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Abstract

In this study, fixed-function results are established in the framework of S-metric spaces under both
Banach-type and Reich-type contractive conditions. These results extend classical fixed-point theory to
a functional setting and ensure the existence and uniqueness of fixed functions in generalized metric
spaces. Moreover, the Banach-type fixed function theorem is applied to obtain the best approximation
of treatment plans for tumour patients undergoing intensity modulated radiation therapy (IMRT). This
application demonstrates the effectiveness of fixed-function theory in S-metric spaces for modeling
and solving practical optimization problems. The proposed results contribute to both the theoretical
development and applied aspects of fixed-function theory.
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1. Introduction and Background

Fixed-point theory constitutes one of the central and most extensively studied areas of nonlinear analysis due to its
profound theoretical significance and its wide range of applications in mathematics, engineering, economics, and
applied sciences. Classical fixed-point results, such as Banach’s contraction principle [1], have provided powerful
tools for investigating the existence and uniqueness of solutions to various functional, differential, and integral
equations. Motivated by these foundational results, numerous generalizations of metric spaces and contraction
conditions have been introduced in order to extend the scope of fixed-point theory and to model more complex
phenomena. There are many studies in the literature on the generalizations and the application areas of fixed point
theory (for example, [2-7] and the references therein).

Among these generalizations, S-metric spaces [8], introduced as a natural extension of standard metric spaces, have
attracted considerable attention in recent years. An S-metric space replaces the conventional two-variable distance
function with a three-variable function, allowing a richer geometric and topological structure. This framework has
proven to be particularly effective in establishing fixed-point results under weaker assumptions and in settings
where classical metric conditions are not sufficient. Consequently, a growing body of literature has focused on
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fixed-point theorems in S-metric spaces, including various contractive mappings and ordered structures.

Parallel to the development of generalized metric frameworks, the notion of a fixed function has emerged as an
important extension of the fixed-point concept [9]. While fixed-point theory concerns the invariance of individual
elements under a mapping, fixed-function theory studies the invariance of entire functions under suitable operators.
This perspective is especially relevant in applications involving iterative schemes, optimization problems, and
functional equations, where convergence to a stable functional profile is of primary interest rather than convergence
to a single point. Fixed-function results provide a unifying framework for analyzing sequences of functions arising
in applied models and offer a natural bridge between abstract fixed-point theory and practical applications.

The interplay between S-metric spaces and fixed function theory has opened new avenues for research, particularly
in the analysis of convergence behaviors of function-valued iterations. Applications of these concepts can be found
in areas such as image processing, signal reconstruction, optimization algorithms, and medical treatment planning,
where function sequences representing different states or configurations are required to converge to a stable and
optimal solution. By employing generalized distance structures and fixed-function techniques, one can obtain
stronger convergence guarantees and more flexible modeling capabilities.

Motivated by these considerations, the present study aims to contribute to the existing literature by investigating
fixed point and fixed function results within the framework of S-metric spaces. In addition to establishing theoretical
results, we emphasize the applicability of the proposed approach by discussing relevant examples and potential
applications. The obtained results not only generalize several known fixed-point theorems but also provide
an effective mathematical foundation for analyzing iterative processes involving function-valued mappings in
generalized metric settings.

Motivated by the work of Dhawan et al. [9] (also, [10]), we investigate the applicability of fixed-function techniques
in S-metric spaces to the problem of determining the best approximation of treatment plans for tumour patients
undergoing intensity modulated radiation therapy (IMRT). In this context, the treatment planning process can
be naturally formulated within a functional framework, where dose distributions are modeled as elements of
an appropriate function space endowed with an S-metric structure. This generalized metric setting allows the
simultaneous incorporation of multiple dose interactions and provides greater flexibility than classical metric
formulations.

By adopting this approach, the iterative procedures used in IMRT optimization can be interpreted as mappings
acting on S-metric spaces, where convergence to an optimal dose distribution corresponds to the existence of a
fixed point or fixed function. The best approximation of a treatment plan is then obtained as the limit of a sequence
generated by such mappings, ensuring stability and consistency of the resulting dose distributions. The S-metric
framework further enables the analysis of convergence under weaker conditions, thereby broadening the range of
admissible treatment scenarios.

Consequently, inspired by the methodology of Dhawan et al. [9], our results demonstrate that S-metric space
techniques provide an effective mathematical foundation for constructing and approximating clinically suitable
IMRT treatment plans. This perspective not only generalizes existing fixed-function-based approaches but also
offers a systematic and theoretically justified tool for addressing complex optimization problems arising in radiation
therapy planning.

2. A Brief Survey of S-Metric Spaces

In this section, we recall some basic concepts related to the S-metric spaces.

Definition 2.1. [8] Let X be a nonempty setand S : X x X x X — [0, c0) be a function satisfying the following
conditions for all z,y, z,w € X :

(S1) S(z,y,2) =0<=z =y =2

(S2) 5(x,y,2) < S(x,z,w) + Sy, y,w) + 5(2, 2, w).
Then S is called an S-metric on X and the pair (X, S) is called an S-metric space.

Example 2.1. [8] Let X = R" and ||.|| be a norm on X. Then
S(z,y,2) = ly+ 2 =2z + [ly — =]

is an S-metric on X.
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Lemma 2.1. [8] Let (X, S) be an S-metric space and x,y € X. Then we have

S(z,z,y) = S(y,y, ).
Definition 2.2. [8] Let (X, .S) be an S-metric space and {z,} be a sequence in this space.
1. A sequence {z,} C X converges to z € X if S(x,,xzn,z) — 0as n — oo, that is, for each € > 0, there exists
ng € N such that for all n > ng we have S(z,,, z,,x) < €.

2. A sequence {z,} C X is a Cauchy sequence if S(z,, », Tm) — 0 as n,m — oo, that is, for each € > 0, there
exists ng € N such that for all n,m > ny we have S(z,,, ,, xm) < €.

3. The S-metric space (X, S) is complete if every Cauchy sequence is a convergent sequence.

Lemma 2.2. [8] Let (X, S) be an S-metric space and {x,,}, {yn} be two sequences in this space. If x,, — x and y,, — y then
we have

S(xnvx'myn) — S(J?, x,y).

Lemma 2.3. [11] Let (X, S), (Y, S") be two S-metric spaces, f : X — Y be a function and {x.,} be a sequence in this space.
Then f is continuous at x € X if and only if f(x,) — f(x) whenever z,, — .

Lemma 2.4. [12] Let (X, d) be a metric space. Then, the followings are satisfied:

1. Saq(z,y,z) =d(z,z) + d(y, z) forall x,y, z € X is an S-metric on X.
2. zp — xin(X,d) ifand only if x,, — x in (X, Sg).

3. {zn}is Cauchy in (X, d) if and only if {x,,} is Cauchy in (X, Syg).

4. (X, d) is complete if and only if (X, Sq) is complete.

The metric S; was called as the S-metric generated by d [13]. There are known instances of S-metrics that are not
generated by any metric (for further information, see [12], [13] and [14]).

A following example of an S-metric is not generated by any metric:
Example 2.2. [13] Let X = R and the function S : X x X x X — [0, c0) be defined as
S(:L‘,y,z) = |$_Z| + |y+2—2$|,

for all z,y, z € R. Then S is an S-metric which is not generated by any metric and the pair (X, S) is an S-metric
space.

According to Gupta, each S-metric on X defines a metric dg on X as follows:

ds(l’,y) :S(x,x,y)JrS(y,y,x), (21)
forall z,y € X [15].

The function dg(z,y) defined in (2.1) does not always define a metric because the triangle inequality is not satisfied
for all members of X everytime as seen in the following example:

Example 2.3. [13] Let X = {1, 2, 3}. If we consider the function S : X x X x X — [0, o) defined by
S(1,1,2) = S(2,2,1) = 5,
$(2,2,3) = 5(3,3,2) = S(1,1,3) = 5(3,3,1) = 2,
S(z,y,2z) =0ifx =y =2z
S(z,y,z) = 1 otherwise,

forall z,y, z € X, then S does not generate a metric dg. Also, S is an S-metric on X which is not generated by any
metric d.
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The following theorem shows that the connection between an S-metric and a b-metric as specified in [16]:

Theorem 2.1. [11] Let (X, .S) be an S-metric space and
ds(xv y) = S(Cﬂ, Z, y)/

forall x,y € X. Then we have

1. d° is a b-metric on X,
2. 2, — xin (X, S) ifand only if z,, — x in (X, d”),

3. {w,}is Cauchy in (X, S) if and only if {x,,} is Cauchy in (X, d).

The metric d* is called the b-metric generated by S.

Definition 2.3. [17] Let X be a nonempty setand G : X x X x X — [0, c0) be a function satisfying the following
conditions:

(G1) G (z,y,2) =0ifx =y = 2,
(G2)0 < G (z,z,y)ifx #y,
(G3) G (2,2,y) < G (x,y,2) if y # =,
(G4)

G4) The symmetry on three variables

Gla,y,2) = G(w,2,9) = Gy, v, 2) = Gy, 2,2) = G(z,2,9) = G(2,9,2),
(G5) The rectangle inequality
G($7 y’ Z) S G(m7 a’ a) + G(a’ y’ z)'
Then G is called a G-metric on X and the pair (X, G) is called a G-metric space.

Remark 2.1. [18] The class of all S-metrics and the class of all G-metrics are distinct.
(1) There exists a G-metric which is not an S-metric (see Example 2.1. given in [18]).

(2) There exists an S-metric which is not a G-metric (see Example 2.2. given in [9]).

3. Main Results

In this section, we obtain some fixed-function results on S-metric spaces. Before moving on to the main results, we
recall the notion of a fixed function.

Definition 3.1. [9] Let P : F — F be any self-mapping where F is a family of functions f. Then f € F is called a
fixed function of P if

Pf=f.
Example 3.1. [9] Let X = [1, 2] and the self-mapping P : F — F be defined as

Pf(x)=f*(z) - 2f (x) +2,

forall f € Fand x € X. Then, for all x € X, the functions

flx)=2

and

are two fixed functions of P.
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Example 3.2. Let X = [1, 5] and the self-mapping P : 7 — F be defined as
Pf(x) = f* () = 5f (z) +5

forall f € Fand x € X. Then, for all x € X, the functions
f(z)=5
and
fl@)=1
are two fixed functions of P.
Example 3.3. [9] Let X = R*, P : F — F be a self-mapping and f € F be defined as
[ -1, =ze]0,1]
f(x)—{ 0 , z€(l,00)
Then f3 is a fixed function of P.

Definition 3.2. Let (X, S) be an S-metric space, F be the collection of all bounded functions defined on X and
P : F — F be a self-mapping. Then P is called a Pg-contraction mapping on X if for any real number A € [0,1)
and for all f, g € F, we have

S*(Pf,Pf,Pg) <AS™ (£ f.9),

where

S*(f,g,h) = sup{S(f,g,h):z,y,2€ X} (3.1)
sup{[f (z) —h ()| +|f (z) + h(z) =29 (y)| : x,y,2 € X}.

Remark 3.1. The function S* : F x F x F — [0, 00) is an S-metric on F. Indeed, for z,y,z € X and f,g,h € F, we
have

(51)
S*(f,g,h) = 0<sup{S(f,g,h) : 2,y,2€ X} =0
& sup{[f(z) —h(2)|+|f (@) +h(z)—29(y)|:2,y,2€ X} =0
& f~g~bh.
(52)
S*(f.9,h)

= sup{S(f,9,h):z,y,2€ X}

= sup{[f(z) —h ()| +|f () +h(z) =29 (y)| : 2,9y, 2 € X}

= sup{[f(z) —h@)|+[f (=) —gW) +h(z) —gW)|:z,y,2z € X}

_— 7@ 00 +p(0) (o) }
+f @) —p@)+pt) —g@W) +h(z)—p)+p@) —gW)|:z,y,2,t € X

Sup{f(af) PO+ 1p () —h(2)] +[f (x) - ()|+Ip(t)—g(y)|}
+h) —p@l+Ip() =92y, 2teX
(y

sup (2|f () =p ()] + 29 (y) —p O] +2[h(2) —p(O)] : 2.y, 2,t € X}
sup {5 (f, f,p) +5(9:9,p) + S (h,h,p) 12,y 2,8 € X}
sup{S (f, f,p) : x,t € X} +sup{S(g,9,p) : y,t € X} +sup{S (h,h,p) : z,t € X}
= S°(f,f,p)+ 5 (9:9,p) + 5" (b, h,p).-
Therefore, the function S* is an S-metric. Also, S* is not generated by any metric d. To show that, on the contrary,

we assume that the S-metric S* is generated by any metric d, that is, for all f, g, h € F, there exists a metric d such
that

IN

IN

S*(f,9,h) = d(f,h) +d(g,h).
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Then, we get

S*(f, f:h) = 2d(f.h),
S (f, f.h) = 2sup{[f(z) —h(z)|: 2,2 € X}
= d(f,h) =sup{|f(x)—h(2)|:z,z€ X}
and
5%(9.9,h) 2d (g, h),
5 (g,9.h) 2sup{lg (y) —h(z)| 1 y,z € X}

= d(g,h) =sup{lg(y) —h(z)|:y,z € X}.
Hence, we obtain

sup{[f () = h ()| +|f (2) + h(2) =29 (y)| : 2y, 2 € X}
= sup{|f(z) —h(2)| 2,2 € X} +sup{lg(y) = h(2)]:y,2 € X},

which is a contradiction. Indeed, if we consider the following constant functions
f(x)=59(y)=0and h(z) =1,

so we get
10 # 5.

Consequently, the S-metric S* is not generated by any metric d.

Theorem 3.1. (Banach Type Fixed-Function Theorem) Let (X, S) be a complete S-metric space with the S-metric S defined as
S(x,y,2) =z —z|+|z+2z—2y|,

forall x,y,z € X [13]. Let F be the collection of all bounded functions defined on X with S-metric S* defined as in (3.1). If
P is a Pg-contraction mapping and continuity on X, then there exists a unique fixed function f € F, that is, there exists
some f € F such that

Pf=1
Proof. Let f,g,h € F. Since P is a Pg-contraction mapping on X, there exists a real number X € [0, 1) such that

S*(Pf,Pf,Pg) <AS™(f. f.9),

forall f,g € F where
S (f,g,h) =sup{[f () = h(2)| + |f (x) + h(2) =29 (y)| : .y, 2 € X}
Then we have
S* (P*f,P*f,P?g) AS* (Pf,Pf,Pg)
NS (f. f,9)

and so, similarly, we obtain
S*(P"f,P"f,P"g) < \"S*(f, f.9)-

At first, we show that {f,,} (n € N) is a Cauchy sequence. To do this, let fy € F and let us define the sequence { f,,}

by
f1="P fo,

fo=Pf =P fo

fn=Pfu-1=P"fo.
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Let n, m € N be some positive integers with n > m such that
n=m +t,
where ¢t > 1. Then, we get

S* (fmvfmafn)

S* (fmvfma fm+t)

S ZS* (fm7f7mfm+1)+s* (f7n+tafm+t;fm+1)
S 221—;}:_25* (fl? fi7 fi-‘rl) + S* (f?n-l-t—ly f7rL+t—la f’m—i—t)
< 2\ S (fO,anfl) [1+>\+>\2+]
2A™
< 17>\S*(f07f07f1)-

Since F is the collection of all bounded functions, we have

S* (fmy fms fn) =0,

as n, m — oo. Therefore, { f,,} is Cauchy. Using the completeness hypothesis, the sequence { f,,} is convergent in X,
that is, there exists f € F such that

lim f, = f.

n—oo

By the continuity of P, we have
lim Pf, =Pf.
n— 00
Also, we get
lim f,1 = f.
n— oo
Hence, using the uniqueness of the limit, we obtain

Pf=1

which shows that f is a fixed function of P. Finally, to show the uniqueness of the fixed function f, we assume that
g is another fixed function of P, that is,

Pg=yg.
Using the hypothesis, we get

0<5°(f, f,9) =5 (Pf,Pf, Pg) <AS™(f, f,9) <S"(f. [ 9),
a contradiction. Consequently, f is a unique fixed function of P. O

Remark 3.2. 1) The completeness of (F, S*) follows from considering together the definition of the function S*, the
completeness of the space (X, S) and the notions of Cauchy sequences, convergence, and completeness. This can be
easily seen by using Lemma 2.4.

2) This theorem provides a natural generalization of the classical Banach fixed-point theorem, using the concept of a
fixed function on S-metric spaces.

3) This theorem generalizes Theorem 2.6 proved in [9].

4) Since the S-metric used in the statement of Theorem 3.1 is an S-metric that cannot be generated by a metric,
this further increases the importance of working in S-metric spaces. Thus, instead of working with an arbitrary
S-metric, we are dealing with one that is not induced by any metric.

5) Since every S-metric generates a b-metric, then Theorem 3.1 can be also considered on b-metric spaces. In other
words, by working on an S-metric space, we automatically generalize the same study on a b-metric space.

Example 3.4. Let X = [0,1] and the function S : X x X x X — [0, 00) be an S-metric defined as in Example 2.2.
We assume that F = C'[0, 1] is the set of all real-valued continuous functions defined on [0, 1] and the function
P : F — F is defined by
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forall f € Fand z € [0,1]. Then (X,S) is a complete S-metric space and F = C[0, 1] is the collection of all
real-valued continuous, bounded functions defined on X. Let

forall « € [0, 1]. Therefore, {f,, (z)}, c[o,1] is Cauchy. Also, the function P is a Pg-contraction mapping with A = %.
Indeed, we have

5" (PLPLPG) = 5 (3.31.39)
= s {21 - W[+ | i@+ few - @] ev e}
= Sow{lf (@)~ g ) +1f (@) +9() ~2f (@)] sy € 0,11}
= IS ().

Consequently, null function is a unique fixed function.

Definition 3.3. Let (X,S) be an S-metric space, F be the collection of all bounded functions defined on X,
P : F — F be a self-mapping and the function S* be defined as in (3.1). Then P is called a Reich type Pg-contraction
mapping on X if we have

S*(Pf,Pf.,Pg) <aS™(f,f,Pf)+BS" (9,9, Pg) +vS* (£, f.9),
forall f,g € F and «, 3,y nonnegative with o + 8 + v < 1.

Theorem 3.2. (Reich Type Fixed-Function Theorem) Let (X, S) be a complete S-metric space with the S-metric S defined as
in Theorem 3.1. Let F be the collection of all bounded functions defined on X with S-metric S* defined as in (3.1). If P isa
Reich type Pg-contraction mapping and continuity on X, then there exists a unique fixed function f € F, that is, there exists
some f € F such that

Pf=f
Proof. Let us define the sequence {f,} (n € N) by

fn="Pfa1="P"fo.

At first, we show that { f,,} is a Cauchy sequence. For f1, fo € F, we have

S*(f1, f1,f2) = S*(Pfo,Pfo,Pf1)

aS* (fo, fo, Pfo) + BS™ (f1, f1, Pf1) +vS* (fo, fo, f1)
= aS" (fo, fo, [1) + BS™ (f1, f1, f2) +S™ (fo, fo, f1)

= (a+7)S* (fo, fo, f1) + BS™ (f1, f1, f2)

= (1-8) 5" (f1, f1, f2) < (a+7) S (fo, fo, f1)

— " (fufufo) < 25" UouJor )

IN

and

S* (f2, f2, f3) < Tj;S* (f1, f1, f2)

2
< (?—i_;) S* (fo, fo, f1) -

If we continue this process in this manner, then we see that { f,, } is a Cauchy sequence since % <land fo, f1 € F
are bounded. By the hypothesis, the sequence { f,,} is convergent to f € F. Now we show that f is a fixed function
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of P. To do this, let ¢ be any arbitrary positive integer. So, using the triangle inequality and the property of the Reich
type Pg-contraction mapping, we obtain

S P < ST )+ ST )+ ST (PLPE f)
= 25" (f, f, ft) + S*(Pf,Pf, fr)
= 28" (f, f, f) + S*(Pf,Pf,Pfi-1)
< 28" (f f, fe) + ST (f, £, Pf) + BS™ (fi-1, fi-1,Pfi-1)

+PVS* (f? f) ft—l)

= (L=a) S™(f, [, Pf) <25 (f, [, f) + BS™ (fe—1, frm1s f1) +4S™ (f, [, fe—1) -
By taking ¢ sufficiently large, we get
0<S*(f, /,Pf) <,
which implies
S*(f, f,Pf) =0,
that is,
Pf=f.
Finally, we prove that f is a unique fixed function of P For this purpose, let g be another fixed function of P such
that
f=g
Using the hypothesis, we get

s (f.f.9) = S (Pf.Pf,Pg)

aS* (f, f,Pf)+BS"(9,9,Pg) +vS* (f, [, 9)
aS* (f, f, f) +BS*(9,9,9) +7vS* (£, f,9)
¥S* (f, f,9)

= (1-=7)5(f,f,.9)<0

= S"(f,f,9) <0,

A

which is a contradiction. Consequently, f is a unique fixed function of P. O

Remark 3.3. 1) The completeness of (F, S*) follows from considering together the definition of the function S*, the
completeness of the space (X, .S) and the notions of Cauchy sequences, convergence, and completeness. This can be
easily seen by using Lemma 2.4.

2) This theorem provides a natural generalization of the classical Reich fixed-point theorem, using the concept of a
fixed function on S-metric spaces.

3) This theorem generalizes Theorem 2.9 proved in [9].

4) Since the S-metric used in the statement of Theorem 3.2 is an S-metric that cannot be generated by a metric,
this further increases the importance of working in S-metric spaces. Thus, instead of working with an arbitrary
S-metric, we are dealing with one that is not induced by any metric.

5) Since every S-metric generates a b-metric, then Theorem 3.2 can be also considered on b-metric spaces. In other
words, by working on an S-metric space, we automatically generalize the same study on a b-metric space.

4. An Application to the Treatment Plan for Tumour Patients

The application discussed in this section focuses on determining an optimal treatment strategy for tumour patients
undergoing intensity modulated radiation therapy (IMRT). Within this framework, an appropriate truncation
of the dose deposition coefficient (DDC) matrix is employed in order to enhance the precision of the computed
dose distributions. A notable contribution in this direction was made by Tian et al. [19], who proposed a fluence
map optimization (FMO) model in which the DDC matrix is decomposed into two distinct parts according to a
prescribed intensity threshold.
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Motivated by this approach, one can construct a sequence of functions derived from the obtained theoretical results,
where each function corresponds to the dose distribution of a particular patient. This sequence is shown to converge
to a fixed function, which represents a common and suitable dose distribution applicable to multiple tumour
patients simultaneously. In addition, related algorithmic techniques addressing similar challenges in tomotherapy
have been investigated by Bortfeld [20] and Shepard et al. [21].

In practical implementations of these methods, the DDC matrix is typically calculated to approximate the dose
delivered to each voxel within the region of interest by individual beamlets of unit intensity. However, such
computations generally produce extremely large datasets, leading to significant demands on memory usage and
computational resources. To mitigate these issues, it is common practice to discard small-magnitude entries in the
DDC matrix. While this truncation strategy improves computational efficiency, it may also have a non-negligible
impact on the overall quality of the resulting treatment plan.

The problem under consideration can be efficiently addressed by employing a fixed point iterative scheme, which
has proven to be both robust and computational advantageous. Within this framework, an appropriate truncation
strategy for the dose deposition coefficient (DDC) matrix is incorporated, leading to a substantial enhancement
in the accuracy of the numerical outcomes. In the fluence map optimization model proposed by Tian et al. [19],
this strategy is realized by decomposing the DDC matrix into two distinct submatrices, denoted by P; and P,
according to a prescribed threshold parameter.

o The matrix Py, referred to as the major component of the DDC matrix, is defined as the collection of all entries
whose magnitudes exceed the prescribed threshold value.

o The minor component P, consists of the remaining entries of the DDC matrix that are not included in the major
component P;.

In fact, the component P; primarily captures the dose contributions associated with voxels located within the
tumour region, whereas P, accounts for scattered dose contributions propagating over relatively large spatial
distances.

The problem can be interpreted as:
2+ — argminHPm:—&—é(k) —TH 4.1)

and
SO = Py (ktD), (4.2)

Equation (4.1) describes an inner iterative scheme that can be efficiently solved by applying a suitable numerical
algorithm to compute the dose vector §*), which corresponds to the contribution associated with the minor
component P,. Owing to the fact that the matrix 7, contains a significantly smaller number of nonzero entries in
comparison with the full DDC matrix, the corresponding inner iteration exhibits a faster convergence behavior than
that obtained from the original formulation.

The outer iteration, governed by equation (4.2), subsequently updates the dose vector §(**1) by incorporating the
effect of the minor matrix P,. Here, the operator T° denotes the prescribed dose levels for voxels within the planned
target volume, as well as the admissible threshold doses for voxels associated with organs at risk. This iterative
mapping naturally generates a sequence

{x(o), e 2@ }
of dose distributions corresponding to an individual patient.

Under the assumption that the entries of P, are sufficiently small or negligible and that there exists a constant A
ensuring the satisfaction of a suitable contraction condition, the existence of an appropriate dose distribution for a
patient is guaranteed. Building upon this framework, our results enable the construction of effective treatment plans
that can simultaneously accommodate multiple patients. Overall, the proposed methodology offers a computational
efficient and straightforward approach for estimating clinically acceptable treatment plans.

In the present study, two tumour patients with distinct tumour severity levels are taken into consideration. Let X
denote the collection of threshold intensity values, measured in Gy, prescribed for administration on specified days
and during designated treatment sessions. Each patient undergoes therapy twice daily, where the indices ' and G
represent the set of treatment days and the corresponding treatment sessions, respectively:

X = (1,F1G1),(%,FlGQ),(1,F2G1),(%7F2G2) 5 Patient — 1
(1, FlGl) s (2, FlGQ) y (].7 FQGl) s (2, FQGQ) y Patient — I1
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It is worth noting that the set X is complete, as it constitutes a closed and bounded subset of R?. Let F = {fi, f2}
denote the family of dose functions, where each function characterizes a distinct dose distribution over the tumour
region corresponding to different patients undergoing IMRT as follows:

i (2) 2r , Patient — 1
! r , Patient —I1
and
£ Patient — I
— 3 )
f2(x)_{ 2{ , Patient — II °

It should be noted that F constitutes a family of bounded functions. Let the mapping P : 7 — F be defined by

Pf=f2-2f+2,

for all f € 7. Now we show that P is a Pg-contraction mapping. To do this, we consider the following cases:

For Patient-I
Case I: x:y:1:>|Pf1—77f2|:gand|f1—f2|=%
Case II: m:y:%$|77f1—Pf2\=%and\fl—f2\:%
Caselll: [z =1,y=35 = [Pfi—Pfol=and [fi — fo| = &
Case IV: x:%,y:1:>|Pf1—73f2|=%and|f1—f2|:%

Using the above cases for Patient-I, we get

S* (Pf1,Pf1,Pfa)

sup{|Pf1 — Pfo| +|Pfr+Pfo—2Pf1]}

25 25
2sup{|Pfi —Phol} =2.- =

36 18
211 2( 11)
—=—2.—
3 3 6
[2sup {|f1 — fal}]
g[Sup{2|f1*f2|}]

2sup (I — £l 41+ 2~ 2011}
2

gS* (flaf17f2)

N Wl W

. . . . 2
and so P is a Pg-contraction mapping with A = z.

For Patient-II
Casel: [z=y=1=[Pfi—Pfo|=gand|[fi— fo| = 3
Case II: x:y:2:>\Pfl—”l?f2|=%and\f1—f2|:§
Caselll: | x=1,y=2=[Pfi —Pfol=¢and |1 — fo| = %
CaselV: [ 2 =2,y=1=[Pfi —Pfo|=5and |fi — fo| = 3
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Using the above cases for Patient-II, we get

S*(Pf1,Pfi,Pfa) = sup{|Pfi—Pfa|+|Pfi+Pfo—2Pfi|}

8 16
= 2sup{|Pf1i —Pfo|} =2.-=—

99
< 28_2(,4
= 33 3\73

= Zswilfi— Ll

= % [sup{2|f1 — fa|}]

= %supﬂfl — ol + i+ f2 = 2f1]}

= 25t

. . . . 2
and so P is a Pg-contraction mapping with A = .

Consequently, all the conditions of Theorem 3.1 are satisfied from which it follows that there exists a unique fixed
function f; of P which ensures the simultaneous determination of suitable dose levels for two patients.

5. Conclusion and Future Works

In this paper, we have developed fixed-function results in the framework of S-metric spaces under Banach-type
and Reich-type contractive conditions and demonstrated the applicability of the Banach-type result to the problem
of determining the best approximation of treatment plans for tumour patients undergoing intensity modulated
radiation therapy (IMRT). The obtained results extend classical fixed-point theory to a functional level and provide
a rigorous convergence mechanism for function-valued iterative processes arising in applied models.

Beyond the established fixed-function theorems, the present work highlights the significance of S-metric spaces as a
genuinely distinct generalization of metric structures. In particular, it is well known in the literature that there exist
S-metrics which cannot be generated by any metric, indicating that S-metric spaces are not merely reformulations
of metric spaces but possess intrinsically richer geometric features. Moreover, despite certain superficial similarities,
S-metric and G-metric spaces are mutually independent in general, as neither structure can be derived from
the other without imposing additional restrictive assumptions. This independence underscores the necessity of
studying fixed-point and fixed-function problems directly within the S-metric framework.

Consequently, the results presented in this study contribute not only to the theory of fixed functions in generalized
metric spaces but also to the broader understanding of S-metric spaces as an essential and flexible analytical setting.
The combination of theoretical developments with a concrete application to IMRT treatment planning further
demonstrates that S-metric-based fixed function theory provides a powerful mathematical tool for addressing
complex optimization problems in applied sciences.

Future research may focus on extending the fixed-function results in S-metric spaces to more general contractive
conditions, including interpolative and rational-type contractions. Another direction is to investigate fixed-function
theory in hybrid frameworks combining S-metric spaces with additional structures such as partial orders or
graph-based settings. Moreover, a comparative study between S-metric and other generalized metric spaces, may
provide further insights into their theoretical and applied differences. Finally, the application to IMRT treatment
planning can be enhanced by incorporating more realistic clinical constraints and numerical implementations.
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