7Z) into any Tp-space Y is constant.

Proof. Straightforward. O

Let {X, : a € A} and {Y, : @ € A} be two families of topological spaces with the same index set A.
The product space of {X, : @ € A} is denoted by [[{Xa : @ € A} (or simply [[ Xo). Let fo : Xo — Y, be
a function for each o € A. The product function f : [[Xs — [[Ya is defined by f({za}) = {fa(za)} for
each {z,} € [[ Xa.

Theorem 3.22. If a function f : (X, 7,Z) — [[Y, is slightly b-Z-continuous, then P, o f : (X,7,Z) — Y,
is slightly b-Z-continuous for each o € A, where P, is the projection of [[ Y, onto Y.

Proof. Let V,, be any clopen set of Y,. Then, P;!(V,) is clopen in []Y, and hence (P, o f)~}(Va)
f~Y(P;1(V,)) is b-Z-open in X. Therefore, P, o f is slightly b-Z-continuous.

[0}

Ol

Lemma 3.23. [10] For any function f : (X,7,Z) — (Y,0), f(Z) is an ideal on Y.
Now, we recall the following definitions.

Definition 3.24. A collection {G,, : « € A} is called a b-Z-open cover of a subset A of an ideal topological
space (X, 7,Z) if A C U{G, : X\G, € BIO(X),a € A}.

Definition 3.25. An ideal topological space (X, 7,7) is said to be b-Z-compact (resp. b-Z-Lindelsf) if for
every b-Z-clopen (resp. b-Z-open) cover {W, : @ € A} on X, there exists a finite (resp. countable) subset
Ao of A such that X\ U{W,:a € Ay} €Z.

Definition 3.26. An ideal topological space (X, 7,Z) is said to be mildly b-Z-compact (resp. mildly b-Z-
Lindelof) if for every b-Z-clopen (resp. b-Z-open) cover {W, : a € A} on X, there exists a finite (resp.
countable) subset Ay of A such that X\ U{W, : a € Ag} € T.
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Definition 3.27. An ideal topological space (X, 7,7) is said to be mildly Z-compact (resp. mildly Z-
Lindelof) if for every clopen (resp. clopen) cover {W, : & € A} on X, there exists a finite (resp. countable)
subset Ag of A such that X\ U{W, :a € Ag} € Z.

Theorem 3.28. If f: (X,7,Z) — (Y, 0) is slightly b-Z-continuous surjection and (X, 7,7) is b-Z-compact,
then Y is mildly f(Z)-compact.

Proof. Let {V,, : a € A} be an clopen cover of Y. Since f is slightly b-Z-continuous, then {f~1(V,) : a € A}
is a b-Z-open cover of X. Since (X, 7,7) is b-Z-compact, there exists a finite subset Ay of A such that
X\U{fY(Va):a€ Mo} €Z. Thus, Y\U{V, :a € Ag} €T and hence Y is mildly f(Z)-compact. O

Theorem 3.29. Let f : (X,7,Z) — (Y,0) be a slightly b-Z-continuous surjection. If (X,7,7) is b-Z-
Lindelof, then (Y, o) is mildly f(Z)-Lindelof.

Proof. Let {V, : a € A} be an clopen cover of Y. Since f is slightly b-Z-continuous, then {f~1(V,) : a € A}
is a b-Z-open cover of X. Since (X, 7,7) is b-Z-Lindeld f, there exists a countable subset Ay of A such that
X =U{fYVy) :a € Ng}. Thus, Y = U{V, : a € A¢} and hence (Y, o) is mildly f(Z)-Lindelsf. O

4. Separation axioms

Definition 4.1. An ideal topological space (X, 7,7) is said to be:

(1) b-Z-T [2] if for each pair of distinct points = and y of X, there exist 5-Z-open sets U and V' of X such
that r€e U andy ¢ U,and y € V and z ¢ V.

(2) b-Z-T» [2] if for each pair of distinct points « and y in X, there exists disjoint b-Z-open sets U and V/
in X such that x € U and y € V.

(3) clopen-T; [11] if for each pair of distinct points = and y of X, there exist clopen sets U and V of X
such that r€e U and y ¢ U,and y € V and = ¢ V.

(4) clopen-Ty [11] if for each pair of distinct points z and y in X, there exist disjoint clopen sets U and V
in X such that x € U and y € V.

Theorem 4.2. If [ : (X,7,7) — (Y,0) is a slightly b-Z-continuous injection and Y is a clopen-T; space,
then (X, 7,7) is a b-Z-T} space.

Proof. Suppose that Y is clopen-77. For any two distinct points « and y in X, there exist clopen sets V'
and W of Y such that f(z) € V, f(y) ¢ V, f(z) ¢ W and f(y) € W. Since f is slightly b-Z-continuous,
f~YV) and f~Y(W) are b-Z-open subsets of (X,7,Z) such that x € f~1(V), y ¢ f~1(V), . ¢ f~1(W) and
y € f~1(W). This shows that (X, 7,Z) is a b-Z-T} space. O

Theorem 4.3. If f: (X,7,7) — (Y,0) is a slightly b-Z-continuous injection and Y is a clopen-T5 space,
then (X, 7,7) is a b-Z-T5 space.

Proof. For any pair of distinct points x and y in X, there exist disjoint clopen sets U and V in Y such that
f(z) € U and f(y) € V . Since f is slightly b-Z-continuous, f~1(U) and f~1(V) are b-Z-open sets in(X, 7, T)
containing  and y, respectively. Therefore, f~1(U)N f~1(V) = @ because UNV = @. This shows that the
space (X, 7,7) is b-Z-T5. O

Definition 4.4. An ideal topological space (X, 7,Z) is said to be b-Z-regular if for each closed set F' and
each point x ¢ F, there exist disjoint b-Z-open sets U and V' of X such that FF C U and z € V.

Definition 4.5. An ideal topological space (X, 7,Z) is said to be b-Z-normal [9] if for any pair of disjoint
closed subsets F} and Fs of X, there exist disjoint b-Z-open sets U and V of X such that F; C U and
F,CV.

Definition 4.6. A topological space (X, 7) is said to be:
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(1) ultra Hausdorff [11] if every two distinct points of X can be separated by disjoint clopen sets.

(2) ultra regular [11] if each pair of a point and a closed set not containing the point can be separated by
disjoint clopen sets.

(3) ultra normal [11] if every two disjoint closed sets of X can be separated by clopen sets.

Theorem 4.7. Let f: (X, 7,Z) — (Y, 0) be a slightly b-Z-continuous injection. Then

(1) if (Y, 0) is ultra Hausdorff, then (X, 7,Z) is b-Z-T5,
(2) if (Y, 0) is ultra regular and f is open or closed, then (X, 7,7) is b-Z-regular,
(3) if (Y, o) is ultra normal and f is closed, then (X, 7,7) is b-Z-normal.

Proof. (1) Let x1, 2 be two distinct points of X. Then since f is injective and Y is ultra Hausdorff, there
exist clopen sets Vi and V, of Y such that f(z1) € Vi, f(z2) € Vo, and Vi N Vo = @. By Theorem 3.2,
z; € f~Y(V;) € BIO(X) for i = 1,2 and f~1(V1) N f~1(Va) = @. Thus, (X, 7,Z) is b-Z-T.

(2) (i) Suppose that f is open. Let x € X and U be an open set containing x. Then f(U) is an open set
of Y containing f(x). Since Y is ultra regular, there exists a clopen set V' such that f(z) € V C f(U).
Since f is a slightly b-Z-continuous injection, by Definition 3.1 z € f~1(V) c U and f~(V) is b-Z-clopen
in X. Therefore, (X, 7,7) is b-Z-regular. (i7) Suppose that f is closed. Let 2 € X and F be any closed set
of X not containing x. Since f is injective and closed, f(z) ¢ f(F) and f(F) is closed in Y. By the ultra
regularity of Y, there exists a clopen set V such that f(z) € V C Y\f(F). Therefore, x € f~1(V) and
F c X\f (V). By Theorem 3.2, f~1(V) is an b-Z-clopen set in (X, 7,7Z). Thus, (X,7,T) is b-Z-regular.

(3). Similar to the proof of (2). O
The graph of a function f : (X,7) — (Y,0), denoted by G(f) is the set {(z, f(z)):x € X} C X x Y.

Definition 4.8. A graph G(f) of a function f : (X,7,Z) — (Y, 0) is said to be strongly b-Z-co-closed if for
each (z,y) € (X x Y)\G(f), there exist U € BZC(X,z) and a clopen set V of Y containing y such that
UxV)NG(f) =@.

Lemma 4.9. A graph G(f) of a function f : (X,7,Z) — (Y, 0) is strongly b-Z-co-closed in X x Y if and
only if for each (z,y) € (X x Y)\G(f), there exist U € BZC(X,x) and a clopen set V of Y containing y
such that f(U)NV = @.

Proof. 1t is an immediate consequence of Definition 4.8. O

Theorem 4.10. If f : (X, 7,7) — (Y, 0) is slightly b-Z-continuous and Y is clopen-T7, then G(f) is strongly
b-Z-closed in X x Y.

Proof. Let (z,y) € (X x Y)\G(f), then f(z) # y and there exists a clopen set V of Y such that f(z) € V
and y ¢ V . Since f is slightly b-Z-continuous, f~*(V) € BIC(X,z). Take U = f~1(V). We have
f(U) C V. Therefore, we obtain f(U) N (Y\V) = @ and Y\V is clopen in Y. This shows that, G(f) is
strongly b-Z-co-closed in X x Y. O

Theorem 4.11. If f: (X, 7,7) — (Y, 0) is slightly b-Z-continuous and Y is clopen-Ts, then G(f) is strongly
b-Z-co-closed in X x Y.

Proof. Similar to that of Theorem 4.10. O

Theorem 4.12. Let f : (X,7,Z) — (Y, 0) has a strongly b-Z-co-closed graph G(f). If f is injective, then
(X,7,7) is b-Z-T1.

Proof. Let z and y be any two distinct points of X. Then, we have (z, f(y)) € (X xY)\G(f). By Lemma 4.9,
there exists a b-Z-clopen set U of X and a clopen set V of Y such that (z, f(y)) € UxV and f(U)NV = 2.
Hence, UN f~1(V) = @ and y ¢ U. This implies that (X, 7,Z) is b-Z-T}. O
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Theorem 4.13. Let f : (X,7,Z) — (Y,0,J) has a strongly b-Z-co-closed graph G(f). If f is surjective
strongly b-Z-open, then (Y, 0,J) is b-7-T» space.

Proof. Let y; and yo be any distinct points of Y. Since f is surjective f(z) = y; for some x € X and
(x,y2) € (X x Y)\G(f). By Definition 4.8, there exists a b-Z-clopen set U of X and a clopen set V of YV
such that (z,y2) € U x V and (U x V)N G(f) = @. Then, we have f(U)NV = &. Since f is strongly
b-Z-open, then f(U) is b-J-open such that f(xz) =y; € f(U). This implies that (Y, 0, J) is b-T-T5. O

Definition 4.14. An ideal topological space (X, 7,Z) is b-Z-connected between subsets A and B if there
exists no b-Z-clopen set K for which A C K and K N B = @.

Definition 4.15. A function f : (X,7,Z) — (Y,0) is b-Z-set-connected if whenever X is b-Z-connected
between A and B, then f(X) is connected between f(A) and f(B) with respect to relative topology on

f(X).

Theorem 4.16. A function f : X — Y is b-Z-set-connected if and only if f~1(K) is b-Z-clopen for every
clopen subset K of f(X) with respect to relative topology on f(X).

Proof. Let K be any clopen subset of f(X) with respect to the relative topology on f(X). Suppose that
f~Y(K) is not b-I-closed in X. Then there exists € X\ f~!(K) such that for every b-Z-open set U with
r €U, UnN fYK) # 2. Suppose that there exists a b-Z-clopen set A such that f~1(K) C A and z ¢ A.
Then z € X\A C X\f }(K) and X\A is a b-Z-open set containing x and disjoint from f~1(K). This
contradiction implies that X is b-Z-set-connected between x and f~'(K). Since f is b-Z-set-connected,
f(X) is connected between f(z) and f(f~*(K)). So, f(f1(K)) C K and f(z) ¢ K, is a contradiction.
Hence, f~1(K) is Z-closed in X. By using the complements, we obtain that f~!(K) is b-Z-open. Conversely,
suppose that there exist subsets A and B of X for which f(X) is not connected between f(A) and f(B) in
relative topology on f(X) such that f(A4) C K and KN f(B) = 9. Then A C fY(K), BNnfY(K) =92
and f~1(K) is b-Z-clopen, which implies that X is not b-Z-connected between A and B. We obtain that f
is b-Z-set-connected. O

Theorem 4.17. Let f : (X,7,Z) — (Y,0) be a function. If f is b-Z-set-connected, then it is slightly
b-Z-continuous.

Proof. Let F be a clopen subset of Y. Then F' N f(X) is clopen in the relative topology on f(X). Since f
is b-Z-set-connected, it follows that f~1(F) = f~1(F N f(X)) is b-Z-clopen in X. O

Theorem 4.18. Let f: (X, 7,Z) — (Y, 0) be a function. If f is slightly b-Z-continuous surjection, then it is
b-I-set-connected.

Proof. 1t follows from Theorem 4.16. O
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