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Abstract

It is well-known that the set of quadratic residues modulo prime p forms a multi-
plicative group. Apart from special cases there is no result concerning the sum of
two quadratic residues. Here the authors consider these sums. Formulae for the
total number of quadratic residues which can be stated as the sum of two quadratic
residues are obtained. These formulae have been used to obtain the integer triples
satisfying the Pythagorean equation in prime modes.
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1. Introduction

In [5] the conditions on x, y and z for Pythagorean triples (x, y, z) where x, y, z are
considered in small modes are determined. In [6], the number of Pythagorean triples
in Zp is determined as a result of the study concerning monochromatic solutions of
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equations in groups. In [9], considering [10], the number of monochromatic Schur
triples modulo n is given.

In the study of rational points on elliptic curves y2 ≡ x3 + a3 over finite fields
Zp, the authors encountered the problem of determining whether or not the sum of two
quadratic residues is a quadratic residue, see [8]. In [7], they answered this question
together with the questions about the sum of two quadratic non-residues and the sum of
a quadratic residue with a non-residue. Here we use the former problem to determine
the total number of Pythagorean triples (x, y, z) over finite fields. Here we have given
results concerning this number by a different approach, which uses quadratic residues,
than Datskovsky had.

First we give some results about the additive structure of Qp, the set of quadratic
residues modulo p, and secondly use all these results to determine the above number.
Also by Q

′
p, we denote the set of quadratic non-residues modulo p.

2. The Additive Structure of Qp

Now we discuss under what conditions the sum of two quadratic residues is again a
quadratic residue. First we need the following well-known result.

Lemma 2.1. Let p be an odd prime. Then −1 ∈ Qp iff p ≡ 1(mod 4).

Remark 2.2. Lemma 1 implies that “−1 ∈ Q′
p iff p ≡ 3(mod 4)”. Also when p ≡

1(mod 4), both x and p − x are Qp or Q′
p.

Let now x, y ∈ Qp. We want to determine the values x + y lying in Qp and those
in Q′

p.

Let, first, p ≡ 1(mod 4) be prime. Then by Remark 2, t ∈ Qp iff p − t ∈ Qp. This
means that all entries at the second diagonal of the table consisting of the values of x +y

are equal to 0. See the tables below for p = 5 and 13:

x�y 1 4
1 2 0
4 0 3
Table I
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x�y 1 3 4 9 10 12
1 2 4 5 10 11 0
3 4 6 7 12 0 2
4 5 7 8 0 1 3
9 10 12 0 5 6 8

10 11 0 1 6 7 9
12 0 2 3 8 9 11

Table II

We know that 1 ∈ Qp for all primes. Taking y = 1, we can determine the values

x +1 and place them into the first column of the table. As there are
p − 1

2
values at each

column,
p − 1

2
− 1 = p − 3

2
values are non-zero. By [4], we know that the number of

pairs of consecutive quadratic residues modulo p is given by the formula

np = 1

4

(
p − 4 − (−1)

p−1
2

)

and this becomes

np = p − 5

4

considering the fact that p ≡ 1(mod 4). This means that there are
p − 5

4
values of x+1’s

lying in Qp for the values of x in Qp. Each column has equal number of elements in
Qp. Therefore the number of non-zero non-residues at each column is

p − 3

2
− np = p − 1

4

Theorem 2.3. Let p ≡ 1(mod 4) be prime. If x and y ∈ Qp are any elements, then

out of

(
p − 1

2

)2

values of x + y in whole table, there are
p − 1

2
zeroes,

p − 1

2
.
p − 5

4

values lying in Qp and
p − 1

2
.
p − 1

4
values in Q′

p.

Proof. Note that the total number of non-zero elements in the whole table is(
p − 1

2

)2

− p − 1

2
= p − 1

2
.
p − 3

2

As above, there are
p − 5

4
values at each column lying in Qp, and as there are

p − 1

2

columns at all, the total number of the values of x + y lying in Qp is
p − 1

2
.
p − 5

4
.

Similarly, we find the total number of quadratic non-residues. �
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Let, secondly, p ≡ 3(mod 4) be prime. By Remark 2, only one of t and p − t , for
each t , lies in Qp. Therefore, we are adding two elements of Qp, we never get zeroes
in the table. So each entry in the table is a quadratic residue or non-residue.

np = p − 3

4
is the number of quadratic residues at each column and hence we obtain

the following result. We omit the proof which is similar to Theorem 2.4.

Theorem 2.4. Let p ≡ 3(mod 4) be prime. If x and y ∈ Qp are any elements, then

there are
p − 1

2
.
p − 3

4
values in Qp and

p − 1

2
.
p + 1

4
values in Q′

p.

Hence we have

Theorem 2.5. If only one of x and y belongs to Qp i.e. if

(
xy

p

)
= −1 where

( .

.

)
denotes the Legendre symbol, then x + y could never take the value 0.

Let us now suppose that x varies on Q′
p and y ∈ Qp be fixed. The case where y

varies on Q′
p and x ∈ Qp is fixed is treated similarly as the addition on Fp is abelian. As

every column (and row) has the same number of quadratic residues (and non-residues),
we can consider the column consisting of the entries x + 1 (taking y = 1 ∈ Qp) for all
possible x ∈ Q′

p. As the number of pairs of consecutive elements where the first is a
non-residue and second is a residue is given by

np = 1

4

(
p − 2 + (−1)

p−1
2

)

by [4]. This can be reduced to

np = p − 1

4
using the fact that p ≡ 1(mod 4).

Then the remaning
p − 1

4
entries are quadratic non-residues.

If p ≡ 1(mod 4), then by Remark 2, either both or none of t and p − t are in Qp.

Therefore the table of the values x + y contains
p − 1

2
entries equal to 0.

3. The Number of Pythagorean Triples in Modulo Prime p

Now we will formulate the total number of Pythagorean triples (x, y, z) in modulo p.

Theorem 3.1. Let p be prime and let Np denote the number of Pythagorean triples
(x, y, z) in modulo p where x.y.z �= 0. Then

p ≡ 1(mod 4) iff Np = (p − 1).(p − 5)

and
p ≡ 3(mod 4) iff Np = (p − 1).(p − 3).
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Proof. We know that, as x2 and y2 lie in Qp, if p ≡ 1(mod 4) is prime, then the total

number of values of x2 + y2 lying in Qp is
p − 1

2
.
p − 5

4
and if p ≡ 3(mod 4) is

prime then the total number of values of x2 + y2 lying in Qp is
p − 1

2
.
p − 3

4
. As

for a Pythagorean triple (x, y, z) satisfying the relation x2 + y2 = z2, all the triples

(∓x, ∓y, ∓z) will also be solutions, implying Np = 8.(
p − 1

2
.
p − 5

4
) = (p−1).(p−5)

and Np = 8.(
p − 1

2
.
p − 3

4
) = (p − 1).(p − 3), respectively.

Example 3.2. Let first p = 5. By the former formula in Theorem 7, there are no triples
in mod 5. Let secondly p = 7. Then we get 24 Pythagorean triples by the latter formula
Np = (p − 1).(p − 3). As Q7 = {1, 2, 4}, 1 + 1 ≡ 2, 1 + 2 ≡ 3, 1 + 4 ≡ 5, 2 + 1 ≡ 3,
2 + 2 ≡ 4, 2 + 4 ≡ 6, 4 + 1 ≡ 5, 4 + 2 ≡ 6, 4 + 4 ≡ 1 (mod 7). When the sums are
equal 1, 2 or 4, we get the required x2 and y2’s. Then x2 ≡ y2 ≡ 1 (mod 7) implying
that x ≡ 1 or 6, y ≡ 1 or 6 (mod 7) and hence we get z ≡ 3 or 4 (mod 7). Also
x2 ≡ y2 ≡ 2 (mod 7) implies x ≡ 3 or 4, y ≡ 3 or 4 (mod 7) and hence we get z ≡ 2 or
5 (mod 7). Finally x2 ≡ y2 ≡ 4 (mod 7) implies that x ≡ 2 or 5, y ≡ 2 or 5 (mod 7)

and therefore we get z ≡ 1 or 6 (mod 7). Finally, in modulo 7, Pythagorean triples
(x, y, z) are (1, 1, 3), (1, 1, 4), (1, 6, 3), (1, 6, 4), (6, 1, 3), (6, 1, 4), (6, 6, 3), (6, 6, 4),
(3, 3, 2), (3, 3, 5), (3, 4, 2), (3, 4, 5), (4, 3, 2), (4, 3, 5), (4, 4, 2), (4, 4, 5), (2, 5, 1),
(2, 5, 6), (2, 2, 1), (2, 2, 6), (5, 2, 1), (5, 2, 6), (5, 5, 6), (5, 5, 1).
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