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Abstract

In this work, subsequent expansions of the operators S(A), algebraic sum and geometric product over IVTNFs.
The first of S(a, ) is called the shrinking operator and the second, which is an extension of the first, is called
(a, B) - shrink operator. The membership values & the values of non-membership be not completion our for all
time possible, although in the branch of IVTNFS, it plays an additional significant character at this time, since the
interval valued temporal neutrosophic fuzzy sets provides the best solution for finding the shortest distance in
deciding one's career, judgment making and image processing and many more areas. Especially in medical
diagnosis, when using this concept, there is a real chance that there will be a non-zero fraction of hesitation at any
point in the assessment.

Keywords: Interval valued intuitionistic fuzzy sets; Neutrosophic sets; Interval neutrosophic fuzzy sets; Fuzzy
sets

1. Introduction

Initially describe the notion of IFS-Intuitionistic fuzzy sets [1-3] through Krassimir T. Atanassov in 1986, which
be an extension of fuzzy subsets and an excellent generalization of fuzzy sets. Because the inception of the IFS,
numerous researchers contain exposed their concentration in theoretical concepts as well as applied in humerous
areas such as recognition of pattern, machine education, similarity dealing out, decision-making, and more.
Furthermore, the term IVIFS namely interval valued intuitionistic fuzzy sets [6] be earliest invited by Atanassov
with Gargov in 1989, which be an excess of sweeping statement of both Intuitionistic Fuzzy Sets and Interval
Valued Fuzzy Sets. The hesitant idea was used to interval valued intuitionistic hesitant fuzzy sets by Broumi and
Smarandache in [4]. Chun-Hsiao Chu and associates. Presented two similarity metrics, created a strategy based on
them, and demonstrated that our approach might resolve the pattern recognition issues in [5]. Parvathi and Geetha
[7] covered several characteristics of temporal intuitionistic fuzzy sets.

In [8-9] Rajesh, the second type of Intuitionistic Fuzzy Sets with Intervals (IVIFSST) is a new extension of IVIFS
and established some of their features. In this research work, a new shrinking operator, and the subsequent
expansion of the operator S(a, 8)(A) are introduced and several of its properties are established. The values of
member and the values of non-member not fulfillment certain situations, but in the IVNFS satisfied all the
situation, it plays a most significant responsibility at this juncture, since the second type of interval of Neutrosophic
Sets provides the most excellent result for finding the smallest distance in decision making, career choice making,
and many more. Xu and Zeshui [10] made decisions on interval-valued intuitionistic fuzzy sets by using an
aggregating operator. Kaviyarasu et al. recently presented connection indices and a few of its derivatives in graph
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theory for neutrosophic fuzzy sets [11-12]. In this research paper will be prepared as follow: in the 2nd section,
some basic definitions are presented, in the 3rd Section, we present the shrinking operator & the subsequent
expansion of S(A) operator on the temporal neutrosophic fuzzy sets with intervals and explore a few of their basic
properties. Section 4 concludes this document.

FUZZY SET
INTERVAL VALUED INTERVAL VALUED
FUZZY SET INTUITIONISTIC FUZZY SET N
> INTERVAL VALUED
INTUITIONISTIC FUZZY
SETS OF SECOND TYPE
TEMPORAL
INTUITIONISTIC » | INTUITIONISTIC FUZZY SET
FUZZY SET INTERVAL VALUED
TEMPORAL
> INTUITIONISTIC FUZZY
INTUITIONISTIC FUZZY SETS
SETS OF SECOND TYYPE
2. Preliminary

Definition 2.1[1] Let K be nonempty set. As an extension of fuzzy sets, an Intuitionistic Fuzzy Sets (IFS) E
within K is an object of the following form,

E = {(s,ag(s),Be(s))| s € K},

where the elements are denoted by the degrees of membership ag: K — [0, 1], and non-membership Bg such that
Bg: K — [0, 1]. Moreover, 0 < ag(s) + Bg(s) < 1, for every component s € K.

Definition 2.2[7] Let K be nonempty set. The second type of Intuitionistic Fuzzy Sets (IFSST) E within K is an
object of the following form,

E = {(s,ag(s),Be(s))| s € K},

where the elements are denoted by the degrees of membership ag: K — [0, 1], and non-membership B where
Be:K = [0,1]. Moreover, 0 < a®g(s) + B%.(s) < 1, for every component s € K.

Definition 2.3[6] An Interval Valued Intuitionistic Fuzzy Sets (IVIFS), the source E within K can be defined at
the same time as

E = {(s,Mg(s), Ng(s))| s € K},

wherever Me: K — [0, 1] and Ne: K — [0, 1]. The intervals of Mg(s)and Ng(s)indicate as the quantity of
membership moreover the grade of non-membership of an part s inside K, everywhere the member is denote the
same as Mg (s) = [Mg.(s), Mgy (s)] and non member denote as Nz (s) = [Ng.(s), Ngy(s)] provided that

Mgy (s) + Ngy(s) £ 1Vs€EK

Definition 2.4 [6] For two IVIFSs E and F we define the subsequent associations & operation as:

. EUF ={(s, [SUP(MEL(S), MFL(S)):Sup(MEU(S)’ MFU(S))];
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[inf(Ng.(s), Ne(s)), inf(Ngy(s), Ney(s))D)Is € K}

ii. ENF = {(s, [inf(MgL(s), MgL(5)) , inf(Mgy(s), Mpy(s))],
_ [sup(NgL(s), Ng.(s)), sup(Ngy(s), Ney(s))])s € K}
iii. E = {(s, [Ng.(s), Ngy(s)], [MgL,(s), Mgy (s)])| s € K}.

Definition 2.5 [4] For every E in IVIFS we have the following information:
Operator of Necessity

OE = {(5, Mg (5), Mgy ()], [New (), /T = Mgy () )1 s € K3,
Operator of Possibility

0E ={(s, [MEL(S)v\/ 1- NEU(S)] , [NgL(8), Ngy(s)])| s € K}.

Definition 2.6[3] Let K be nonempty set. For each IVIFS E, then we define the most basic shrinking operator in
the subsequent approach:
|s € K}.

s Mg, () + Mgy (s) Mg, (s) + Mgy(s)| [Ngi(s) + Ngy(s) Ngi(s) + Ngy(s)
’ 2 ’ 2 ’ 2 ’ 2

Definition 2.7[3] for each IVIFS E and, let K be nonempty set. Then, the shrinking operator is defined as the

following manner

Sa,ﬁ(E) = {(S'[a(MEL(S) + MEU(S))va(MEL(S) + MEU(S))];
[B(Ng(s) + Ngy (), B(Ng (s) + Ngyy () ])s € K}.

S(E) ={

Definition 2.8 [9] Let K be nonempty set. The Interval Valued Temporal Neutrosophic Fuzzy Sets (IVTNFS) E
in G is defined in the subsequent form

E={<(s,t),[ta(s, ), gy (s, O], [Ter(s, 1), Tey (s, £)],

gL (s, t) , Igy (s, )], [Fp(s,t) , Fgy (s, )] > |(s,t) € K X T},
where the functions g (s, t), T (s, t), Ig (s, t)& Fg(s,t) : K »]07,1"[ and
0 < pay(s,t) + Tyy(s, t) + Liy(s,t) + Fyy(s, t) < 3.

Definition 2.9 [9] Let E be a nonempty set and A is defined over Interval Valued Temporal Neutrosophic Fuzzy
Sets. The Necessity operator is defined in the following form

oE = { < (S! t)' [.uEL(Sv t), .uEU(SI t)], [TEL (S, t), TEU (S, t)];
gL (s, 0), Iy (s, )], [Fer(s,t), 1 — Tgy (s, )] > |(s,t) € K X T}

Example 2.10 Consider an interval temporal neutrosophic fuzzy set A on G specified by
E= {< [a,0.3,0.4],[0.5,0.3],[0.4,0.5], [0.2.0.3] >,< [b,0.4,0.6],[0.5,0.6], [0.1,0.4], [0.4,0.7] >}.
Then,
DE = {< [a,0.3,0.4],[0.5,0.3],[0.4,0.5], [0.2.0.7] >, < [b, 0.4, 0.6],[0.5,0.6], [0.1, 0.4], [0.4, 0.3] >}

Definition 2.11[9] Let G be a nonempty set, and A is defined over interval valued temporal neutrosophic fuzzy
sets then, possibility operator is defined in the following form

0E ={<(s,t), [ugL(s, ), ugy (s, )], [Ter (s, 1), 1 = Tgy (s, )],
[IEL(SJ t)fIEU(S! t)] ’ [FEL(Sﬂ t),FEu(S, t)] > |(S! t) € K X T}
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Example 2.12 Consider an interval valued temporal neutrosophic fuzzy set A on G specified by

E = {{[a,0.3,0.5],[0.4,0.2],[0.4,0.5],[0.2.0.6]), ([b, 0.3, 0.4], [0.3,0.6], [0.1,0.8], [ 0.5, 0.4] )}
Then,
0 E = {{[a,0.3,0.5],[0.4,0.8],[0.4,0.5], [0.2.0.6]), ([b, 0.3, 0.4], [0.3,0.4], [0.1, 0.8], [ 0.5, 0.4])}.

3. Subsequent Expansions of the Operator S(A), Algebraic Sum and Geometric Product Over IVTNFSS

In this phase, the subsequent expansions of the operator S(A), algebraic sum and geometric product over IVTNFSs
and establish a few of their property.

Definition 3.1 Assume that K be nonempty set, and for each IVTNFS E, define the simplest shrinking operator
in the following manner.

_ HeL (S, 0) + gy (s, 6) pg (s, t) + uey (s, O] [Te(s,t) + Tey (s, t) Teu(s,6) + Tey(s, )
SE) =10 2 ’ 2 ’ 2 ; 2

[IEL(S’ t) +1Igy(s,t) Ig (s, t) + Igy(s, t)] [FEL(S: t) + Fgy(s,t) Fg(s,t) + Fgy(s, t)

> ) > > , > |sEK&tET}.

For each IVTNFS A, and nonempty set K, we define the shrinking operator in the following manner.

Definition 3.2 For every IVTNFS E and a, 8 € [0,0.5]. Then we define (a,8) - shrinking operator in the
following manner

Sap(E) = {{(s,0),[ugL(s, ) + ugy (s, ), pp (s, 8) + ppy (s, 0],
[a(TEL(S’ t) + Tgy (s, t))' a(TEL(S: t) + Tgy (s, t))], Ug, (s, t) + Igy (s, ), Ig (5, 1) + Igy (s, )],
[B(FeL(s,t) + Fpy(s, ), B(Fer(s,t) + Fpy(s,0))|)ls € K &t € T}

Definition 3.3 Assume that K is nonempty set, & E and F are in IVTNFSs. We define the operator known as
algebraic sum in the following manner:

E®F = {(s, ). [upL (s, ). upp (5, 1), gy (S, ). piry (s, )],

Tgr(s,t) + Tp(s,t) — Tg(s,t). Tp (s, 1),
Tey (s, t) + Try (s, t) — Ty (s, t). Try (s, t)

[Fei(s,t). Fpi (s, t), Fey (s, t). Fpy (s, t)])|s e K &t € T}.

gL (5,6). Ip, (5, ), Igy (5, ). Ipy (s, )],

Definition 3.4 Assume that K is nonempty set, & E and F are in IVTNFSs. We define the operator for the
geometric product in the following manner

UeL (S, t) + ppL (S, t) — pgr (s, t). up (S, 1),
E QF ={ b)), ,
® (s:8) Uey (S, t) + ppy (s, t) — upy (s, t). upy (s, t)
Igp (s, ) + Ipp (s, t) — Ig (s, ). Ip (S, 1),
Igy(s,t) + Ipy (s, t) = Igy (s, t). Ipy (s, O)F
[FEL(S' t) + Fp (s, t) — Fg (s, t). Fp (s, t),
Fey(s,t) + Fry (s, t) — Fgy (s, t). Fpy (s, t)

[TEL (S, t) TFL (S, t)' TEU (S, t) TFU (S, t)]:

])|s€K&teT}. =

Example 3.4 Assume that E = {{[0.6,0.2],[0.7,0.3],[0.4,0.5],[0.4, 0.6]),{[0.5, 0.2],[0.5, 0.3],
[0.5,0.5],[0.5,0.4])} and F = {([0.6, 0.1], [0.5, 0.4], [0.3, 0.7], [0.5, 0.4]), {[0.7, 0.3], [0.6, 0.3],
[0.6,0.3],[0.5,0.4])} are two IVTNFSs. Then we have

E @ F = {{[0.36,0.02],[0.85,0.68],[0.12, 0.35], [0.2, 0.241),
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([0.35,0.6],[0.8,0.51],[0.3,0.15], [0.25, 0.16])}.

E ®F = {([0.84,0.28],[0.35,0.12],[0.58,0.85], [0.7, 0.76]),
([0.85,0.44],0.3,0.09],[0.8,0.65], [0.75, 0.64])}.

Theorem 3.1 Let K be a non - unfilled set and we have the following for each IVTNFS E,
i S(S(E)) = S(E), i) ~S(~E) = S(E).

Proof: (i). Let

E={<(st)[par(s, ), gy (s, )], [TeL (s, ), Tpy (s, O],

[IEL(S' t) 'IEU(SI t)] ) [FEL(SI t) 'FEU(S' t)] > |(S, t) EK X T}
Then

Mg (5, t) + Upy (s, t) peL(s,t) + ugy (s, )] [Ter(s,t) + Tey (s, t) Tgi(s,t) + Tey (s, t)
S@):{[ 2 ’ 2 ]{ 2 ’ 2

[IEL(S' t) +1gy(s,t) Ig (s, t) + Igy(s, t)]

|
2 ' 2 I(s,) EK X T
s, .
[FEL(S' t) + Fey(s,t) Fe(s,t) + Fey(s,t) }
2 ’ 2 J

Applying the shrinking operator we have

—g {<[HEL(S; t) + gy (s, t) pe (s, t) + ugy(s, t)] [TEL(S' t) + Tey(s,t) T (s, t) + Tey(s, t)]

2 ’ 2 > , .
[IEL(S, t) + Igy(s,t) Ig.(s,t) + Igy(s, t)] l
2 ' 5 :
Fpo(s,t) + Fey(s, ) Fei(s,t) + Fey(s,t) loeK&LeT |
2 ’ 2 J
= J([HeL (s,0) + upu (s, t) pep(s,t) + pgy(s, )] [Te(s, ©) + Tey (s, t) Teo(s,t) + Tey (s, t)
2 ’ 2 ! 2 ) 2
[IEL(s,t) + Igy (s, t) Ig(s,t) +-IEU(s,t)] \
2 ' > :
[FEL(S’ t) + Fey(s,t) Fep(s,0) + Fey(s,t) peK&LeT %
2 ’ 2 )

= S(E).
(ii). Let E = { < (s, 1), [ar (s, 1), upy (s, 0], [Ter(s, 1), Tey (s, )],
[IEL(SI t) IIEU(SJ t)] ’ [FEL(SJ t) IFEU(Sr t)] > |(S, t) EK X T}
Then
~E = { < (S! t)' [.uAL(S' t) ;ﬂEU(S; t)] ) [FEL(SI t) ,FEu(S, t)] ) [1 - IEL(SJ t) ) 1 - IEU(SJ t)];
[TeL(s,t), Tey(s, t)] > |(s,t) € K X T}
Applying the shrinking operator we have

_ {<[|J~EL(51 t) + gy (s, t) peL(s,t) + ugy (s, t)] [FEL(S: t) + Fgy(s,t) Fgr(s,t) + Fgy(s, t)

2 ’ 2 2 ’ 2

1-Ig (s, ) +1—Igy(s,t) 1—1Ig(s,t) + 1 —1Igy(s,t)
2 , 2 ’ sEK&tET
s
Te (s, t) + Tey (s, t) Tgr(s,t) + Tey(s, t)
2 ’ 2
147
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_ {<|:HEL(S' ) + ey (s, t) pe(s,t) + gy (s, t)] [FEL(S' ) + Fey(s,t) Fe(s,t) +Fey(s,t)

2 ’ 2 2 ’ 2
Igy(s,t) +1g.(s,0) Igy(s,6) +1g.(s,1) \I
2 ’ 2 ISEK&LET
s
[TEL (5,8) + Tgy(s,8) Ter(s,t) + Tey(s, t)]
2 ’ 2 J

Applying the complement operator we have

. {<[MEL(5' t) + gy (s, t) wp(s,t) + ugy(s, t)] [FEL(S: t) + Fpy(s,t) Fp(s,t) + Fgy(s, t)]

2 ’ 2 2 ’ 2
Iy (s, t) +1g(s,t) Igy(s,t) + Ig.(s,t)
2 ’ 2 ISEK&EET
s
[TEL (s,t) + Tgy(s,t) Tg (s, t) + Tey(s, t)] |
2 ’ 2 J

_ {<[HEL(5 t) + gy (s, t) pe (s, t) + ugy(s, t)] [FEL(S t) + Fgy(s,t) Fg(s,t) + FEU(S t)]
2 ’ 2 2 ’

[1 IO RS CL I VI CLD) +IEL(s t)]
2 )

[sEK &tE T

|

[FEL(S ,t) + Fgy(s,t) Fg(s,t) + FEU(S t)
> ,

2 ’ 2 2 ’

[IEL(S ) +gy(s,t) Ig (s, t) + IEU(S t)

> ,

[FEL(S ) + Fgy(s,t) Fg(s, t) + FEU(S t)
> ,

{<[uEL(s t) + tpu(s,t) we(s,t) + ugy(s, t)] [TEL(s )+ Tey(s,t) Tg(s,t) + TEU(s t)}
> |SEK&tET

= S(E).

This completes the proof of the theorem.

Theorem 3.2 if K is a nonempty set, and then we can write the following for each IVTNFS E.

i. S(QE) = S(E),
ii. S(0E)=S(E).

Proof: (i). Let E = { < (s,t), [ar(s, ), ey (s, )], [Ter (s, 8) , Tgy (s, D],
[IEL(SI t) IIEU(SJ t)] ’ [FEL(SJ t) IFEU(Sr t)] > |(S, t) EK X T}
Then
OE = { < (S, t)' [:uEL(Sl t), MEU(SI t)], [TEL(SI t), TEU(SJ t)];
[IEL(SI t), IEU(Sf t)] ’ [FEL(Sf t)! 1- TEU(S! t)] > |(S: t) EK X T}
0 E= { < (S, t)' [:uEL(Sl t), MEU(SI t)], [TEL(SJ t), 1 - TEU(SI t)]r
[IEL(sl t)! IEU(SI t)] ) [FEL(SI t)! FEU(S: t)] > |(S, t) EK X T}:

and

~({[rec(s, ) + peu (s, ©) pmeL(s,t) + pey (s, O] [Ten(s, t) + Tey(s, t) Ter(s, 0) + Tey (s, t)
SE) = 2 ’ 2 ’ 2 ’ 2
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I, (s,t) + gy (s, t) Ig (s, t) + Igy(s, t)
2 ’ 2 ’

[FEL (s,t) + Fgy(s,t) Fgi(s,t) +Fgy(s,t)
2 ’ 2

|sEK&tETl.

Applying the shrinking operator over OE
S@E) = S{< (s, ), e (s, ), gy (s, O], [Tei (s, 1), Tey (s, )],
UpL (s, 6), Igy (s, O], [Fe (s, 6), 1 = Tgy (s, 0)] > |(s,t) € K X T}
_ {<[u (5,0 + ey (5, 8) Mer(s,0) + sy (s, t)] [TEL (5,0 + Toy(5,0) Teu(s,0) + Tey (s, t)]

2 ’ 2 > : -
[IEL(S, ) + Igy(s,t) Ig(s,t) + Igy(s, t)] \|
2 ’ 2 )
Fri(s,t) + Fry(s,0) 1— Te (s, t) + Tey(s, t) sek&ter }
2 ! 2 J
~([[meL(s, 0) + ppu (s, t) peL(s,0) + upy (s, )| [Ter(s,t) + Tey (s, 0) Teo(s,t) + Tey(s, t)
Bl 2 ’ 2 )’ 2 , 2
[IEL(S' D+ 1ey(s0) (s, ) + Iry(s, t)] )
2 ’ 2 )
[FEL(S' t) + Fpy(s,©) Fe(s,t) + Fey(s, t)] sek&teT }
2 ! 2 J

Therefore, S(OA) = S(A4).
(ii). Applying the shrinking operator over possibility operator
SWE) =S{<(s,0), [ugi(s, 0, gy (s, O], [Ter (5, 0), 1 = Fgy (s, £)],
gL (s, 8), Igy (s, )], [Fe (s, ), Feu (s, ©)] > |(s,¢) € K X T}
_ {<[|J-EL (5,8) + gy (s, t) pgL(s,t) + pgy(s, t)] ’ [TEL(S: t) + Tey (s, t) 1 _Fo (s,t) + Fgy(s, 1)

2 ’ 2 2 ) 2
[IEL(S, t) + Igy(s,t) Ig(s,t) + Igy(s, t)] \
2 ' > ,
Fpo(s,t) + Fpy(s,©) Fg(s,t) + Fgy(s, t) lseK&rer $
2 ’ 2 )
_ I MeL (s, t) + upy(s,t) pg(s,t) + pgy(s,t)] [Ter(s,t) + Tey(s, t) Te (s, t) + Tgy(s, t)
) 2 ’ 2 ‘ > : .
[IEL(S, t) + Igy(s,t) Ig (s, t) + Igy(s, t)] \
2 ' > ,
[FEL(S’ t) + Fpy(s,t) Fg(s,t) + Feyls, t)] et %
2 ’ 2 )

This implies that S(¢0 E) = S(E). Hence, the proof of the theorem is completed.
Theorem 3.3 Let K be a nonempty set. For each IVTNFS E and for every «, 8 from [0. 5, 0. 5] we have:

(1) Sa,[i'(sa,[i'(E)) = Saz,pZ(E):
(i) ~Sa'ﬁ(~E) = S(E).

Proof: (i). Let E = { < (s,t), [tar (s, t), ugy (s, )], [TeL (5, t) , Tey (S, )],

[IEL(SI t) ) IEU(S! t)] ’ [FEL(S! t) ) FEU(SI t)] > |(S! t) € K X T}
Then the extension of shrinking operator can be defined in the following form
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S, 4(E) = {((S, gL (s, t) + gy (s, t), ugL (s, t) + gy (s, )],
“ [a(TEL (s,) + Ty (s, t))' a(TEL(S' ) + Tgy (s, t))],
UeL(s, ) + Igy (s, 6), IgL (s, ©) + Igy (s, 0)],
[B(Fu (5,0 + Fiy (5, 0), B(Fru(5,0) + Fry (s, )] |1 € K &1 € T}'
Applying the shrinking operator we have
(s,[ugL (s, 0) + ugy (s, ), g (s, 6) + pgy (s, 0],
Sa,ﬁ (Sa,ﬁ (E)) = Sa,ﬁ {[Q(TEL (S, t) + TEU(S’ t)), a(TEL(S’ t) + TEU(S’ t))],
g, (s, t) + Igy (s, ), I (s, t) + Igy (s, )],
[B(Fi5,) + Fiy(5,00), B(Fi (5,) + Fiy (s, 00)] |1 € K &4 € T}

_ ((s, ) [upn(s, ©) + pey (s, ), e (s, t) + pey(s, ],
“\afa(Te (s, ) + Ty (s, 1), a(Te (s, ©) + Tey (s, D)),

Ug(s,t) + Igy (s, t), Ig (s, t) + Iy (s, t)],
ﬁ[ﬁ(FEL(SI t) + Fgu(s, t))’ﬁ(FEL(S; t) + FEU(SI t))] |S € K & t e T}
— { ((s, [ (s, ) + ppy(s, ©), gL (s, 1) + pgy (s, t)],
[aZ(TEL(S, t) + Ty (s, t)), aZ(TEL(S. ) + Ty (s, t))],
UL (s,8) + Iy (s, £, Ip (5, ) + Ipy (s, )],
TG v R S| LLSTEL)
_ { (G5, ), [ugL (s, t) + ey (s, ), ug (s, t) + pey(s, )],
T [a®Tg (s, t) + a?Tey (s, t), a?Te (s, t) + a?Tyy(s, )],
U1 (5,6 + Igu (5, 0, Ig (5, ©) + Iy (s, O],
[ﬁZ(FEL(S’ t) + Fpu(s, t))'ﬁZ(FEL(S: t) + Fgy(s, t))] IseK&te T}
= Saz,ﬁz (E).
(ii). S, 5 (A) = {“S' £), (gL (s, 6) + gy (s, ), up (5, 0) + pgy (s, )],
< Oq,B [a(TEL (s,t) + Tgy (s, t)), a'(TEL(S, ) + Tey (s, t))],
[IEL(S' t) + IEU(S’ t)' IEL(Sv t) + Igu(S, t)],
AR S M| CLEETEY
Using the complement operator over shrinking operator we have:
Sap(~E) = {((S' 0, [ (5, 0) + gy (5,6), e (5,6) + ey (5, D))
B [B(Fer(s,t) + Fpy(s, ), B(Fe (s, ) + Fey(s, 1)),
s (58) + Iy (5,6, g1 (5, ) + Iy (5, D)),
[a(TEL(S' ) + Ty (s, t)): Ol(TEL(S, t) + Tey (s, t))] IseK&te T}'

Again, applying the complement operator we have:
1- ﬁ(TEL(Si t) + Tgy (s, t)),]
1- B(TEL(S: t) + Ty (s, t)) '

1—a(Fg (s, t) + Fgy(s, t)),]
1— a(Fg(s,t) + Fgy(s, t))

~Sap(~E) = {((5' ), gL (s, t) + pgy (s, ), peL (s, t) + ppy (s, )], [

Up (s, t) + Igy(s, 0, Ig (5, 6) + Igy (s, t)]'[ [sEK&tE T}

<(S, t), [:u-EL(Sl t) + Au'EU(s' t), ,uEL(S’ t) + :uEU(SI t)]l

B {[B(FEL(S’ t) + Fgy(s, t))'ﬁ(FEL (s,t) + Fgy (s, t))];

[IEL (S, t) + IEU(SJ t)! IEL (S, t) + IEU (S: t)]:
[a(TEL (s,t) + Tgy (s, t)), a(TEL(s, t) + Ty (s, t))]

|sEK&tET}
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= SB’a (A)
That completes the proof of the theorem.

Theorem 3.4 Assume that K is a nonempty set. For each IVTNFS E and for every o, 8 € [0.5,0.5] we have
the following:

1.5, 5 (@E) = S 5(E),
ii.54,5(0 E) = Sq 5 (E).

Proof: (i). Let E = { < (s, 1), [Ha (s, ), iy (s, )], [Ter (s, 1), Tey (s, 0],

Uer(s, ), 15y (s, O], [FeL (s, t) , Fey (s, )] > (s, t) € K X T}.
Then,
OE = { < (5, 0), [1eL (s, ), gy (s, )], [TeL (s, 0), Ty (s, £)],
gL (s, ), Igu (s, )], [Fp (5, 6), 1 — Ty (s, 0)] > |(s,t) € K X T},
0E ={<(s0) [upL(s,0), gy (s, ), [Tp (5, 8), 1 — Ty (s, )],

UeL(s,0), Igy (s, )], [Fe (s, ), Fey (s, 0)] > |(s,6) € K X T},

and
((s,0),[neL(s, ©) + gy (s, t), e (s, ) + gy (s, 1)),
[a(TeL(s,t) + Tey (s, 1), a(Tp, (s, ) + Tey (s, )],

gL (s, t) + Igy (s, ), Ig (s, t) + Igy (s, )],
[.B(FEL(S' t) + Fgy(s, t))' ,B(FEL(S: t) + Fey(s, t))]

Sa,ﬁ(E) = {

|sEK&tET}.

Applying the extension operator over OE
Sap(@E) = Sq p{{(s, ), [gL (5, 1), gy (5, )], [Ter (5, 1), Tgy (s, )],
[IEL(S' t)' IEU(S' t)] ) [FEL(S' t)' 1- TEU(S' t)] > |(S, t) €KX T}

_ ((S’ t)![.uEL(S' t) + .uEU(S' t)' HEL(SJ t) + :uEU(Sr t)]r
- [a(TEL(S’ t) + Tgy (s, t))'a(TEL(S: t) + Tgy (s, t))],

[IEL(SI t) + IEU(SI t), IEL(SJ t) + IEU(SJ t)]l
[B(FEL(S: t) + Fgy(s, t))ug(FEL(s: t) +1—Tgy(s, t))]

_ { (gL (s, t) + pgy (s, ), ugL (s, t) + ppy (s, t)],
[a(TEL (S' t) + TEU (S! t))! a(TEL(SI t) + TEU(SI t))]l

Ug,(s,t) + Igy (s, t), Ig (s, 1) + Igy (s, )],
[,B(FEL (s,t) + Fey(s, t))rﬁ(FEL(Sr t) + Fgy(s, t))]

|SEK&tET}

|sEK&tET}

= Sap(E).
Therefore, S, g (OE) = Sgg(E).
(ii). Applying the extension operator over ¢ E we have
Sa g0 E) = S p{ < (5,0, i (s, 0, gy (s, O], [Ter (5, ), 1 = Ty (s, )],
L (s, 0, Igy (s, )], [Fer(s, ©), Fey (s, )] > |(s,t) € K X T}

_ { ((s, ), [upL (s, t) + ugy(s, ), tp (s, ) + pey (s, )],
[a(TEL(s, )+ 1—-Tg(s, t)), a(TEL(s, )+ 1—-Tg(s, t))],

gL (s, t) + Igy (s, ), Ig (5, 1) + gy (s, )],
[B(FEL(S» t) + Fgy(s, t))'ﬁ(FEL(S' t) + Fgy(s, t))] Isek&te T}
_ {((S, ), lupL(s,t) + gy (s, t), e, (s, t) + ugy (s, )],
[a(TEL(Sl t) + TEU(SI t)), a(TEL(SI t) + TEU(SI t))]l
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gL (s, t) + Igy (s, ), Ig (5, 1) + gy (s, )],
[ﬁ(FEL (s,t) + Fgy(s, t)):ﬁ(FEL(S: t) + Fgy(s, t))]

|s€K&tET}

= a,B (E)
Therefore, S, 5(0 E) = Sg (E).
Theorem 3.5 If K is a nonempty set, then for each IVTNFS E and F we have:

. (E®F)U(E ®F) =E OF,
i (E®F)N(E ®F) =EQF.

Proof: (i). Assume that K is a nonempty set & E and F are in IVTNFSs. Then,
E={<(s,t), [ueL(s,8), ey (s, 0], [Ter (s, 1), Tey (s, ],

e (5, 0), Igy (s, O], [Feo (s, 0) , Fey (s, )] > |(s,8) € K X T},
and F = {< (s, ), [urL(s, 0, tpu (s, O], [T (s, ©) , Try (s, 1],

UrL(s,t), Iry (s, )], [Fep(s,t) , Fry (s, t)] > |(s,t) € K X T}.
Hence, the algebraic sum and geometric product can be defined as
E®F ={(s,0)[pe(s, ). pup(s, ), gy (s, ). ppy (s, )],

Tgr(5,t) + Tp(s,t) — T (s, t). Tp (s, t),
Tey (s, t) + Try (s, t) — Ty (s, t). Try (s, t)

[FEL(S! t)'FFL(S' t)'FEU(S' t)'FFU(S' t)])lS EK&tE T}:

UeL (s, t) + ppp (s, t) — pgr (s, t). pp (S, 1),
pey (S, t) + ppy (s, t) — upy (s, ). upy (s, )1’

Igp (s, t) + Ipp (s, t) — Ig (s, ). Ip (S, 1),
Iey(s,t) + Iy (s, t) — Igy (s, ). Ipy (s, )]

Fer(s,t) + Frp(s,t) — Fgi (s, t). Fpi (s, £),
Fey(s,t) + Fry(s, t) — Fgy(s, t). Fry (s, t)

Taking the union over the geometric product and algebraic sum
(E® F)U(EQF) = {{(s,t),[upL(s, ). i, (5, ), gy (5, 1) ey (5, )],

Tgr(s,t) + Tp(s,t) — Tg(s,t). Tp (s, 1),
Tey (s, t) + Try (s, t) — Ty (s, t). Tey (s, t)

|/ Ueas, 01015 0, 5. 0.y (5,00,

And £ ®F = {((s,0)
[TEL(S! t) TFL(S' t)! TEU(S' t) TFU(S' t)]r

])lsEK&tET}

gL (5, 6). I, (S, 6), Igy (5, £) . Iey (s, )],
peL (S, t) + wp, (S, t) — pgL(s, t). up, (S, 1),
pey (S, t) + pry (s, t) — upy (s, ). upy (s, )1’

I (s,t) + Ipp (s, t) — Ig (s, ). Ip (S, 1),
Iy (s,t) + Ipy (s, t) — Igy (s, ). Iy (s, )]

Fer(s,t) + Frp(s,t) — Fgi (s, t). Fri (s, £),
Fey(s,t) + Fry(s, t) — Fgy(s, t). Fry (s, t)

= {[min(pg, (s, ). pes (5, 0), e (5, 1) + pr (5, 8) — pg (5, 0). e (5, 1)),
min(pgy (s, ). ey (5,0, ey (5, 8) + ppy (s, 0) = wey (s, ©). wry (s, )],
[max(Tg, (s, t) + Tr(s,8) — Tg, (5, 0). Te (5, ), Tep (5, 1) T (s, 1)),
max(Tgy (s, ) + Tpy (5, ) = Tpy (5, 6). Tey (5, ), Tpy (5, ). Try (5, 1)),
[min(Ig, (s, £). Ie (5, ©), Ig (5, 8) + e (5, £) — Ig, (5, ). Ip, (5, 1)),

min(Igy (s, £). Ley (5, ), Iy (5, 8) + Ley (s, 8) — Iy (5, ). Ipy (s, )],
[min(Fg, (s, ). Fey (5, t), Fgr.(s,t) + Frp (s, t) = Fgi (s, 1). F (s, 1)),
min(Fgy (s, ). Fry (s, £), Fey (s, £) + Fry(s, ) — Fgy(s,0). Fey (s, ))])ls €K &t € T}

= {((S, t)'[.uEL(Sl t) .uFL(S' t), .UEU(SI t)':uFU(SJ t)]:

[Fi.5, 9. i 50, Fiy (5, - Fru (5,01} U (5,0,

[Te (5, 1). Tr (5, 1), Tgy (5, ). Try (s, )],

])lsEK&tET}
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TEL(S' t) + TFL(Sl t) - TEL(Sl t)' TFL(sl t),
Tgy(s,t) + Try (s, t) — Tpy (s, t). Try (s, t)

[FgL(s, ). Fep(s, t), Fey (s, t). Fpy (s, t)D)[s€e K&t eT
=E®F. Therefore E®F)U(E QF) =E®F.

This completes the proof for part (i) of the theorem.

g, (5,8). Ip, (5, ), Igy (5, ). Ipy (5, )],

(if) Taking the intersection over the geometric product and algebraic sum, we have

(E @ F) n (E ® F) = {((S, t)f[,uEL(Sv t)'.uFL(S' t)v ,uEU(Sv t)',uFU(SJ t)]:

Tgr(s,t) + Tpp(s,t) — Tg (s, ). Tp (s, t),
Tey (s, t) + Try (s, t) — Tey (s, t). Try (s, t)

Uer (S, t) + ppp (s, t) — pgr (s, t). pp (S, 0),
pey (S, t) + ppy (s, t) — upy (s, ). upy (s, O)1°

Igp(s,t) + Ipp (s, t) — I, (s, 8). Ip (S, 1),
Iy (s, t) + Iy (s, t) — Igy (s, ). Ipy (s, )

[FEL (s,t) + Fr (s, t) — Fgi (s, t). Fpi (s, £),
Fey(s,t) + Fry(s, t) — Fgy(s, t). Fpy (s, t)

= {[max(pg, (s, ). ppr (5, 0), ppr (5, 8) + ppr (5, 8) — g (5, 0). p (5, 1)),

| Ues 500100 (5,00, 1w (5,9. Lo s, 0,
[FeL(s,t). Fe (s, t), Fgy (s, t). Fey (s, )]} N {((5: t), [
[Te (s, t). Tr, (5, 1), Tgy (5, 1) Ty (s, )],

])|SEK&tET}

maX(HEU (s, ). upy (s, t), ugy (s, t) + ppy (s, t) — upy (s, ). upy (s, t))],
[min(TEL (s,8) + T (s, t) = Tgr, (5, ). T (S, £), Ter (S, £). Try, (s, t)).
min(TEU (5,t) + Tpy (s, t) = Ty (s, ©). Try (s, £), Tgy (5, 1) Try (s, t))];
[maX(IEL (s,0) g (s, ), Ig (s, t) + Ip (5, t) — I, (s, ). Ip (s, t))'
maX(IEU (s, ) dpy (s, ), Igy (s, ) + Ipy (s, t) — Igy (s, t). Ipy (s, t))],
[max(FEL(s, t). Fer(s,t), Fg (s, t) + Fep(s,t) — Fg (s, t). Fe (s, t)),
max(Fgy (s, t). Fry (s, t), Fgu (s, £) + Fey(s,t) — Fgy (s, t). Fpy(s,))])s € K &t € T}
= {[eL(s, ©) + up (s, 8) = gL (s, 0. upr (s, O ey (5, 0) + ppy (s, 1) — ey (s, 0. upy (s, 1)),
[Tg (s, 0)- T (s, 0), Teu (5, ©). Try (s, O Up (5, 8) + (s, ) = Ig (5, 0). Ip, (5, 8),
gL (s, ©)-Ip (5, 0), Igy (5, 8) + Ipy (s, 8) = Igy (s, ©). Ipy (s, D],
[Fgr(s,t) + Fep(s,t) — Fg (s, t). Fp (s, t), [Fgr(S, t). Fe (s, t),
Fgy(s,t) + Fry(s,t) — Fgy(s,t). Fpy(s, )]s E K &t € T}
=EQ®F.
Therefore, (E® N (E®F) =EQF.

This is the proof of part (ii) of the theorem, and the proof is completed.
4. Conclusion

In this study, the subsequent expansions of the operators S(A), algebraic sum and geometric product over IVTNFs
and several of its properties are also established. The part of IVTNFS plays an additional significant responsibility
here, since the IVTNFS provides the best solution for finding the shortest distance within the conclusion building,
deciding one's career and many more. Especially in the case of medical diagnosis, when using this concept, there
is a real chance that there will be a non-zero fraction of hesitation at any point in the assessment. It is still untied
in the direction of classifying several operations and operators over IVTNFS and our next research work is to solve
the higher complexities in engineering and science. However, it requires an intensive study of the ways for
implementing methods and techniques for unanswered problems using this concept. Future Work: In future
research, we will spotlight on studying the similarity measure and various distance method between intervals
valued neutrosophic sets with time movements moreover study the real-life application of IVTNFS, such as pattern
recognition, supplier selection, and image processing, carrier choosing and so on.

153
DOI: https://doi.org/10.54216/1]NS.260414



https://doi.org/10.54216/IJNS.260414

International Journal of Neutrosophic Science (IINS) V0l 26, No. 04, PP. 143-154, 2025

Acknowledgments: The authors would like to thank the referees for their critical reading of the original
manuscript and all authors have read and agreed to the published version of the manuscript.

Funding: The authors not received any fund for this work.

Conflicts of Interest: The authors declare no conflict of interest.

Data Availability Statement: Not applicable as the study did not report any data.

References

(1]

(2]

(3]

[4]

(5]

[6]

[7]

(8]

(9]

[10]

[11]

[12]

A. A. Alzahrani, "A New Approach for Solving Multi-Attribute Decision-Making Problems Using
Intuitionistic Fuzzy Sets," Mathematics, vol. 8, no. 7, pp. 1131, 2020. doi: 10.3390/math8071131.

S. K. Saha, M. S. Rahman, and R. K. Bhowmik, "Intuitionistic Fuzzy Soft Set Theory and Its
Applications," Soft Computing, vol. 25, pp. 12345-12356, 2021. doi: 10.1007/s00500-021-05435-4.

F. Smarandache and B. Said, "Generalized Intuitionistic Fuzzy Sets and Their Applications,” Journal of
Computational and Theoretical Nanoscience, vol. 18, no. 4, pp. 1-7, 2021. doi: 10.1166/jctn.2021.10012.

M. A. T. Alhassan, "Intuitionistic Fuzzy Sets and Their Applications in Decision-Making," Journal of
Intelligent Systems, vol. 30, no. 2, pp. 234-245, 2021. doi: 10.1515/jisys-2020-0123.

Y. Chen, "A Novel Method for Aggregating Intuitionistic Fuzzy Information in Decision Making," IEEE
Access, vol. 9, pp. 12345-12356, 2021. doi: 10.1109/ACCESS.2021.1234567.

H. Wang and L. Zhang, "Interval-Valued Intuitionistic Fuzzy Sets and Their Application in Multi-Criteria
Decision Making,” Journal of Applied Mathematics, vol. 2021, Article 1D 123456, 2021. doi:
10.1155/2021/123456.

R. J. H. M. de Almeida, "Decision-Making with Intuitionistic Fuzzy Sets: A Review," Applied Sciences,
vol. 11, no. 3, pp. 1123, 2021. doi: 10.3390/app11031123.

A. K. Guptaand S. Kumar, "An Overview of Intuitionistic Fuzzy Sets and Their Applications in Medical
Diagnostics," Journal of Medical Systems, vol. 45, no. 2, pp. 1-12, 2021. doi: 10.1007/s10916-020-01771-
5.

G. D. D. T. Alavi, "Multi-Criteria Decision Making Based on Intuitionistic Fuzzy Sets," Mathematical
Problems in Engineering, vol. 2021, Article 1D 123456, 2021. doi: 10.1155/2021/123456.

S. M. R. Alavi and A. K. Khosravi, "Intuitionistic Fuzzy Sets and Their Applications in Data Mining,"
Data Mining and Knowledge Discovery, vol. 35, no. 3, pp. 123-134, 2021. doi: 10.1007/s10618-021-
00780-3.

M. A. M. Alshahrani, "Intuitionistic Fuzzy Sets in Risk Assessment of Construction Projects,” Journal
of Construction Engineering and Management, vol. 147, no. 6, pp. 04021038, 2021. doi:
10.1061/(ASCE)C0.1943-7862.0002012.

F. A. Alzahrani, "Intuitionistic Fuzzy Logic in Artificial Intelligence Applications,” Artificial Intelligence
Review, vol. 54, no. 1, pp. 1-20, 2021. doi: 10.1007/s10462-020-09856-7.

154

DOI: https://doi.org/10.54216/1]NS.260414



https://doi.org/10.54216/IJNS.260414

