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Riesz and matrix means of trigonometric Fourier series in weighted Lorentz

spaces with Muckenhoupt weights.

Keywords and phrases :Weighted Lorentz space, lower triangular matrice, Fourier series,

Muckenhoupt weight.
AMS Subject Classification : 41A10, 42A10.



82 Ahmet Hamdi AVSAR and Yunus Emre Yildirir

1 Introduction and Main Results

Let T' = [—m, 7]. A measurable 2m—periodic function w : 7" — [0, oo] is called
a weight function if the set w™!({0, c0}) has the Lebesgue measure zero. Given a

weight function w and a measurable set e we put

w(e) = /w(a:)da:. (1.1)

We define the decreasing rearrangement f*(¢) of f : 7" — R with respect to the

Borel measure (1.1) by

fot)=inf{r >0: w{x e T |f(x)| >71} <t)}.

w

Let ¢t > 0. Then the avarage function of f is defined as follows:

= / [ty

Let ¢t > 0. Then the avarage function of f is defined as follows:

o =g [ s

Letl < p,g<ocand f: T — R be a2m-periodic measurable function. Then
the weighted Lorentz spaces LP9(T') is defined [5, p.20], [1, p.219] as the set of all

measurable functions f such that || f||,,.. < oo where

i\ o
11l oy = {fr 11l = (/T(f**(t))"tpyt) }

If p = ¢, LP9(T) turns into weighted Lebesgue space LP (1) [5, p.20].
By E,(f)rr« we denote the best approximation of f € LPI(T) by trigonometric

polynomials of degree < n, i.e.,

En(f)[f,q = inf ||f - Tkaq,w )
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where the infimum is taken with respect to all trigonometric polynomials of degree
k <n.

The weight functions w used in the paper belong to the Muckenhoupt class
A,(T) [11] which is defined by

1 / 1 - Pt .
sup — [ w(x)dx (— /w P (x)dx) <oo,p =——,1<p< oo,
1] J; 1l J; p—1

where the supremum is taken with respect to all the intervals / with length < 27
and |I| denotes the length of /.
The modulus of continuity of the function f € LPI(T) is defined [8] as

Q(f7 5)[/5‘1 = sup HAhf”qua o> 07

|h|<6

where
h

15 +0) - fa)

0

(Anf)(z) =

SRS

is the Steklov operator.

The modulus of continuity 2(f,0)r« is defined in this way, because the space
LP4(T') is noninvariant, in general, under the usual shift f(z) — f(x+h). Whenever
we A,(T),1 < p,q < oo, the Hardy Littlewood maximal operator of every f €
LPY(T) is bounded in LP4(T) [3, Theorem 3]. Therefore the Steklov operator A, f
belongs to LP(T"). Thus, Q(f, ) »« makes sense for every w € A,(T"). Moreover
the modulus of continuity Q(f,d) s is non-decreasing, non-negative, continuous

function satisfying the conditions
ggéﬁ(fa 0)pe = 0, Q(f1 + fo, 6) ppe < Q(f1,6) ppe + Qf2,0) ppa.
In weighted Lorentz spaces, Lipschitz class Lip(a, LP?) is defined as

Lip(a, L) == {f € LPIT) : Q(f,0)pa = O(6%), 0 < a < 1}.
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Since LPY(T) C LY(T) whenw € A,(T), 1 < p,q < oo [5, the proof of Prop.

3.3], the Fourier series and the conjugate Fourier series of f € LP?(T) are given as

f(z) ~ aoéf) —|—Z(ak(f) cos kx + bi(f) sin kx) (1.2)
f(x) ~ aoéf) + Z (ag(f)sinkx — be(f) coskz) .
k=1

Here ao(f), ax(f), bx(f), k = 1,2, ..., are Fourier coefficient of f. Let S, (f, z), (n =
0,1,2,...) be the nth partial sum of the series (1.2) at the point z, that is,

Sa(f,7) =Y Us(f)(@),

where

Ue(f) () := ag(f) coskx + b (f) sinkx, k = 1,2, ....

Let (p,) be a sequence of positive numbers. We consider Norlund and Riesz

means of the series (1.2) defined by

1 n
Nolf,2) = 5= D PumSnl(f,) (13)
" m=0

and

1 n
where P, = Y"" _ pm, p—1 = P_1 = 0.Inthe case p, = 1,n > 0, both of N,,(f, x)
and R, (f,z) yield the Cesaro mean of the series (1.2)

1 n
on(f,2) == D Smlf,2)
m=0

Let A = (a,x) be a lower triangular regular matrix with nonnegative entries

and row sums ?,. The operator A is defined by Aya,, = ang — Gpg+1. Such a
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matrix A is said to have monotone rows if, for each n, {a,} is either nonincreasing

or nondecreasing in k,0 < k < n. We define

Tn(f7 ZE) - Zanksk<f; .%')7 n=0,1,2,...
k=0

Note that, in the case of p, = 0, n > 0, N,(f,z) and R,(f,z) yield o,(f, x).
Furthermore 7,,( f, x) is a generalization of N, (f,z) and R,,(f, x).

Quade [12] investigated the approximation properties of the o, Cesaro mean in
Lebesgue spaces. Similar results were studied by many researchers [2, 4, 9, 10].
In [2], Chandra gave some conditions on the sequence (p,), and investigated ap-
proximation problems of /V,, mean and R,, mean to approximate f function in the
Lebesgue spaces. In [9], Leindler weakened the conditions given by Chandra on
the sequence (p,), and investigated same approximation properties in Lebesgue
spaces. In [4], Guven obtained the generalizations of Chandra’s [2] results for
weighted Lebesgue spaces. Mittal et al. in [10] have generalized the results ob-
tained by Chandra [2] to more general classes of triangular matrix methods.

In this work, we generalize the results obtained by Chandra [2] and Mittal et al.
[10] to weighted Lorentz spaces. Our main results are the following.

Theorem 1. Ler 1 < p,q < oo, w € A,(T),0 < a < 1 and let (p,),; be a

monotonic sequence of positive numbers such that
(n+ 1)p, = O(P,). (1.4)

then
||f—Nn(f)||pq7w:O(n_“),n: 1,2,... (1.5

Theorem 2. Ler 1 < p,q < co,w € Ay(T),0 < a < landlet (p,), be a sequence
of positive real numbers satisfying the relation

S
m+1 n+1

n—1

2

m=0
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then
1f = Ru(f)l g = O(n™%),n=1,2,... (1.7)

where

A Pm . Pm Pm+1
m+1) m+1 m+2
Theorem 3. Let f € Lip(c, LP?) and let A have monotone rows and satisfy
Ity — 1| = O(n™®). (1.8)
(D)If 1 <p,q<o0,0<a<1,and A also satisfies
(n + 1) max {ang, an-} = O(1), (1.9)

where r .= [g} , then
Hf - Tn(f)Hpq,w = O(n*Oé)' (110)

(i) If 1 < p,q < 0o, a = 1, then the estimate (1.10) is satisfied.
Lemma 1. Let f € Lip(1, LP?). Then for n = 1,2, ... the estimate

o (f) = S ()l pge = O™

holds.
Proof. If f € Lip(«a, LP?), from Lemma 4.6 of [7] it can be deduced that f is

absolutely continuous and f € LP1_If the Fourier series of f is
fl@) ~ > U(f)(@),
k=0
then the conjugate function f’(x) has the Fourier series

fl(@) ~ ) kUL(f) ().
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On the other hand,
SN — o)) = DU
R
L]

Since the partial sums and the conjugate operator is uniform bounded in the space
LP4(T) (see [7]), we get that

182(f) = o)y = O™

for n=1,2,....
Lemma?2. Let0 < a < 1,1 <p,q <ooand f € Lip(c, LP?), w € A,(T). Then

||f - S?’L(f)”pq,w = O(n_a) 7n = 17 2’
Proof. Let t(n = 0,1, ...) be a trigonometric polynomial of best approximation to

f, that is
Hf - t:;Hpq,w = inf Hf - thpq,w )

where the infimum is taken over all trigonometric polynomials ¢,, of degree at most

n. From Lemma 2.3 of [13], we have

1f = thll g = O, 1/0) pe)
and hence
1f =ty = O(™%).

By the uniform boundedness of the partial sums S,,( f) in the space L”Y(see [7, Prop.
3.4],[6, Th. 6.6.2],[14, Chapter VI]), we get

1f = S0 lpge < WS = tallpges + 16 = Sl g
= f = tallpge + 1150 (8 = g
= O(lf = 3l pge)
= 0O(n ).
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Lemma 3. (2| Let (p,) be a non-increasing sequence of positive numbers. Then

Z miapnfm = O(niapn)
m=1
for0<a<l1.
Lemma 4. [11]| Let A have monotone rows and satisfy
(n + 1) max {ang, a,-} = O(1).

Then, for 0 < a < 1,
anp(k+1)7=0(n"").

m=1

2 Proof of Main Theorems

Proof of Theorem 1. Case I. Let 0 < o < 1.
By (1.3), we have

No(f) (@) - f(z) = ,% S o {Sulfi0) — F@)}
By (1.4), Lemma 2 and Lemma 3,
15 = NPl < 5 S P I = SOl

1 = —Q pTL
= 5 D om0 ™) + -1 = So(F) g
nm*l n

1 1
- o)+ O
= O(n™°).

Casell. Leta = 1.
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Since
Nol£)(a) = 3 3 panUn()(a).
from Abel’s transformation,
Su(1)(a) = Nu(D)@) = 3 (o= o) Unl(P)@)
" m=1 k=1
1 n
+n 1 ;kUk(f)(x)
Hence,
19,0) = Ml = 3 2 [ (222 Y k1))
" m=1 k=1 Pg,w
1 n
T ;’%(ﬁ(m) y @.1)
Since
o)) = Sl P)@) = —5 S KU)(), @2
k=1
By Lemma 1, we get
> kUL(f) () = (n+1) lon(f) = Su(H)ll,. = O1).  (2.3)
k=1 pg,w

Combining (2.1) and (2.2), we have

152(F) = Na(f)lly, = O (,%) 3 oM. 24)

m=1

m
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In the other hand,

Am Pn_Pn—m Pn—m—l_Pn—m+Pn_Pn—m—1
m m m(m + 1)
Pn - Pnfmfl Pn—m
m(m+ 1) m
1

= D {(Py = Poom1) = mppm}

1 n
= m{ Z pk_mpnm}-

k=n—m-+1

P _p n+1
{ m }mzl

is non-increasing whenever (p,,) is non-decreasing and non-decreasing whenever

This equality implies that

(pn) is non-increasing. This implies that

A, (M)‘ -
m

by using convention P_; = 0. Using (2.5) and (1.4) in (2.4), we obtain

n

2.

m=1

P,
n+1

1 JR—
n+1

Pn O(F), (25

152 (f) = Nu(f)llpgo = O 71). (2.6)
Finally, by using (2.6) and Lemma 2, we get
||f - Nn(f)”pq#u = O(n_a)

with o = 1.
Proof of Theorem 2. Case I.Let 0 < o < 1.
We have

f@) = Rul0)(@) = 5 3" b 1F(2) = Sl )

By Lemma 2,

1 = Rl < - D2 7 = S Dl
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1 n
= <Fn) m=pp, (2.7)
m=1
By Abel’s transformation
n—1
Zm P =Y Pulm = (m+1)"*+n"P, (2.8)
m=1
n—1

by (1.6)
S P "Z—l ( Pn pmH) (i’”) . B ”Z‘lm .
— m+1 = \m+1 m+2 — n+1e~
This implies
i m pm =0 (n"°F,).
From (2.7) and (2.8), we obtain
1 = Rl = O~
Case Il. Let o = 1. By Abel’s transformation,
Rif@) = 5 Z (P (Su(£)(@) = Sy (D) + PuS, (1))
- = ZP (~Unis(N@) +Su(H@)

and so
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Once again, by Abel’s transformation, we get

m=0 m= k=0
n—1 m
P, P,
- Y () (Z(k + 1)Um+1(f)(ﬂf)>
m=0 k=0
Pn n—1
+ (k+1) Upnsr(f)(2)
n+1 pr
and so
n—1 n—1 Pm Pm+1 m
D Pnlmn(D| = Y| = D (k4 1)U ()
m=0 pq,w m=0 k=0 pq,w
n—1
— Z(k+1)Um+l(f)
n—+1 —
= Pg,w
n—1
Pm Pm+1
= ) - (m +2) [[Sma1(f) = mt1 ()l g
—|m+ 1 m+2 pq
+ P [|Sn(f) — U”(f)“pq,w
n—1
Pm Pm+1 Pn
= 1 — .
O()mz::o m+1 m+2 O(n+1)
Therefore

IR (f) = Sn(f)llpg = O (n7F). (2.9)

Applying (2.9) and Lemma 2 to

1 = B g = 1 = Sl g + 150(F) = Bu()ll g

we get
1 = B = O0™%)

fora =1.
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Proof of Theorem 3. Case L. Let 0 < o < 1.

n

(f)—f = Zan,ksk(f) —tuf + (= 1)f

k=0

= Zan,k(sk(f) — )+ (. — 1.
k=0
From (1.8), Lemma 2 and Lemma 4,

170 () = Fllpge < D anallsilF) = Fllpg + ltn = 111l
k=0

= Y ansO((k+1)"") +O0(n™®)

= O(n™9).
Casell. Letaw = 1.

170 () = Fllpgw < 17 (F) = SnlDllpge + 190 (F) = Fllpge -

by Lemma 2,
||f - Sn(f)”pq,w = O(n_l)‘

Hence it remains to prove that
17a(f) = Sa(f)llq0 = O(7H).

If we define A,,; := > a,;, and use the fact that A,y = ¢,, then we have
i=k

n n

() =Y anSk(f) =Y am > Uil F)(@) =D AulUi(f)(2).

k=0 k=0 =0
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Sa(f) = Z Ue(f)(x) = ZAnOUk<f)(x> + Z(l — Ano)Ur(f) ()

= 3" AUi(N)(@) + (1= 1) Y U(f)(2)

k=0

= > AnUi(f)(@) + (1= ta)Su(f).

Hence

n

Z(Ank — Ano)Ur(f)()

k=1

170 () = S (Pl g < + 1 =tallI£1],,..

Pg,w

We define
Ank - AnO

- 2

bnk -
for each 1 < k < n. If we use summation by parts, then we get

> (e~ A ) = 3 (FE) 1))

= S Zm(f)(x)—iwj(f)(x)]

=0
n k n k—1
= Z b ZjUj(f)(m) — Z bk ZjUj(f)(m)
k=1 =0 k=1 Jj=0
n n—1 k
= bun Y _JUH(N@) + D Dibur Y iU (f)(@).
j=1 k=1 j=0
Hence
n n—1 k
I70() = Fllges < [bwn SGTD| -+ (|32 Asbus Y_GUD|| - +O).
j=1 k=1 §=0

pg,w pq,w
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Also
R Su(f) = — Sy U
on(f) = n+1kzo M)—nHM; i(£)(w)
- - 1 & ,
= n+lz;Uj(f)($)k_j1=n+12;(n—3+1)Ug(f)(l‘)
n 1 n
= 2 Ui(f)(x) — e jZOJUj(fﬂx)
By Lemma 4,
Zj@(f)(x) = [[(n+1)(Su(f) = 0u(f)) + Su( )y
= (10 + [l = O(1).
Note that
ban| = (n+ 1) [Apo — Apn| = (0 + 1)ty — ann| = (n+ 1)1 O(1).
Therefore

We can write

Akbnk =

bon 33U (@) = 0.
J=1 Pg,w
1 An k+1 — AnO
_A A _ A s TR
o (Ane = Ano) + =0y

1 B n n
kE+1ALA —
k(k + 1) ( + ) kAnk + Z Anyr ;anr]

r=k+1

1 k
) (k4 Dap, — Zam] .

r=0

If {a,x} is nonincreasing in k, then Apb,, < 0, and if {a,} is nondecreasing in k
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then A.b,, > 0, so that
n—1
Ann - An Qpp — tn
’Akbnk’ = |bn1 - bnn’ = Anl - AnO S < |an0| + —’
k=1
O(1
= 0w+ W _ o,

and (1.10) is satisfies.
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