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Abstract: Approximation properties of Cesaro and Abel-Poisson means of hexagonal Fourier series are studied. The
degree of approximation by these means of hexagonal Fourier series of functions, which are continuous and periodic with

respect to the hexagon lattice, is estimated in terms of the modulus of continuity of functions.
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1. Introduction

Approximation properties of Cesaro (C,d) and Abel-Poisson means of Fourier series of 2rw-periodic functions
of a real variable were studied by many mathematicians. The monographs [16] and [17] contain a lot of results
about convergence and the degree of approximation of these means. In the same monographs, there are also
results regarding approximation properties of Cesaro and Abel-Poisson means of functions of two or more
variables. Approximation properties of functions of two or more variables are studied usually by assuming that
the functions are periodic with respect to each of their variables. In the approximation theory of functions of
several real variables, another definition of periodicity are also used. The periodicity defined by lattices is the
most useful periodicity. This definition of periodicity allows us to study trigonometric approximation problems

on nontensor product domains of the Fuclidean space, for instance, on regular hexagons in the plane.

A lattice in the d— dimensional Euclidean space R? is the discrete subgroup
Ly = AZY = {Ak : k € 29},

where A is a d X d matrix with linearly independent columns, which is called the generator matrix of the lattice

L. A bounded set Q C R? is said to tile R? with the lattice L4 if

> xalz+ Ak) =1

kezd
for almost all z € R?. The set Q is called a spectral set for the lattice L4 if it tiles R? with L4. For a given
lattice, the spectral set is not unique. We fix 2 such that 2 contains the point 0 in its interior and the tiling

holds pointwise and without overlapping, that is

Z xa(z+ Ak) =1

kezd
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for all x € R% and
(Q+Ak)N(Q+ Aj) =0

for k # j. For example we take () = [—%, %)d for the standard lattice L;, = Z%.
Let © be a spectral set for the lattice L4. Consider the space L2(f2), which is a Hilbert space with

respect to the inner product
1 _
(F9) 10 = oy [ F@gloda,
2] Jo

where || denotes the Lebesgue measure of 2. The following theorem of B. Fuglede allows us to define Fourier

series on the spectral set 2:

Theorem 1.1 ([2]) The open bounded set Q) is a spectral set for the lattice La if and only if the set
{e2m'(A*”'k,x) ke Zd}

is an orthonormal basis of L*(€).

Hence, if € is a spectral set for the lattice L4, the Fourier series of a function f € L?(Q2) becomes
Z }';Ce?ﬂi{A*trk,w)
b
kezd

where

—~ 1 A—tr
fr = |Q/ f(x)efzmm ko) de, ke 7Y
Q

are Fourier coefficients.

A function defined on R? is called periodic with respect to the lattice L4 or A— periodic if
flz+ Ak) = f(z)

for all k € Z4.
More detailed information on Fourier analysis with lattices can be found in [11].

2. Hexagonal Fourier series

Besides the rectangular domain, the simplest and the most useful spectral set is a regular hexagon on the plane

R?. The generator matrix and the spectral set of the hexagonal lattice HZ? are given by

(49

-1 2

and

3 1
Qp = {(z1,22) ER? : =1 < 9, gxl + 572 <1}

We denote the plane ¢, + t5 +t3 = 0 by R%,, that is

R?’-I = {(t17t27t3) € Rg : tl +t2 +t3 = 0}

321



GUVEN/Turk J Math

Elements of the set R?, are called homogeneous coordinates. Under the transform

\f:L‘l ) \/3331

t2 = :L‘27t3 = - —

tltz—f—f— 5 5

2 2

the hexagon Q5 becomes
Q= {(t1,ta,t3) ERY : =1 < ty,tn, —t3 < 1}.

We use bold letters t, s, etc. to denote homogeneous coordinates. Also we denote the subset of R% consists of
points with integer components by Z3,.

A function f:R? — C is periodic with respect to the hexagonal lattice, or briefly H— periodic if
flx+HE) = f(z), keZ?

If we define
t=s (mod3) <= t; —s1 =ty — s =t3 —s3 (mod3)

for t = (t1,t2,t3),s = (s1,52,83) € R, it follows that the function f is H—periodic if and only if

f(t+s) = f(t)

whenever s = 0 (mod3), in terms of homogeneous coordinates. Also,

/f(t+s)dt = / f(t)dt, s R (2.1)
Q Q

for the H— periodic function f ([15]).
L?(Q) is a Hilbert space with respect to the inner product

o =gy [ 7050

where || denotes the area of 2. The functions
pi(t) =T jezd teRY
where (j,t) is the usual Euclidean inner product of j and t, are H—periodic, and by Theorem 1.1, the set

{5 :j € Zi}

becomes an orthonormal basis for L?(€2). See [11, 15] for details.

For every natural number n we define the set
Hn = {j = (j17j27j3) € Zz}:[ :—n < j17j23j3 < n}7

which consists of points inside the hexagon n{) with integer components.

The hexagonal Fourier series of an H—periodic function f € L?(2) is defined by

)~ > figi(t), (2.2)

jezs,
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where

~ 1 -
= /Q FOmdt, ez,

The n-th hexagonal partial sum of (2.2) is defined by

~ 1
)= 3 et = g /Q £(t - 5)Dy(s)ds, (2.3)

jeHn,

where the second equality of (2.3) follows from (2.1) with the kernel D,, defined by

=) gt

JjeHn,

The kernel D,, is an analogue of the Dirichlet kernel for the classical Fourier series. It is known by [11] (see
also [15]) that
D, (t) = 0,(t) — 0,_1(t), (2.4)

where
(n+1)(t1—t2)m . (n+1)(ta—ts)m . (n+1)(tz—t1)w
n G S111 G S11 G
O, (t) = 3 3 g (2.5)

(tl—tQ)ﬂ' : (tz—ta)ﬂ' : (t3—t1)7\'
n 3 Sin 3 Sin 3

for t = (t1,t2,t3) € RY,.

The degree of approximation by various means of hexagonal Fourier series was studied in [3-10]. In [3-5],
some estimates for the degree of approximation of (C,1) and Abel-Poisson means of hexagonal Fourier series
were obtained. But, in these works, there are no estimates in terms of the moduli of continuity of functions.

In this article, the degree of approximation of (C,1) and Abel-Poisson means of hexagonal series of a function

belonging to C(£2) is estimated directly in terms of the modulus of continuity of the function.

3. Approximation by (C,4) means on hexagonal domain

For § > 0 we denote the Cesaro (C,d) means of the series (2.2) by Sff)(f), i e

1 « n+0
(5 5
Sy —5E An—( 5 )
"k

It is easy to show that

SOf)(E) = o] f(t—S)K(‘”( )ds, (3.1)
where
K(6) = = 3 AL Die)
" k=0

If we set ©_1(t) := 0, we can express the kernel K as
1 _
KP(t) = o D AL (Ok(t) — O_a(t)) (3.2)
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by aim of (2.4). Since

1

n

_ o—1

=>4
k=0

and

we have

|§12|/ KO (t)dt = 1. (3.3)
Q

Let C(Q) be the Banach space of H—periodic continuous functions f : R% — C, whose norm is the

uniform norm:

1fllc@) =suplf(t)].
teq

The modulus of continuity of a function f € C(Q) is defined by

wy(u):= sup |[|f = f(- +t)lom, u>0
0<[[tf|<uw

where
Ht” = max{“l‘ ) ‘tQ‘ ) ‘t3‘}7 t= (t17t27t3) € R:;{'

wy(-) is a nonnegative and nondecreasing function which satisfies
wr(Au) < (14 Nwyp(u) (3.4)

for A > 0 ([15)).
In the rest of the paper we shall write A < B for the quantities A and B if there exists a constant
K >0 (K is an absolute constant, or a constant depending only on parameters which are not important for

the questions involve in the paper) such that A < KB holds.

Lemma 3.1 The inequality

1 1
(2k+ 1)t| <
A9 kz() “hcos(2k + 1)t (n+1)%(sint)? * (n+1)sint

holds for 0 <6 < 1,0 <t <7 and for every natural number n.

Proof It is known that ([17, page 94])

51
1 ZAé L (k18| < 1 L 2454
Adsin g k=0 : A9 (2smz)(erl Ad (251115)2

for 0 < t < 2w. Hence, we have for 0 <t < 27

¢ 1 2A5 1
An cos(2k + 1 ntl
A5 sin § kzo k >2 Ad (2sin i )6+1 A9 (2sin 5)2
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since |R(z)| < |z| for every complex number z. This implies

1 AY
A7 cos(2k + 1)t| < + L 0<t<m).
kaZO 1=k ) AS (sint)6 A9 sint ( )
Since
s
AnJrll _ d
Ad n+1
we get
1 1 1
— A‘s cos(2k + < + —.
A kzzo " ( b Ab (sint)’  (n+1)sint
This inequality and the fact A% ~ (n +1)° yields (3.5). O

Theorem 3.2 For 0 < § < 1 the kernel Ky(f) satisfies the inequality
/ ‘K dt< log(n + 1). (3.6)

Proof

ZA5 % (Ok(t) — O4_1(t))] dt.

k=0

/ ‘ KO (4 -5 /Q

> AL (O(t) — Gk—l(t))|

k=0

Since the function

t —

is symmetric with respect to variables t¢1,ty and t3, where t = (t1,t2,t3) € Q, it is sufficient to estimate the

integral over the triangle
A= {t = (t;,ta,t3) ERY 10 < ty,ty, —t3 < 1}

= {(tl,tQ) . tl Z O,tg Z O,tl +t2 S 1},

which is one of the six equilateral triangles in Q. By considering (2.5),

A

ZAn i ( — Op-1(t))| dt

k=0

sin (k+1)(f231*t2)7f sin (k+1)(f232*f3)7f sin (’C+1)(7533*f1)7f

n

_ 1 Z A5—1 sin (t173t2)7r sin (t273t3)‘" sin (t373t1)ﬂ dt
A(s n—=k sin k(t1—to)m sin k(tg—tg)m sin (k(tg—ty)m .
n JA k=0 - 7 3—1 ) @ Err ) (- —13)
sin {1 22T sin 23T gjp 3T

If we use the change of variables

to—ty 24ty to—ty b 42
3 3 T3 T3

S1 =
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the integral becomes

1 n s sin((kJrl)(stfsg)ﬂ') Sin(gk)Jrl)S)zTE') zén((k:;rl))(fsl)ﬂ)
3F / Z An—k - sin(kgsi —sggﬂ'g singlf(syr) sin(k(l—sl)‘n') dsids,
nJA =0 sin((s1—s2)m) sin(sam) sin((—s1)m)

where A is the image of A in the plane, that is

A= {(s1,82) : 0 < 81 < 289,0 < 89 < 281,81 + 82 < 1}.
Since the integrated function is symmetric with respect to s; and so, estimating the integral over the triangle
A" = {(s1,82) € A:s < s} ={(s1,52) : 51 < 89 < 281,81 + 59 < 1},
which is the half of A, will be sufficient. The change of variables

Uy — U Ul tug

S1 = B , 89 ¢ B (38)
transforms the triangle A* to the triangle
uq
= {(ug,u2): 0 <uy < 3,0 <wuy <1}

Thus we must estimate

n
Z Ai:}cD;: (U1 s UQ)

k=0

duldug,

1
I7(L5) = 7/
A Jr

sin((k + Duam) sin((k + 1) 542 7) sin((k + 1) 542 7)

sin(ugm) sin(*“F42 1) sin(“5 42 7)

where

D,ﬁ(ul, UQ) =

B sin(kug) sin(k*“542 1) sin (k1542 )

sin(uam) sin(*“342 1) sin(

U1 ;ug 7T)
Using elementary trigonometric identities yields

Dy (u1,u2) = Dy, 1 (u1,u2) + Dy o(u1,u2) + Dy, 5(u1, uz2),

where

)

DN |

) ) B+ g+ )2
U7

Df (u1,u9) =2cos | | k+
ko (1, 2) (< sin(ugm) sin(“F42 ) sin (U542 )

)

N =

) 1 te) Snlbam) s a1 )
2

Dy, 5(u1,uz) = 2cos ((kz +

sin(ugm) sin(“342 1) sin(“5%2 )

> Uy — Us > sin(kugm) sin(k:“l'g“2 ) sin(%wﬂ)
2

N | =

Dj o(ui,u2) =2cos | | k+
k3 (U, uz) (< sin(ugw)sin(“lJQUZW)sin(ulguzw)
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We can write I' =Ty UT'3s UT's, where

1
Iy .= , el:u; < ,
1= {(u1, uz) ur < 7}

Ty = {(un,us) €T g > ——up < —— 3
= {(ug,u U > —— U < —————
2 1, W2 1_n+152_3(n+1)7

1 1
s :={(u1,u2) €T :ug > > }.

n+1" = 3m+1)

Hence we have 1(5) = I(J) + 1(5) + 1(5) 3, Where

I(é) : E A Dk Ul,UQ) duldu2 (] == 1,2,3)
T k=0
We shall use well known inequalities
sin(nt)
< .
pr ‘_n (n € N) (3.9)
and
2 us
i > — <t < — .
sint > = (O_t_2> (3.10)

to estimate the integrals I( ) (j =1,2,3). Simple calculations give

) <4

s1n( 2 ) <1 sin (%“1“‘2#) sin (%%ﬂ
b

sin(ug 2mr) T sin (“W542T)

Sln (
for (u1,us) € T'. By considering these inequalities and (3.9) we get
‘D};,l(ul,ug)’ < (k? + 1)2, |D272(U1,U2)‘ < k‘(k‘ + 1), ‘DZ73(U1; UQ)’ < k2 (3.11)

for (uy,us) € T'y. Hence,

<1, (3.12)

since ([17, page 77])

ASTE = A8, (3.13)

We can write the rectangle I's as the union of rectangles

F2 = {(Ul,UQ) S FQ L U9 S m}

Ty = {(uy,uz) € Tyt up >

S

327



GUVEN/Turk J Math
It is easy to see that

. U1 + us \/3 . ULT . U1 — U . UL
> - > — .
sin ( 5 7r) 2~ sin ( 5 ) and sin < 5 77) > sin ( 3 ) (3.14)

for (u1,uz) € I'. Considering these inequalities and (3.10) yields

|Df 1 (ur,u2)| S

<
o

. koo
and |D,w-(u1,u2)‘ < u (1 =2,3) (3.15)

for (u1,us) € T'y. Hence

n

> AT Dy (un, up)
k=0

duldu2

/
2

HH
—

)
n

n

1
F ZAii_k (A’ |D271('LL1,U2)| duldu2>
" k=0

2

1< 1
< — E AL / duydus
Ad e k ( . ou?

2

1 & sy [ [Fe7 11
= Tz ZAn—k (/0 /L Eduldu2
k=0 n+1

IN

and for j =2,3

> AL Dy (ur, u)
k=0

1 & 5.1 1
< o > Ak (/F uduldu2>

5 1

du1 dUQ

For (uy,us) € Ty UT3 we need another expression of the function Dj. Since

sin(2z) + sin(2y) + sin(2z) = —4sinx sinysin 2

for x +y+ 2z =0, we have

Dy (u1,ug) = Hy 1 (ur,uz) + Hy 5 (u1,u2) + Hy, 5(u1, uz),
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where

1 cos((2k + 1)ugm)
2 sin (W42 1) sin (U542 )

H,;"l(ul,ug) =

Ui tuz
HE y(ur, ug) = — = & ((2k + 1) atuz )
) 2 Sin(UQ’/T) sin (%ﬂ_)

1 cos ((2k + 1)"“15%27)

H o(uy,ug) := = .
kalun,u2) 2 sin(ugm) sin(’“;“"‘ﬂ')

By (3.10) and (3.5) we have

1
ZA WH (1, us) S ) Z ~1 cos((2k + 1)uam)
”k =0 “ k=0
1 1
< =
~ %(n—f—l (sin( uzw))5+(n+1)sin(uQ7T))
< (o * e m)
“u? \(n+1)° (n—f—l)uz '

Since (n + 1)ug < 1 for (uy,ug) € 'y,

1 & 1 1 "
— A0 (ur,u2)| S 5——, (u1,u2) €Ty,
éL Z n—k*tk,1 ) % (Tl + 1) ( ) 2
and since 3(n + 1)ug > 1 for (u1,uz) € I's, we get
1 & 1 1
— H , < , € I's.
2; k,1 (ur,u2)| S u% (n+1)5ug (u1,uz) 3
By similar way we obtain
- 1 1

(’U,l,’u,g) S F,Q/ urls,

1
TZ ij ul,u2) S

S (0 + 1)0us”

for j =2,3. By (3.17),

S /
A Jry

2

n

1
*Z T Hi (w1, u2)

Jo
n k=
3(n+1)

n+1/ / f*duldUQ

3(n +1>2

n

> ASTLH (un, up)
k=0

du1 dUQ

2

A

r . log(n+ 1) <log(n+1).

du1 dUQ

(3.16)

(3.17)

(3.18)
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By (3.18) we get

du1 d’LL2

il

2

ZA Hk] Ul,UQ)

k=0

A5 ZA Hk.] ul,u2)

duldu2 /
"
™ k=0

1
1 s P11
< -
N(n+1)5/1 / T g, Tadu

sz et U1

~ log(n+1)
 (n+ 1)

<log(n+1)

((n +1)° — 1)

for 7 = 2,3. Combining these estimates yields

19} < log(n + 1).
y (3.17)
/ ZA Hkl ul,u2) duldu2 = ZA chl ul,uz) duldug
s k=0 ”k 0
N duldug
n+1 /3( +1)/3u2u1u2

_W5 (n+1)°-1) <1,

and for j = 2,3, (3.18) gives

/ ZA Hk] ul,ug) dulduQ / A5 ZA ij Ul,UQ) dulduQ
Ts k=0 " k=0
/ / du2du1
N 6+1
TL-I— 1 nt1 3(n+1)
1 / 1
log((n+1)u1) du U1
AtS = u<15+1
log(n +1) /1 1
< du
S )
log(n+1)1
= Mé ((n+ 1) — 1) Slog(n+1).

Thus we have

3
13 < log(n + 1),

and hence (3.6) follows.
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Theorem 3.3 The estimate

[ e[ 0) ae 5 D) (319)

holds for 0 <6 < 1.

Proof As in proof of Theorem 3.2, it is sufficient to estimate the integral on the triangle A. By transforms

(3.7) and (3.8) estimating the integral
J el |0 ) ae
A

is equivalent to estimating the integral

oo

1 n
72146 1Dk ul,u2)

a5 duidus.
n =

We can write

1
IZ Dk ’LL1,’U,2) duldu2=J(6)+J +Jn3’

JT(;S) = / U1
3 -
Considering (3.11) yields

m:f/m
I

2 2 T [
< / ui(n+ 1)°durdus = (n+ 1) / / uydug dug
I 0 3uz

STD 1 1
= 1)2 [ < —.
(n+1) /0 ((n+1)2 (3uz) )duz ——

duidus = /
n T

1
< / Uy —dulduQ
r,

/5(n+1) / fduldu2

= log(n + 1)/3( 2 dug
0

log(n + 1)
T (n+1)?

where
n
5—1
A Dk(ul,u2)
k=0

1 .
A—g durdus, j=1,2,3.

du1 dUQ

ZA Dk ul,uQ)

By (3.15),

n

Z “3 D1 (ur, u2)

" =

duidus

2 2

n

5—1
E :An kal (ur,uz)
k=

)
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and for j = 2,3,

o

dU1 du2

duldu2 /
n T,

1
Sn/ u; —duidus
I

1 n
TZ Dkaul’UQ)

n
§ : 6—1

An kaj ’LL1,’LL2)
k=

2

U1

1 1
3(n+1)2 1
= n/ / dujdug < ——.
0 71-1{—1 n + 1

By (3.16),

N

//

1 1
duldu2 n—|—1/r U1 3 duldu2

3(n+1)
= / / duldu2
n+1 U U2

3(n +1)2 nt1

A‘S ZA Hkl ul,u2)

" k=0

_ (log(n + 1))
n+1

9

and by (3.18),

ry

1 1
E 6—1
A‘S An ka](Ul,UQ) dU1dUQ ~ m /11/2/ UlmduldUQ

2 " k=0
1
1 3mTD /1 1
= duldu2
5 F]
(n + 1) 3(71«}»1)2 %—%—l U1U2
] 1
= 70g(n +1) / idm
(n+1)9 Loud
~log(n+1) 1 . 1
 o(n1)Y 19 (n+1)1-9
< log(n + 1)
~ (n+1)°
Since
(log(n + 1)) _ log(n + 1)
n+1 ~ (n+1)°
we get

©) < log(n + 1)
n,2 N (n + 1)5
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By (3.17),

/m

™ k=0

and by (3.18)

o

1 n
a7 24
nk

Hence we get

and so (3.19) holds.

e ZAfL wHi 1 (u1, uz)
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1 1
duyd —_— duyd
wduy 5 (n—|—1)‘5/ u1u1u2 et

= duidu
n—l—l / /3u2u1 1o

3(n +1)

1
1 3 1 1
S log [ — ) ~d
(n+1)5/ ! Og(SUQ) ud 2

3(n+1)

< Log(n —I i) /3 idu2
(n+1) ok Y2

< log(n + 1)’

~o(n+1)°

1 1
duydu —_— U] ————duidu
1 2 N ( + 1)5 AS 1 ’U,?Jrl’u,? 1 2

- n+1 / /
n+1

3('n+1)

ij Ul,UQ)

dquul
1“2

1 1
= 1 1 —duy
(n+1)° /1 0g ((n + Dw) ud

n+1
log(n 4 1) /1 1
< ——5 —5duy
(n+1)° J o ul
< log(n +1)
~ (n+1)°

J((;) 1og(n+ 1)
n,3 N 5 0
(n+1)

O

In [15], Y. Xu proved that if f € C(Q) the (C,1) means Sfll)(f) converges uniformly to f on Q. The

degree of approximation of (C,1) means of hexagonal Fourier series of functions belong to C(Q) was studied

in [3-5].

The following theorem gives the main estimate for the degree of approximation of (C,d) means of

hexagonal Fourier series.

Theorem 3.4 For f € C(Q) the estimate

log(n + 1wy (log(”Jr%)) , 0<d<1

(EEETRI0D] s Y

holds.

ca S W(%) §>1

(3.20)
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Proof Let f € C(Q). By (3.1) and (3.3) we have

£(6) — SO (F)(t) = ﬁ /Q () — F(t — ) KD (s)ds.
If we set
@) . L (8)
A9 = o [ 181K W) ae
we obtain

16 = SO < 157 [ 110 = 16 =91 [KP (o) as

< a7 Lo (sl |10 5| s
B / («s'l d%‘”) |K0(s)| ds
< wy (d |Q|/(1+H> RICIEE

— we (d ’ K©O(s - ‘Kw)
o (42) (i e AN

= oy () <1+|Q|/‘K )

Hence, for 0 < § < 1, (3.20) follows from (3.6) and (3.19). It follows from [15] that

/‘K dt<1

and from [4]

/||t|| ’K 10g(n+1)) '
n+1

Thus we get (3.20) for § = 1. For § > 1, we use the equality (see [14])

SO ZA =75 ZA 2 ALSV (1)),
" k=0 " k=0
Thus,
1) = SO () = 1 A2 (56— SO (0.
" k=0

334

(3.21)



GUVEN/Turk J Math

Hence, considering (3.20),

F(6)— SO (0] < A 3 A3 AL 1)~ SO0
" k=0
1 &~ yom2 41 (log(k +1))?
S E;Ai—kAkwf (k:+1>
<L S (kg 12k 4 1)y (OB
N(n+1)5kzz0 f( k+1 )
_ (nim S —k+1)2(k + 1)

(log(n+1))>  n+1  (log(k+1))?
o < n+1 (log(n +1))2 E+1 )

L, ((log(n ks 1))2> zn:(n —k+1)°2(k+1)

<
(n+1) n+1 pors

n+1  (log(k+1))2
(1 + (log(n + 1))? k+1 )

1 (log(n +1))?\ _ n+1
<(n+1)6Wf( w1 >;;)(n_k+1)62(k+1)< l<:+1)

n

1 (log(n +1))
< —k 1
~ (n+1)6—1wf< — )Z +

k=0
<w <(10g7(ln++11))2) '

The analogue of (3.20) for classical Fourier series was obtained in [13].

4. Approximation by Abel-Poisson means on hexagonal domain

Abel-Poisson means of series (2.2) are defined by
.- - 1
— k _
)= kZ:OJ%%T fips(t) = QI/Qf(t —8)P(s)ds, 0<r<1,

where

Jp :=Hy \ Hi—

and

=D > rfeit)

k=0jely
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is the Poisson kernel. The Poisson kernel is nonnegative, satisfies
L /P(t)dt—l (4.1)
1l Joo ’ '

and has the compact formula

(1—rPd—r7)

0 (Qﬂ'(tg—tQ)) qr (2ﬂ(t§_t3)) ar <2ﬂ(t%—t1))

r(l—r)?

4 <2w(t§—t2)) 4 (27r(t§—t3))

r(l—r)?
g <27r(t%7t3)) 4 (27r(t?;t1))
r(l—r)?

ar (277(t;;)—t1)> ar (27\'(t§—t2))

for t = (t1,t2,t3) € R3;, where ¢,.(z) =1 —2rcosz +r? ([15]). Also, it is easy to see that

PT(t) =

+

+

+

2(1 —r)? 2(1 — )2
Pr(t) < 2m(t —t() g 2m(ta—ts) * 2m(t —t() 2 27 (ta—t1)
qr( 2 )qT< e 3) qr(%)qr(%)
2(1 — )2
* 27r(t3—t1() d 27 (t1—t3) (4.2)
o () 0 (B052)
and
(1—r)? 1
= r r ; 4.3
w@aly) @) (43)
where
1—r2
pr(T) =
(z) @)
is the classical Poisson kernel. The classical Poisson kernel satisfies the inequalities ([17, pp. 96-97])
2
pr(@) < y— O0<saz<w (4.4)
and
< 1—r
pr(x),v?, O<x<m. (4.5)

We have the following estimate for Abel-Poisson means of hexagonal Fourier series of H—periodic

continuous functions.
Theorem 4.1 For f € C(Q) the estimate
1f = Ur(Nlle@ S wr (1 =7)[log(l —7)]) (4.6)

holds as r — 1.
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Proof If we set

. 1
Aw:@Awmmm

by (4.1)

10~ U] < g [ 170 = £t =) Pr(s)as

sméwmmmm
o ()
<wf )\(7") QI/< Is |>Pr(s)ds
= (W) (g7 [ P+ S [ I P00

= 2wy ()\SZ")) .

(r)

Since the function wy () is nondecreasing we have to estimate the quantity A, ’. If we set
2(1 — )2 2(1 — )2
Qr(t) = Zﬂ(tl—tf) ) (it 27'r(t2—t§) ) 27 (ta—t1)
gr (1071 ) g (22lgted) g, (2t ) g, (22t
2(1 —r)?

+

g (277(t3:»3—t1)) a4 <2ﬂ(t§_t2)> )

(4.2) implies that it will be sufficient to estimate the integral

/wwmm
A

If we use the change of variables (3.7) and (3.8) estimating the integral

/ w1 Q) (u1, ug)duidus,
r

where

Qy(u1,uz) = pp (7(u1 + u2)) pr (27us2)
+ pr (m(u1 — u2)) pr (7(ur + u2))

+ pr (m(ur — uz)) pr (2mus)
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will be sufficient. We write the triangle I' as I' = I'f UI'; UT';, where

7 i={(ug,u2) €T :u; <1-—r}

1
5= {(u1,uz2) €T iug > 1 —ruy < 3 }

1
= {(ug,u2) €T iug > 1—rug > 3 I3

(/1“ ulQ:(ul,uz)dulduz) .

k

and hence
3

/UIQ:(ulaU2)duldu2 = Z
r

k=1

By (4.4),

% 1-r
u1Qy (u1, ug)durduy = / </ ulQ:(ul,uQ)dul) dus
3

0 U2

N(l—r)?/o </ “ “) e

<1l-—r.

~

J

*
1

If we consider (4.4) and (4.5) and taking into account the inequality u; — us > %ul,

lgr 1
/ 1 Qy (u1, ug)duydug = / </ UlQ:(UlaW)dUl) dug
r 0 1—r

2
~ 0 1—r 712(u +U3)2 7(2(7,6 —U3)2

1—7r 1

(L e
0 1—r Ul

< (1 =) log(1 = 7).

,
[log(1 — )|

Now considering (4.5) again and using u; — ug > %ul, we get

J

1

3 1
u1Qr (u1, uz)durdug = / (/ UlQ:(ulaU2)dul> dug
3

* 1—7r
3 3 U2

2 5 b
5 (1 - ’I") 2du1 dUQ
12r \J3uy, ULUS

S (T =) [log(1 —7)].

The analogue of Theorem 4.1 was proved in [12] for Abel-Poisson means of classical Fourier series.
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