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Abstract

In this paper, we examine the solubility of the cubic congruence x3 ≡
a (p) where p is a rational prime and a and x are integers. Here, we

give some results and examples related with the cubic residues.
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1. Introduction

Let p be a rational prime and a be an integer. If there is an integer x such
that x3 ≡ a (p) then a is said to be a cubic residue in mod p.

Z[ω] = {a + bω | a, b ∈ Z} where ω = −1+
√
−3

2
. For p ∈ Z[ω], the norm of p

is given by Np = p.p = a2 − ab + b2 where p is the complex conjugate of p. If

θ ∈ Z[ω], then the cubic residue character
(
θ
p

)
3

of θ in modulo p is defined by

{
0 if p | θ
ωi if θ(Np−1)/3 ≡ ωi (p)

where i ∈ {0, 1, 2}.
Cubic residues have been studied by several authors in [1],[2],[3],[4] and [5].
In this paper, we obtaine some results and examples related with the cubic

residues.
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2. Main Results

Theorem 1. Let p be a rational prime for which p ≡ 1 (3). Then the equiva-
lence x3 ≡ a (p) is solvable if and only if a(p−1)/3 ≡ 1 (p).

Proof. This theorem is the special case k = 3 of the Euler’s Criterion. �

Theorem 2. If p is a rational prime and a ∈ Z, then
(
a3

p

)
= 1.

Proof. We know that
(
a3

p

)
=

(
a
p

)3

. As
(
a
p

)
is equivalent to ω or to ω2, we

find (
a3

p

)
=

(
a

p

)3

= 1.

�

Example 1. Let us consider whether 9 is a cubic residue in mod 7 or not.
Since (

9

7

)
3

≡
(

2

7

)
3

≡ 2
7−1
3 ≡ 22 ≡ 4,

ω2 ≡ 4 (7). Thus
(
9
7

)
3
≡ ω2. Therefore 9 is not a cubic residue in mod 7.

Example 2. We consider the equivalence x3 ≡ 7 (15).(
15

7

)
3

≡
(

1

7

)
3

≡ 1
7−1
3 ≡ 12 ≡ 1(7).

Then, 15 is a cubic residue in mod 7. In other words, the equivalence x3 ≡ 15
(7) is solvable. In fact, x = 1, x = ω and x = ω2 are the roots of the equivalence

x3 ≡ 15 ≡ 1 (7). Since ω = −1+
√
−3

2
, we get the roots of this equivalence as

x ≡ 1(7), x ≡ 4(7) and x ≡ 2(7).

Example 3. Is the equivalence x3 ≡ 41 (73) solvable? Since(
73

41

)
3

≡ 41
73−1

3 ≡ 4124 ≡ (412)12 ≡ 212 ≡ 8(73),

we obtain ω ≡ 8 (73) and
(
73
41

)
3

= ω. Therefore x3 ≡ 41 (73) is unsolvable.

Theorem 3. If p ≡ 2 (3) is a rational prime and a is a positive integer such
that (a, p) = 1, then a in mod p is a cubic residue.

Proof. Let p ≡ 2 (3) be a prime and let a be a positive integer such that
(a, p) = 1.Since p ≡ 2 (3), we can write p = 3k + 2, k ∈ Z. In this case,

Np = p.p = (3k + 2)(3k + 2) = 9k2 + 12k + 4

and
Np− 1

3
= 3k2 + 4k + 1.
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From (a, p) = 1 and the Fermat’s little theorem, we have

ap−1 = a3k+1 ≡ 1(p).

Thus

a(Np−1)/3 = a3k
2+4k+1 = a(3k+1)(3k+1) ≡ (a(3k+1))3k+1 ≡ 13k+1 ≡ 1(p).

�

Corollary 4. If p ≡ 2 (3) is a rational prime, then there are exact p cubic
residues in mod p different from each other. In other words, all elements of
Zp are cubic residues.

Proof. Let p ≡ 2 (3) be a rational prime and let g be a primitive root. Also let
us choose a ∈ {1, 2, ..., p−1} and k ∈ {0, 1, ..., p−2} providing the equivalence
gk ≡ a (p).

Since (3, p−1) = 1, there are integers x′ and y′ such that 3x′+(p−1)y′ = 1.
If we take x = x′k and y = y′k, then we can write as 3x+ (p− 1)y = k.

Since gp−1 ≡ 1 (p), we find

a ≡ gk = g3x+(p−1)y = (gx)3(gp−1)y ≡ (gx)3 (p).

That is, a is a cube in mod p. Since 0 ≡ 03 (p), there are exact different p
cubes in mod p. �

Example 4. Let p = 11. Since 0 ≡ 03 (11), 1 ≡ 13 (11), 2 ≡ 73 (11), 3 ≡ 93

(11), 4 ≡ 53 (11), 5 ≡ 33 (11), 6 ≡ 83 (11), 7 ≡ 63 (11), 8 ≡ 23 (11), 9 ≡ 43

(11), 10 ≡ 43 (11) and 11 ≡ 103 (11), all numbers in Z11 are cubic residues.

Theorem 5. If p ≡ 1(3) is a rational prime, then the number of different
cubic residues in mod p is p+2

3
.

Proof. Let p ≡ 1(3) be a rational prime. For every k element in {3, 6, 9, ..., p−
1},

gk = g3t = (gt)3

is a cube where g is a primitive root and t ∈ Z. Here all these gk ’s are different.
Then, there are at least p−1

3
nonzero cubes in mod p.

On the other hand, each cube is the form a ≡ b3 (p). From p ≡ 1(3) and
the Fermat’s little theorem,

a(p−1)/3 ≡ bp−1 ≡ 1 (p).

By the Lagrange’s Theorem for polynomials, there is the most p−1
3

root of the
equivalence

a(p−1)/3 ≡ bp−1 ≡ 1 (p),

that is, p−1
3

is an upper bound for the total number of cubes in mod p. Then

there are exact p−1
3

non-zero cubes. When counting the zero, then there are
p−1
3

+ 1 = p+2
3

cubes in mod p. �
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Theorem 6. If p is an odd prime number then −a ≡ a (p).if and only if is
a ≡ 0 (p).

Proof. Since (2, p) = 1, we get

a ≡ −a (p)⇔ 2a ≡ 0 (p)⇔ a ≡ 0 (p).

�

Corollary 7. If p is an odd prime number then cubic residues in Zp are

03, 13, 23, 33, · · · ,
(
p− 1

2

)3

,

(
p+ 1

2

)3

, · · · , (p− 1)3 ≡ −1.

Corollary 8. Let p be an odd prime number. An integer a is a cubic residue
in Zp if and only if −a is a cubic residue in Zp.

Proof. If a is a solution of x3 ≡ k (p) then a3 ≡ k (p). Since

(−a)3 = −a3 ≡ −k (p)⇔ a3 ≡ k (p),

−a is a also solution of x3 ≡ k (p). �

Theorem 9. Let p ≡ 2 (3) be a prime such that p 6= 2. The sum of cubic
residues providing the equivalence x3 ≡ k (p) is equivalent to zero in mod p.

Proof. Let p ≡ 2 (3) be a prime. From the Corollary 2.4, all cubic residues are
different and these are 0, 1, 2, ..., p− 1. Their sum is

0 + 1 + 2 + ...+ p− 1 =
p(p− 1)

2
.

As p is prime and p 6= 2, p − 1 is an even number, that is, p−1
2
∈ Z. Then,

we find

0 + 1 + 2 + ...+ p− 1 =
p− 1

2
.p ≡ 0 (p).

�

Theorem 10. Let p ≡ 1 (3) be a prime. The sum of the cubic residues
providing the equivalence of x3 ≡ a (p) is equivalent to zero in mod p.

Proof. Let p ≡ 1 (3) be a prime. From the Theorem 2.5, there are p+2
3

different
cubic residues.

If p ≡ 1 (3) then we can write p = 3k + 1, k ∈ Z. As p is a prime, k is an
even number. As p+2

3
= k + 1, p+2

3
is an odd number.

One of the cubic residues is zero. Let a0 = 0. Then, there are p+2
3
− 1 = p−1

3
different cubic residues. Also, from the Corollary 2.8, if a is a cubic residue in
Zp, then −a is a cubic residue in Zp too. In this case, the sum of the cubic
residues is

a0 + a1 + · · ·+ a p−1
3

= a0 + (a1 + · · ·+ a p−1
6

) + (−a1 − · · · − a p−1
6

) ≡ 0 (p).

�
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Theorem 11. If one of solutions of the equivalence x3 ≡ a (m) is x, then the
others are xω and xω2.

Proof. If a = 1 then, we know that the solutions of x3 ≡ 1 (m) are

x = 1, xω = 1.ω and xω2 = 1.ω2.

If a 6= 1 and if one of the solutions of x3 ≡ a (m) is x, then

(xω)3 = x3ω3 ≡ x3 ≡ a (m),

and
(xω2)3 = x3ω6 ≡ x3 ≡ a (m).

�

Corollary 12. The sum of solutions of the equivalence x3 ≡ a (m) is equiva-
lent to zero in mod m.

Proof. From the Theorem 2.10, we know that the solutions of the equivalence
x3 ≡ a (m) are x, xω and xω2. Then we have

x+ xω + xω2 = x+ xω + x(−1− ω)

= 0.

�
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