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ARTICLE INFO ABSTRACT
Keywords: Ultra-low-temperature refrigeration is an essential criterion for cryogenic applications, biomedical preservation,
Three-stage cascade refrigeration system and vaccine storage. Three-stage cascade refrigeration system is a conventional solution generally preferred for

Ultra-low temperature
Response surface methodology
Multi-objective optimization
Desirability approach

applications requiring temperatures below —80 °C. In this study, a detailed thermodynamic model was created
using the Engineering Equation Solver (EES), and performance optimization was carried out using Response
Surface Methodology (RSM) based on a Central Composite Design (CCD) that included 30 experimental runs. The
evaporator and condenser temperatures at the low-, medium-, and high-temperature stages were treated as in-
dependent decision variables, whereas the coefficient of performance (COP), exergy efficiency (nex), total exergy
destruction (Eges), and total compressor power (Peomp) served as the primary performance responses. The results
indicated that the system achieved its optimal thermodynamic performance with an evaporator temperature of
—90.043 °C and condenser temperatures of —56.411 °C, —10.941 °C, and 26.077 °C for the low, medium, and
high-temperature cycles, respectively. Specifically, the maximum COP was recorded at 0.697, while the highest
exergy efficiency reached 41.4 %. The total exergy destruction and compressor power consumption were also
minimized to 5.545 kW and 11.394 kW, respectively. The main contribution of this study is employing RSM to
systematically optimize the operating parameters of a conventional three-stage cascade cycle. By integrating
RSM with detailed thermodynamic analysis, this study provides an optimization framework that can guide the
design and operation of low-temperature cascade refrigeration systems.

cooling is anticipated to increase threefold compared to present levels by
the year 2050 [4]. This trend highlights the urgent need to improve the
energy efficiency of refrigeration systems. In this regard, RSM offers an
effective statistical tool for identifying optimal operating conditions
with minimized computational or experimental efforts. This approach
can significantly contribute to the design of more energy-efficient
refrigeration systems.

Various studies have been conducted in the literature on two-stage
cascade refrigeration systems. Ye et al. [5] conducted a study on the
optimization of a two-stage cascade refrigeration system using response
surface methodology. The predicted and actual values for COP and
exergy efficiency showed maximum deviations of 0.84 % and 0.96 %. Ji
et al. [6] conducted a comprehensive analysis of a two-stage cascade
refrigeration system. Compared to the conventional R404A-R508B pair,
the R290-R170 system improved COP by 5.94 % and reduced energy
consumption by 5.68 %. Faruque et al. [7] examined the thermody-
namic behavior of a two-stage cascade refrigeration system.
T2BUTENE/toluene emerged as the most efficient pair, achieving a peak

1. Introduction

According to ASHRAE, refrigeration systems operating at tempera-
tures below —50 °C fall into the category of ultra-low temperature
refrigeration. A range of applications—including scientific experimen-
tation in low-temperature environments, organ preservation, and the
production of specialty foods—necessitate operating at temperatures
below —50 °C [1]. The emergence of the need for —80 °C storage units to
preserve vaccines required for combating the COVID-19 pandemic has
once again highlighted the importance of ultra-low temperature refrig-
eration systems in recent years. In addition, ultra-low temperatures are
required in various industrial processes such as natural gas liquefaction,
petroleum gas liquefaction, steel alloy processing, and military and de-
fense equipment applications [2].

The latest report by the International Institute of Refrigeration states
that the refrigeration and air conditioning sector accounts for 20 % of
global energy demand [3]. Moreover, electricity consumption for space
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Nomenclature HCFC Hydrochlorofluorocarbon
HFC Hydrofluorocarbon
Edest Total exergy destruction (kW) HTC High-temperature cycl
@ Cooling load (kW) LTC Low-temperature cycle
Peomp Total compressor power consumption (kW) MAE Mea1.1 Absolute Error
Metoe Electrical efficiency (—) MTC Medlum—te.n?perattllre cycle
Mex Exergy efficiency () NBP Normal b0111r.1g point .
Honech Mechanical efficiency (—) ODP Ozone depletion potential
: Pred Predicted
Q Heat transfer rate (kW) o
Prob Probability
ap Intercept o
. .. r Relative importance
a; Linear coefficient X
. . . R Response variable
a;i Quadratic coefficient 9 o .
. .. R Coefficient of regression
a; Interaction coefficient
. RMSE Root Mean Squared Error
m Mass flow rate (kg/s or g/s)
RSM Response surface methodology
0 Reference state o
s Specific entropy (kJ/kgK)
Adeq Adequate
X . SS Sum of squares
Adj Adjusted SSR Regression sum of I
ANN Artificial Neural Network cgression sum ot squares
. . SST Total sum of squares
ANOVA Analysis of variance T Temperature (°C)
ASHRAE American Society of Heating, Refrigerating and Air- P .
. . X Input variable
Conditioning Engineers AT Temperature difference (°C)
BBD Box-Behnken design . Ex eli‘imental error
CCD Central composite design P
CFC Chlorofluorocarbon Subscripts
CHX Cascade heat exchanger ¢ condenser
COP Coefficient of performance comp compressor
CRS Cascade refrigeration system dest destruction
D Composite desirability function e evaporator
d Desirability index e exit
EES Engineering equation solver ex exergy
GWP Global warming potential i inlet
h Specific enthalpy (kJ/kg)
Table 1

Thermophysical characteristics of the refrigerants employed in the analyses [16].

Cycle Refrigerant ~ ODP GWP10.yr (COz-eq) ASHRAE safety group NBP (°C) Molecular weight (kg mol ™) Critical temperature (°C) Critical pressure (MPa)
LTC R1150 0 4 A3 -103.77  28.05 9.2 5.04

MTC R170 0 5.5 A3 —88.58 30.07 32.17 4.87

HTC R717 0 0 B2L —33.33 17.03 132.25 11.33

COP of 1.957, minimum total compressor consumption of 6.2668 kW,
and the highest exergy efficiency of 55.701 %. Ye et al. [8] conducted a
thermodynamic investigation of an ultra-low temperature cascade
refrigeration system using an ANN approach. The mean absolute errors
in the predictions were 0.0027 for COP, 0.9090 for compressor power,
1.0314 for exergy destruction, and 0.1691 for exergy efficiency. Sun
et al. [9] conducted a thermodynamic analysis of cascade refrigeration
systems to assess various refrigerant combinations. The COP values for
R41/R161 and R170/R161 ranged from 0.66 to 2.10 and 0.70 to 2.06,
respectively, as evaporator temperature varied between —85 °C and —
30 °C. Ustaoglu et al. [10] performed a comprehensive investigation of a
vapor compression cascade refrigeration cycle. The highest achieved
COP was 3.274, with an exergy efficiency of 37.63 % under optimal
conditions. Roy and Mandal [11] carried out a numerical assessment of a
cascade refrigeration system using two refrigerant pairs. Results
revealed that the R170-R161 pair required less compressor input and
provided a COP improvement of 6.7-8.9 % over the R41-R404A pair
across the tested evaporator temperature range.

Research on three-stage cascade refrigeration systems has emerged
too in recent years. Kayes et al. [12] tested ANN, XGBoost, and AdaBoost

models in a triple-stage cascade refrigeration system, with ANN out-
performing the others, yielding an R? of 1, RMSE of 143, and MAE of 76.
Pektezel [13] performed the thermal design of a three-stage cascade
refrigeration system. Among refrigerant combinations analyzed, R1150/
R170/R717 provided the best performance, achieving a COP of 0.65 and
an exergy efficiency of 0.35 at —85 °C. Walid Faruque et al. [2] con-
ducted a thermodynamic evaluation of a triple-stage vapor compression
cascade system. Findings revealed that the highest COP and exergy ef-
ficiency were 0.5931 and 54.446 %, respectively, at —100 °C. Hamzaoui
et al. [14] conducted a study on a triple-stage cascade refrigeration
system Results indicated that the system’s COP is negatively related to
the condensation temperature and positively related to the evaporation
temperature, with COP varying between 0.35 and 0.9. Kayes et al. [3]
performed an analysis of a 10 kW triple-stage cascade refrigeration
system employing 1-butene/Heptane/m-Xylene as working fluids. Re-
sults indicated that as the evaporator temperature rose from —140 °C to
—104 °C, COP and exergy efficiency improved by 91.2 % and 83.7 %,
respectively.

Studies in the literature have indicated that the R1150/R170/R717
refrigerant group provides superior COP compared to other refrigerant
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Fig. 1. Components and flow diagram of three-stage cascade refrigeration system.

Table 2 Table 4
Thermodynamic formulations for each system equipment. Characteristics of the reference model [18].
Equipment Thermodynamic equations Parameter Value/formulation
Evaporator of LTC Q¢ = rgrc(hy —hy) Qe 10 kW
Egeste = Eq — E1 — Eqe Te ~120 to —90 °C
: To . Terre Optimum value depending on Te
EqQe = T7,1 Qe T, Opti lue d di T,
L ', MTC ptimum value depending on T,
Compressor of LTC P _ tigre(hy —hy) Tenre 40°C
compLTC =y ATcnx,; and ATcux 5°C
P, hos — hy Tcomp 0.874 — 0.0135 e Pressure Ratio
Neompirc = 0.874 — 0.0135 (ﬁ) . Peomp 1 ¢ Ahcomp
Edesl.comp.LTC = E1 — Ez + Peomprrc Supe.rheatlng Degree at Compressor Inlets 12 °C at LTC and MTC, 5 °C at HTC
CHX-I Refrigerant Type R1150/R170/R161

Expansion valve of LTC

Compressor of MTC

CHX-II
Expansion valve of MTC

Compressor of HTC

Condenser of HTC

Expansion valve of HTC

myrc(hy — hs) = riyre(hs — hg)
Egeseaix1 = Ea + Eg — Eg — Es
hs =hy

Edestvaivertc = E3 — E4

tiwre (he — hs)

NmMNe
Ps hes —hs

NeompMIC = 0.874 - 0.0135 <P_5) = he s

Edesl.comp.MTC = Es — Eg + Peompmc

tvre(he — h7) = ritrc(hy — hi2)

Edesccrxa = Eo + E12 — By — Eo

h; =hg

Edestvawvenrc = E7 — Eg

_ tigrc(hio — ho)

o Malle

Neompairc = 0.874 — 00135(

Peompmrc =

Peomp,HtC

Py)  hio—ho
Edesl.comp.HTC =Eg — Eqo+ Pcomp HTC

Q¢ = rhgrc(hio — hip)

Egeste = E10 — E11 — Eq,c

foe = (1 - %)Qe

hip =hpp

Egestvave it = E11 — En2

Pm) _higs —hy

Table 3

Design variables of thermodynamic model.

Parameter Input value

Qe 10 kW

ATchx,1 5°C

ATcux,n 5°C

Te —120°C, —105 °C, —90 °C
Te e —70°C, —=55°C, —40 °C
Temrc -30°C, -15°C,0°C
Teprc 25 °C, 35 °C, 45 °C

Nmech 0.9

MNelec 0.95

combinations in three-stage cascade refrigeration systems [13-15].
Specifically, the refrigerant combination R1150/R170/R717 was cho-
sen because previous studies reported its superior thermodynamic per-
formance compared to other refrigerant groups. This superiority is not
limited to COP but also extends to parameters directly related to the
present study, such as exergy efficiency, compressor work, and exergy
destruction. For example, the low normal boiling points of R1150 and
R170 enable efficient operation at ultra-low temperatures, while the
favorable thermophysical properties of R717 at the high stage
contribute to reduced compressor power consumption and lower exergy
destruction. The properties of the selected refrigerants are presented in
Table 1.

In recent years, research on the optimization of thermal systems
using RSM has gained momentum; nevertheless, studies applying RSM
to the optimization of refrigeration systems remain quite limited. One of
the motivations of this study is to derive quadratic equations that define
the performance parameters of a three-stage cascade refrigeration sys-
tem using RSM approach. In this way, researchers will be provided with
the opportunity to test their own models using these equations. Another
motivation of the study is to determine the optimum operating condi-
tions using RSM, while reducing the number of experiments and asso-
ciated costs. Determination of optimum operating parameters through
RSM is expected to serve as a guide for future experimental in-
vestigations of three-stage cascade refrigeration systems. The findings
obtained using RSM in this study are of particular importance for the
optimal design of refrigeration systems intended to operate at ultra-low
temperatures. Accordingly, the contribution of this study is methodo-
logical rather than configurational; the motivation is not to introduce a
new three-stage cascade design—which is already a well-established
refrigeration architecture—but to provide a comprehensive optimiza-
tion framework for this conventional system through the application of
RSM.
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Fig. 2. Validation of the model.

Table 5
Experimental validation from the reference study [20].

Refrigerant ~ Parameter Value COP comparison
Evaporator temperature —-10.23 °C
Condenser temperature 24.66 °C Reference experimental
R134A Mass flow rate 13.09kg/h  study
2.08
Compressor power 297.88 W
consumption This study’s EES model
Superheating degree 11.09 °C 2.11
Subcooling degree 3.85°C
Evaporator temperature —-9.82°C
Condenser temperature 25.24 °C Reference experimental
R152a Mass flow rate 8.06 kg/h study
2.17
Compressor power 278.55 W
consumption This study’s EES model
Superheating degree 11.48°C 2.19
Subcooling degree 2.70°C
Evaporator temperature -9.71 °C
Condenser temperature 24,98 °C Reference experimental
R1234yf Mass flow rate 15.37kg/h  study
1.87
Compressor power 317.50 W
consumption This study’s EES model
Superheating degree 9.28°C 1.89
Subcooling degree 6.37 °C
Evaporator temperature -9.69 °C
Condenser temperature 25.06 °C Reference experimental
R290 Mass flow rate 11.89kg/h  study
2.55
Compressor power 407.61 W
consumption This study’s EES model
Superheating degree 5.63°C 2.55
Subcooling degree 2.56 °C

2. Three-stage cascade refrigeration system

Fig. 1 illustrates the schematic representation of the three-stage
cascade refrigeration system. Ultra-low temperature is attained using
the refrigerant in the evaporator of the LTC. The compressor associated

EES COP

RSM COP
(MAE:0.0075, RMSE:0.0106)

Multilayer Perceptron COP
(MAE:0.0220, RMSE:0.0288)
MSP Tree COP
(MAE:0.0318, RMSE:0.0382)

ElasticNet Regression COP
(MAE:0.0471, RMSE:0.0557)

Predicted COP
O e e e

0.1+ i T T T T
03 04 05 0.6

EES COP

0.7

Fig. 3. Comparison of RSM with various artificial intelligence methods.

with the LTC elevates both the pressure and temperature of the refrig-
erant and directs it to the CHX—I. In this arrangement, CHX-I functions
simultaneously as the condenser for the LTC and the evaporator for
MTC. Afterward, the refrigerant undergoes pressure and temperature
drop via the expansion valve. Within the MTC, thermal energy is
absorbed from the LTC condenser through CHX—I. The refrigerant is
then compressed by the compressor operating between state points 5
and 6. CHX-II acts as the condenser for the MTC and as the evaporator
for HTC. After passing through the expansion valve located between
points 7 and 8, the refrigerant’s pressure and temperature decrease. In
the evaporator of the HTC, heat is absorbed from the condenser of the
MTC, maintaining thermal equilibrium between the released and
absorbed heat. Subsequently, the compressor positioned between points
9 and 10 raises the pressure and temperature of the working fluid. The
cycle concludes with heat rejection to the ambient environment via the
condenser located between points 10 and 11, followed by expansion that
lowers both pressure and temperature of the refrigerant, thereby
completing the thermodynamic loop.
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Fig. 4. Flow chart of RSM methodology.
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2.1. Thermodynamic modeling of the system

The thermodynamic analysis of the system was conducted using the
EES software [17]. The modeling process is based on the following
assumptions:

1) All components are considered to operate under steady-state
conditions.

2) Pressure drops, as well as heat losses or gains along the piping
network, are assumed to be negligible.

3) Changes in kinetic and potential energy within system compo-
nents are disregarded.

4) The electrical power consumption of fans associated with the
condenser and evaporator is not taken into account.

5) Compression and expansion processes in compressors and
expansion valves are considered adiabatic.

6) No subcooling is present at the outlet of the condensers; hence,
the quality at state points 3, 7, and 11 is assumed to be zero.

7) No superheating occurs at the outlet of the evaporators; accord-
ingly, the quality at state points 1, 5, and 9 is assumed to be unity.
Although normal refrigeration systems have some superheat at
the evaporator outlet, in this study the outlet is assumed to be a
saturated vapor. This is a common modeling simplification and
does not affect the optimization results, as the RSM focuses on the
main performance trends rather than the small superheat at the
evaporator outlet.

8) A temperature difference of 5 °C is assumed between the evap-
orator and the refrigerated room.

9) The condenser’s heat sink temperature is assumed to be equal to
the ambient temperature, which is taken as 25 °C with an at-
mospheric pressure of 101.325 kPa.

10) Air is assumed to be the external heat exchange medium inter-
acting with the refrigerant in both the condenser and the
evaporator.

COP of the system is defined with Eq. (1).

L (1)

cop = Pcomp.total
Total compressor consumption is calculated using Eq. (2).

Peomp,total = Peomp.L1C + Peompmrc + Peomp sitc (2)
Exergy of each state point is determined with Eq. (3).

e; = (hj —hp) — To(si — So) 3)

Flow exergy of state points in the system can be defined with
multiplication of exergy and mass flow rate as given in Eq. (4).

E; = rive; @

Total exergy destruction of the refrigeration system is calculated
using Eq. (5).
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Table 6

Design matrix with input factors and predicted responses.
Run A:Te (°C) B:Tc,LTC (°C) C:Tc,MTC (°C) D:Tc,HTC (°C) R1:COP (—-) R2:m,, (—) R3:Egest (KW) R4:Peomp (kW)
1 —-105 —40 -15 35 0.42327 0.298958 22.3601 29.5779
2 —105 -55 -15 35 0.484603 0.349686 12.8024 20.0221
3 -105 —55 -15 25 0.534803 0.383458 10.9363 18.1557
4 -120 —40 0 45 0.171052 0.145784 54.3111 63.1689
5 —-105 —55 0 35 0.456725 0.329458 14.7696 21.989
6 —105 —55 -15 35 0.484603 0.349686 12.8024 20.0221
7 —-90 —40 0 25 0.672186 0.39224 7.94105 13.7839
8 -120 -70 0 45 0.286845 0.25477 25.6414 34.4914
9 -120 —40 -30 25 0.178508 0.161134 48.7666 57.6222
10 -90 -70 0 25 0.614979 0.357376 14.1139 19.9514
11 —-90 —40 0 45 0.560712 0.331726 11.3715 17.2208
12 -90 -70 -30 25 0.669586 0.393962 9.78217 15.6267
13 -105 —55 -15 35 0.484603 0.349686 12.8024 20.0221
14 —-105 -55 -15 45 0.434992 0.31687 17.5689 24.7901
15 -120 —40 -30 45 0.108534 0.10522 61.115 69.9692
16 —105 —55 -15 35 0.484603 0.349686 12.8024 20.0221
17 -120 -70 -30 25 0.385201 0.33457 17.2775 26.1297
18 —-105 -55 -30 35 0.45277 0.32747 16.0057 23.2268
19 -90 -70 -30 45 0.482212 0.278298 15.0026 20.8486
20 —105 -70 -15 35 0.488925 0.35987 8.44512 15.6579
21 —-90 —40 -30 45 0.484869 0.282212 16.6767 22.5261
22 —-120 -70 -30 45 0.297052 0.261907 27.1122 35.9617
23 -90 -70 0 45 0.48533 0.280112 15.0306 20.8733
24 —-90 —40 -30 25 0.654068 0.381126 8.94254 14.7892
25 —-120 -70 0 25 0.317269 0.289034 20.1105 28.9594
26 —105 —55 -15 35 0.484603 0.349686 12.8024 20.0221
27 -120 —55 -15 35 0.299036 0.255481 30.9393 39.7957
28 -120 —40 0 25 0.183301 0.163298 46.2664 55.1219
29 —105 -55 -15 35 0.484603 0.349686 12.8024 20.0221
30 -90 —55 -15 35 0.636058 0.378147 5.7219 11.5701

Table 7

ANOVA results.
Source CoP Nex Egest Peomp

SS P-value Prob > F SS P-value Prob > F SS P-value Prob > F SS P-value Prob > F

Model 0.6643 <0.0001 0.1684 <0.0001 5921.39 <0.0001 6664.90 <0.0001
A:Te (°C) 0.5111 <0.0001 0.0677 <0.0001 2861.64 <0.0001 3585.07 <0.0001
B:Tc,LTC (°C) 0.0194 <0.0001 0.0167 <0.0001 871.32 <0.0001 871.95 <0.0001
C:Tc,MTC (°C) 0.0001 0.5857 0.0000 0.6555 6.88 0.4055 6.89 0.4046
D:Tc,HTC (°C) 0.0448 <0.0001 0.0200 <0.0001 197.96 0.0004 198.07 0.0003
AB 0.0365 <0.0001 0.0258 <0.0001 1045.15 <0.0001 1045.23 <0.0001
AC 0.0002 0.3903 0.0001 0.3495 2.25 0.6317 2.24 0.6324
AD 0.0098 <0.0001 0.0018 0.0003 21.29 0.1528 21.25 0.1529
BC 0.0053 0.0002 0.0023 0.0001 28.44 0.1021 28.41 0.1021
BD 0.0003 0.2463 0.0003 0.0908 6.32 0.4247 6.33 0.4242
CD 0.0033 0.0016 0.0015 0.0009 18.52 0.1804 18.49 0.1805
A? 0.0008 0.0884 0.0028 <0.0001 79.18 0.0109 83.02 0.0094
B? 0.0021 0.0082 0.0011 0.0031 17.52 0.1920 17.46 0.1924
c? 0.0023 0.0061 0.0012 0.0022 17.32 0.1944 17.32 0.1941
D? 2.251E-07 0.9753 5.922E-07 0.9349 5.45 0.4578 5.45 0.4574
R? 0.9949 0.9924 0.9768 0.9793
Adj R? 0.9901 0.9853 0.9551 0.9601
Pred R? 0.9589 0.9435 0.8909 0.9029
Adeq Precision 52.9216 44.0576 25.5734 26.9771

Edest.tot?l = Edest.e + Edesl.comp.LTC +‘Edesl.CHX.l + Edgst,valve.LTq + Edest.comp.MTC+
Edest.CHX.II + Edest.valve.MTC + Edest,comp,HTC + Edest.c + Edest,valve.HTC

)

Exergy efficiency of three-stage cascade refrigeration configuration
is determined using Eq. (6).

Ny = 1-— (Edest.total
ex = —_—

Pcomp Jtotal

)

©

The energy and exergy balance equations corresponding to each
system component are presented in Table 2.
The design specifications and input data used in the analysis are
summarized in Table 3. The evaporation temperatures (—120, —105,

—90 °C) represent ultra-low temperature operation zones commonly
required in cryogenic cooling, biomedical preservation, and special
freezing applications. The condensation temperatures of the LTC (—70,
—55, —40 °C) allow realistic modeling of the LTC rejecting heat to the
MTC under different operating scenarios. The condensation tempera-
tures of the MTC (—30, —15, 0 °C) ensure that the temperature differ-
ences across the cascade heat exchangers remain thermodynamically
reasonable, thus reflecting practical cascade operation. The condensa-
tion temperatures of the HTC (25, 35, 45 °C) correspond to ambient
conditions encountered in different climates.

In practical operations, compressor efficiency is influenced by factors
such as the type of refrigerant, compression ratio, and temperature
range. Since different working fluids are used at each stage, applying the
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Table 8

Regression coefficient table.
Responses R1 R2 R3 R4
Intercept 2.290890 0.152179 78.275100 81.368500
A 0.013009 —0.014120 2.637610 2.660660
B 0.006331 0.006613 —2.272150 —2.274320
C —0.001217 —0.001044 0.403481 0.403040
D —0.019452 —0.008694 —1.368200 —1.367540
AB 0.000212 0.000178 —0.035921 —0.035922
AC 0.000015 0.000010 0.001665 0.001661
AD —0.000165 —0.000072 —0.007690 —0.007683
BC 0.000081 0.000053 —0.005926 —0.005922
BD 0.000030 0.000028 0.004190 0.004192
CD 0.000096 0.000064 —0.007173 —0.007167
A? —0.000076 —0.000146 0.024570 0.025159
B? —0.000127 —0.000090 0.011557 0.011537
c? —0.000133 —0.000094 0.011490 0.011492
D? 0.000003 0.000005 0.014502 0.014508

same isentropic efficiency correlation may not accurately reflect the
performance characteristics of individual compressors. For this reason,
the optimization outcomes may deviate from actual operating condi-
tions. On the other hand, in this theoretical study, the pressure ratio
term at the end of the isentropic efficiency formula produces different
values for each stage and gas. The pressure ratio is defined as P2/P1 for
LTC, P6/P5 for MTC, and P10/P9 for HTC. Therefore, isentropic effi-
ciency varies depending on the gas and the stage considered. As a result,
the chosen method offers a robust and computationally efficient
framework for the real operation and optimization of multi-stage
cascade refrigeration systems.

(@)

Applied Thermal Engineering 287 (2026) 129446

2.2. Model validation

The design parameters of the three-stage cascade refrigeration cycle,
as provided in Table 4 and originally proposed by Sun et al. [18], were
implemented in the EES-based model developed in this study. As shown
in Fig. 2a, for evaporation temperatures of —120, —105, and — 90 °C, the
deviations between the two models remain below 1 % (0.8 %, 0.76 %,
and 0.95 %, respectively), confirming the high consistency and reli-
ability of the developed model. As depicted in Fig. 2b, for evaporation
temperatures of —120, —105, and — 90 °C, the differences are 0.98 %,
0.86 %, and 1.57 %, respectively, which demonstrates the accuracy and
reliability of the proposed approach. As illustrated in Fig. 2c, at evap-
oration temperatures of —120, —105, and — 90 °C, the deviations are
0.74 %, 0.15 %, and 0.31 %, respectively, all remaining well below 1 %,
which confirms the robustness of the developed model. As presented in
Fig. 2d, for evaporation temperatures of —120, —105, and — 90 °C, the
deviations are 1.19 %, 1.24 %, and 0.88 %, respectively, all within a
narrow margin, indicating the reliability and consistency of the devel-
oped model.

Since no experimental data for three-stage cascade refrigeration
systems are available in the literature, a full experimental validation of
the present model cannot be performed. Therefore, in addition to the
theory-to-theory comparison, the fundamental thermodynamic
behavior of the model was validated using experimental data from a
well-documented single-stage vapor compression refrigeration cycle.
This approach has also been adopted in earlier cascade refrigeration
studies when experimental data for higher-stage configurations are un-
available [3,19]. In this context, the COP values reported in the
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Fig. 6. Validation of regression model predictions compared to actual results.
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Fig. 7. Distribution of externally studentized residuals against run number for model accuracy diagnostics.

experimental single-stage vapor compression refrigeration study con-
ducted by Sanchez et al. [20], as summarized in Table 5, were compared
with the COP values calculated by the EES model used in the present
work. The comparison, performed for four different refrigerants, shows
a very close agreement between the experimental values and the model
predictions. This result demonstrates that the thermodynamic behavior
of a single-stage subsystem—forming the fundamental basis of the three-
stage cascade cycle—is in strong accordance with experimentally vali-
dated data, thereby supporting the reliability of the overall model.

3. Motivation for selecting RSM in refrigeration system
optimization

COP values obtained from the EES model created in this study were
predicted using four different techniques: RSM, Multilayer Perceptron
neural network, M5P decision tree, and ElasticNet regression to deter-
mine the most suitable method for optimizing a three-stage cascade
refrigeration system. The results are presented in Fig. 3. In this figure,
the proximity of the circles to the diagonal line indicates the accuracy
and superiority of the corresponding method in predicting COP values. It
is observed that the COP values predicted by RSM are distributed very

closely along the diagonal line, whereas the other methods exhibit
noticeable deviations. An R? of 0.9949 for RSM corresponds to
explaining more than 99 % of the variance in COP values, leaving only
~0.5 % unexplained. In contrast, an R? of 0.9679 for MLP leaves more
than 3 % unexplained variance. Although this difference may seem
numerically small, it translates into noticeably higher prediction errors,
as also reflected in the MAE and RMSE (0.0075 and 0.0106 for RSM vs.
0.0220 and 0.0288 for MLP).

Thermodynamic behavior of a three-stage cascade system is inher-
ently nonlinear. RSM employs quadratic models that include both
interaction terms (e.g., Te X T 11c) and second-order (squared) terms (e.
g., T2, Tg,LTC), allowing it to explicitly capture nonlinear and synergistic
effects between input variables. The interaction terms like T x T¢rrc
explicitly quantify the combined effect of evaporation and LTC
condenser temperatures on COP. The second-order terms such as T2 and
Tf,LTC capture nonlinear trends that a purely linear or purely data-driven
regression might miss. Therefore, RSM not only minimizes prediction
errors but also provides a transparent mathematical framework for un-
derstanding the system’s response to input interactions, which is critical
for cascade refrigeration optimization. In contrast, standard MLP, M5P,
or ElasticNet models in the study rely on purely data-driven fitting,
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Fig. 8. Normal probability plots for RSM models.

which may approximate nonlinearities but do not explicitly represent
the physical or synergistic interactions in the model.

4. Response surface methodology

RSM is a widely used Design of Experiments (DOE) approach that
transforms linear factorial designs into quadratic models by incorpo-
rating axial and central points into these designs. This methodology
effectively reduces the number of experimental runs, allowing for pre-
cise and reliable results at a lower cost and effort [21]. The flow chart in
Fig. 4 outlines the systematic procedure of the RSM-based approach
used for experimental design and optimization. A quadratic regression
model, which incorporates linear, squared, and interaction effects of the
input factors x;,Xa, ..., Xj, can be represented by Eq. (7) [22].

i i i i
R = ap + Z aiX; + Z aﬁxiz + Z Z aijin +¢€
i=1 i=1

=1 j=itl

)

where R is the objective function; x; and x; show the input factors; ag is
an intercept, and a;, ajj, and aj; are the linear, quadratic, and interaction
coefficients, and ¢ is the experimental error, respectively. In this study,

the cascade refrigeration system comprises four input factors; thus, the
RSM equation is formulated as follows [23]:

R= Ao +a1X; +axXp + azXs + agX4 + auX% + azzxg + a33x§ + a44x§ (8)
+ a12X1Xy + a13X1X3 + A14X1 X4 + A23X2X3 + A24X0X4 + A34X3X4 + €

In this study, CCD was chosen for its advantages, such as effectively
analyzing decision variables across a wide range, accurately estimating
model curvature, and providing significant statistical power for lack-of-
fit tests. A five-level CCD was developed using four independent vari-
ables to generate a second-order polynomial model. This design
comprised 16 factorial (cubic) points, 8 axial points, and 6 center points,
resulting in a total of 30 experimental runs.

As illustrated in Fig. 5(a), the standard error values exhibit a ho-
mogeneous distribution across the response surface, indicating that the
model provides more reliable predictions of the response variable within
the design space. In Fig. 5(b), the design space features a concave surface
structure, with larger standard errors observed at its edges. However,
the maximum standard error values range from 0.6 to 0.8, indicating
that the model maintains acceptable sensitivity and predictive reliability
within the design space [24]. The experimental design, detailed in
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Fig. 9. 3D response surface plots showing the interaction effects of four input factors on COP.

Table 6, outlines the four chosen input parameters and their specified
ranges and corresponding predicted values, following the DOE
methodology.

Thermodynamic performance data, including the COP, exergy effi-
ciency, total compressor power consumption, and exergy destruction,
were initially calculated using EES. These results were then imported
into Design-Expert 13 software (trial version, Stat-Ease Inc., Minneap-
olis, USA) to conduct a quadratic regression analysis based on RSM. The
adequacy of the model was verified through ANOVA, and the Derringer
desirability function was utilized for multi-objective optimization. This
approach enabled the simultaneous improvement of COP and exergy
efficiency while minimizing both compressor power consumption and

10

exergy destruction.

5. Results and discussions
5.1. Analysis of variance

The ANOVA results are presented in Table 7. The regression co-
efficients were determined as 0.9949, 0.9924, 0.9768, and 0.9793 for
COP, N¢y» Egest, and Pcomp, respectively. Adj R? refines the regression
coefficient by considering the number of predictors, penalizing non-
significant terms. In contrast, Pred R? assesses the model’s capacity to
predict new, unseen data, typically using cross-validation [25]. The
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Fig. 10. 3D response surface plots showing the interaction effects of four input factors on exergy efficiency.

difference between Adj R? and Pred R? being less than 0.2 indicates that
the regression models were developed with high compliance and reli-
ability. From ANOVA results, the statistical significance of linear,
interaction, and squared terms has been assessed using probability
values at a 95 % confidence level (p < 0.05) [26]. Among the linear
terms, input factors A (Te), B (T¢,irc), and D (T urc) were found to be
statistically significant across all regression models. In contrast, factor C
(T¢,mtc) Was statistically insignificant in all cases, indicating a limited
impact on system performance. The inclusion of Tcmrc, despite its
limited statistical significance, was crucial in capturing the interaction
dynamics between cascade stages and thermodynamic constraints. This
comprehensive representation mitigates the risk of biased model

11

reduction, ensuring that the resulting optimization outcomes remain
applicable to practical three-stage systems. The MTC operates as an in-
termediate bridge between LTC and HTC. As a result, variations in T,
mrtc directly affect the inlet conditions of the HTC; however, their in-
fluence on overall system performance is limited. Regarding the inter-
action terms, the interaction between factors A and B (AB) consistently
showed significance (p < 0.0001), suggesting a strong synergistic effect
between the evaporator and low-temperature condenser temperatures.
Other interaction terms (AC, AD, BC, BD, CD) had p-values greater than
0.05 in most models, indicating weak or negligible interactive in-
fluences. For the squared terms, A% and B were significant in selected
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Fig. 11. 3D response surface plots showing the interaction effects of four input factors on total exergy destruction.

responses, particularly nex and Egest- Conversely, D? was consistently
insignificant, suggesting that this factor predominantly has a linear ef-
fect. The signal-to-noise (S/N) ratio for each regression model is eval-
uated using the Adequate Precision (Adeq Precision) value. Among all
the models assessed, the COP model demonstrated the highest sensi-
tivity, achieving an Adeq Precision value of 52.9216. This indicates a
highly reliable response. Furthermore, all other models also yielded
Adeq Precision values exceeding the threshold of 4, confirming that each
regression model maintains an acceptable S/N ratio and can be
considered statistically valid and predictive [27].

12

5.2. Regression equations of responses

In this study, the impact of input factors on the four response pa-
rameters has been analyzed using a quadratic mathematical model
derived from the CCD.

(C)]
+bgBD + b1oCD + b11A? + b12B? + by3C* + by4D?

where R is the reponse; by is the intercept, by, ba, ..., b14 are regression
coefficients. A, B, C, D are linear effects; AB, AC, BC, AD, BD, and CD are
interaction effects; A2, B2, C2, and D? are quadratic terms. Regression
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Fig. 12. 3D response surface plots showing the interaction effects of four input factors on compressor power consumption.

Table 9

Constraints.
Parameter Target Lower limit Upper limit Weight
A:Te (°C) is in range -120 -90 3
B:Tc,LTC (°C) is in range -70 —-40 3
C:Tc,MTC (°C) is in range -30 0 3
D:Tc,HTC (°C) is in range 25 45 3
R1:COP (-) maximize 0.1361 0.6843 5
R2:n, (-) maximize 0.1204 0.4001 5
R3:Egest (kW) minimize 8.766 64.65 5
R4:Peomp (kW) minimize 14.61 73.5 5

13

coefficients for each response model were presented in Table 8. A pos-
itive coefficient indicates that an increase in the associated input factor
increases the response variable. Conversely, a negative coefficient in-
dicates that an increase in the input decreases the response.

Fig. 6 presents the comparison between predicted and actual results
for all performance indicators. The distribution of actual data points
along the reference line in all graphs shows that the regression models
developed using RSM have a high regression coefficient and exhibit a
strong correlation with the experimental data.

Residuals were plotted against experimental runs in Fig. 7 to identify
any unexpected observations that could violate model assumptions. The
horizontal red lines indicate the critical threshold value of the externally
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Table 10
Optimized results.
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Optimal combination

Predicted responses

A (O B (°C) C(°0Q) D (°C) R1 () R2 () R3 (kW) R4 (kW)
—90.043 —56.411 —10.941 26.077 0.697 0.414 5.545 11.394
Table 11
Effect of response weight levels on the optimal solution.
Optimal combination Predicted responses
Weight A(°Q) B (°C) C(°Q) D (°C) R1 () R2 () R3 (kW) R4 (kW)
1 —90.134 —50.075 —1.959 25.030 0.684 0.404 7.032 12.888
2 —91.040 —53.626 —18.958 26.663 0.688 0.414 4.963 10.897
3 —90.550 —44.032 —19.697 26.003 0.685 0.407 5.684 11.576
4 —90.820 —55.576 —12.586 27.040 0.685 0.412 5.190 11.105
5 —90.043 —56.411 —10.941 26.077 0.697 0.414 5.545 11.394

studentized residuals (+3.87982). Data points that exceed these lines
are classified as outliers and may pose a danger to model validation. The
analysis indicated that a significant portion of the residuals is under the
critical threshold values, which supports the validity and statistical
reliability of the model.

The normal probability plots used to assess the models display the
standardized residuals for quadratic models (Figs. 8(a—d)). The normal
probability plot of the residuals shows that they are normally distrib-
uted, as the data points are mostly aligned along the linear reference
line. This alignment supports the validity and adequacy of the regression
model based on the least squares method, indicating that the model is
both suitable and reliable for predicting system performance.

5.3. Interactive effect analysis

Figs. 9(a—c) show the interactive effects of Te and T. on COP for T,
16 Temrc, and Te yre, respectively. At a fixed evaporator temperature
of —120 °C, lowering the T ¢ significantly increases the COP within
the selected interval. Lower condensation temperatures enable the
compressor to operate with reduced pressure differentials, which de-
creases energy consumption and improves the COP of the system
(Fig. 9a). It is observed that COP increases with a higher evaporator
temperature, indicating that T, is crucial for maximizing the system’s
efficiency. In previous studies in the literature on cascade refrigeration
systems, it has also been reported that the COP increases with increasing
evaporator temperature [28,29]. On the other hand, the influence of
binary combinations of condensation temperatures at different stages on
the COP appears to be more limited in Figs. 9(d—f).

Figs. 10(a—c) present that the exergy efficiency of the cascade
refrigeration system significantly increases as the evaporator tempera-
ture rises. A review of previous studies in the literature reveals that,
similar to the findings of the present study, an increase in evaporator
temperature has a positive effect on the exergetic efficiency of the sys-
tem [30,31]. This trend indicates that higher evaporator temperatures
reduce entropy generation due to smaller temperature differences dur-
ing heat transfer, thereby enhancing the system’s second law efficiency.
In contrast, the impact of the binary interactions between LTC, MTC, and
HTC condensing temperatures on the exergy efficiency is quite minimal
in Figs. 10(d-f), indicating that the temperature changes on the
condensing side have a very low impact on the total recoverable work
potential of the system.

Fig. 11 shows that increasing the evaporator temperature reduces
total exergy destruction in a cascade refrigeration system. Studies in the
literature on cascade refrigeration systems have also indicated that an
increase in evaporator temperature reduces the exergy destruction of the
system [32,33]. In addition, Egest reaches its minimum value of 8.766
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kW when T, and T.mrc are —90 °C and — 30 °C. Under the same
operating conditions, COP was 68.4 %, while exergy efficiency was 40
%. As shown in Fig. 11, T has a greater impact than other input factors.
Figs. 11(d—f) shows that the interactions among T, 11c, T¢, m1c, and T,
HTC have little impact on total exergy destruction.

It can be observed from Fig. 12 that there is an inverse relationship
between evaporator temperature and compressor power consumption.
Studies in the literature have demonstrated that an increase in evapo-
rator temperature leads to a reduction in compressor power consump-
tion [34,35]. When T, is fixed at —90 °C, T ¢ at —70 °C, and T yrc at
25 °C, reducing T mrc from 0 °C to —30 °C results in approximately a
14.2 % decrease in total compressor power consumption (Fig. 12d). As
shown in Fig. 12e, lowering the T yyrc from 45 °C to 25 °C while keeping
the Te at —90 °C, T¢rrc at =70 °C, and T¢mrc at 0 °C results in an
approximately 16.36 % reduction in compressor power consumption. As
shown in Fig. 12f, the combination of the highest T¢ yrc (45 °C) and the
lowest Tc mrc (—30 °C) results in the maximum total compressor power
consumption.

Among the input variables, T, was identified as the most dominant
factor affecting all performance metrics. Increasing T, from —120 °C to
—90 °C enhanced COP from 0.18 to 0.67 (approximately 270 %) and
exergy efficiency from 0.16 to 0.39 (about 150 %), while reducing total
compressor power consumption from 55.1 kW to 13.8 kW and overall
exergy destruction from 46.3 kW to 7.9 kW. Overall, these results
confirm that T, is the main driver of system performance, followed by T,
vrc and T yrc, whereas T¢ wrc contributes negligibly.

5.4. Multi-objective optimization

In this study, the desirability approach is employed for optimization
analysis because of its speed, simplicity, and flexibility advantages. Each
response parameter in the Design-Expert software was converted into a
dimensionless desirability value that ranges from 0 to 1. A desirability
value of 0 represents an unacceptable situation, while a value of 1 in-
dicates the highest level of acceptability. The Derringer desirability
function was utilized and mathematically expressed in Eq. (10) to ach-
ieve the optimization objective [36].

n ; Zri
(1)

where D is the composite desirability function, d; denotes the individual
desirability index of the i-th response, r; is the individual relative
importance of the i-th response, and n indicates the total number of
response variables. When all the desirability indices (d;) achieve their
optimal level (d;= 1), D will also reach a value of 1 [37]. Table 9 presents

1

D= (d xd3 x ... x d;“)z“ =

10
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Fig. 13. 3D response surface plots on desirability.

the criteria for multi-objective desirability optimization. Thermal per-
formance optimization results of the cascade refrigeration system based
on the desirability approach are listed in Table 10. The optimal oper-
ating condition, corresponding to the highest overall desirability value,
was obtained at an evaporator temperature of —90.043 °C, Tyrc of
—56.411 °C, T¢m1c of —10.941 °C, and T, yrc¢ of 26.077 °C. The optimal
Te represents a balance between achieving the required ultra-low cool-
ing demand and limiting the thermodynamic irreversibilities associated
with extremely low evaporation levels. The optimum T¢ ¢ provides an
effective thermal match with the MTC evaporator, minimizing the
temperature difference during interstage heat transfer and thereby
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reducing exergy destruction in the cascade heat exchanger. Similarly,
the optimal T¢ mrc improves thermal matching with the HTC evaporator
by keeping the interstage temperature difference small. This reduces
entropy generation in the second cascade heat exchanger and thereby
lowers exergy destruction. Finally, the optimum Tcurc represents a
near-ambient rejection condition, which reduces the exergy loss during
heat rejection to the environment. This optimum temperature configu-
ration improves the thermodynamic matching between the cascade
stages and thereby minimizes the overall exergy destruction in the sys-
tem. In this study, all response weight values (R) were assigned a level of
5 because they represent key performance indicators of the CRS and
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must be prioritized in the optimization process. The weight level of 3
displayed for input factors is a default software setting and does not
affect the optimization process. To evaluate the robustness of the opti-
mization, a weight sensitivity analysis (see Table 11) was conducted by
varying the response weight between 1 and 5. The results showed that
the evaporation temperature shifted only by about +1-2 °C, while COP
and exergy efficiency varied by less than 2-3 %. These findings confirm
that the optimization process is robust to weight adjustments. All re-
sponses were given equal weight to avoid subjective prioritization and to
establish a general optimization framework applicable to various ultra-
low-temperature applications. Additionally, a weight-sensitivity anal-
ysis confirmed that the optimal conditions remain consistent, even when
the relative importance of the responses is varied within a reasonable
range.

Fig. 13 shows three-dimensional surface plots representing the
overall desirability function concerning various pairs of input factors in
the cascade refrigeration system. Specifically, the prevalence of red-
colored areas near the surface peak in Fig. 13(d-f) highlights param-
eter combinations that yield high desirability, assisting in determining
the best operating conditions.

6. Conclusions

In this study, the thermodynamic model of a three-stage cascade
refrigeration system operating at ultra-low temperatures was developed
using EES, and its performance was subsequently optimized through
RSM. The input parameters included the evaporator temperature along
with the condenser temperatures of all cycles, while the response pa-
rameters were defined as the COP, nex, Eqest, and total compressor power
consumption. Accurate and reliable second-order polynomial models
were developed for four response parameters, and their validity was
confirmed through ANOVA. The regression models created for the COP,
Nex, Egests and Peomp showed a high level of agreement with the validated
data. They achieved R? of 0.9949, 0.9924, 0.9768, and 0.9793,
respectively. The multi-objective optimization aimed to maximize the
COP and nex while minimizing Eg and Peomp- The optimal operating
conditions were determined as Te of —90.043 °C, T¢ ¢ of —56.411 °C,
Temrc of —10.941 °C, and T prc of 26.077 °C. At these conditions, the
system achieved a COP of 0.697, exergy efficiency of 41.4 %, total
exergy destruction of 5.545 kW, and total compressor power consump-
tion of 11.394 kW. These findings confirm that the combined EES-RSM
framework provides a reliable, interpretable, and computationally effi-
cient tool for optimizing the thermodynamic performance of multi-stage
cascade refrigeration systems operating at ultra-low temperatures. The
validity of the RSM-based quadratic model is limited to the specified
design space, so caution is required when extrapolating beyond the
tested operating region. While RSM allows for a clear understanding of
the physical interactions among the decision variables, the model’s
predictions may be sensitive to small fluctuations in parameters. This
sensitivity highlights the need for future uncertainty analyses and dy-
namic validation studies. Therefore, future work will focus on expand-
ing the input factor ranges, incorporating experimental validation, and
exploring adaptive optimization methods to enhance the model’s gen-
erality and operational reliability.
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